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Preface

The Monster is the most amazing among the finite simple groups. The best
way to approach it is via an amalgam called the Monster amalgam.

Traditionally one of the following three strategies are used in order to
construct a finite simple group H:

(I) realize H as the automorphism group of an object E;
(IT) define H in terms of generators and relations;
(IIT) identify H as a subgroup in a ‘familiar’ group F generated by given
elements.

The strategy offered by the amalgam method is a symbiosis of the above
three. Here the starting point is a carefully chosen generating system H =
{H; | i € I} of subgroups in H. This system is being axiomatized under the
name of amalgam and for a while lives a life of its own independently of H. In
a sense this is almost like (III) although there is no ‘global’ group F (familiar
or non-familiar) in which the generation takes place. Instead one considers the
class of all completions of 'H which are groups containing a quotient of  as a
generating set. The axioms of H as an abstract amalgam do not guarantee the
existence of a completion which contains an isomorphic copy of H. This is a
familiar feature of (II): given generators and relations it is impossible to say in
general whether the defined group is trivial or not. This analogy goes further
through the universal completion whose generators are all the elements of H
and relations are all the identities hold in H. The faithful completions (whose
containing a generating copy of H) are of particular importance. To expose a
similarity with (I) we associate with a faithful completion X a combinatorial
object & = E(X, H) known as the coset geometry on which X induces a flag-
transitive action. This construction equips some group theoretical notions with
topological meaning: the homomorphisms of faithful completions correspond
to local isomorphisms of the coset geometries; if X is the universal completion

X1



xii Preface

of H, then E (X, H) is simply connected and vice versa. The ideal outcome is
when the group H we are after is the universal completion of its subamalgam
‘H. In the classical situation, this is always the case whenever H is taken to
be the universal central cover of a finite simple group of Lie type of rank at
least 3 and H is the amalgam of parabolic subgroups containing a given Borel
subgroup.

By the classification of flag-transitive Petersen and tilde geometries accom-
plished in [Iv99] and [ISh02], the Monster is the universal completion of an
amalgam formed by a triple of subgroups

Gy ~ 21 Coy,
Gy ~ 22+11+22.(M24 x 83),

G3 ~ 23+6+12+18.(3 . S6 X L3(2)),

where [G7 : G1 NGyl =3, [G3: G1NG3] =[Gz : GoNG3] =7. In fact,
explicitly or implicitly, this amalgam has played an essential role in proofs
of all principal results about the Monster, including discovery, construction,
uniqueness, subgroup structure, Y -theory, moonshine theory.

The purpose of this book is to build up the foundation of the theory of
the Monster group adopting the amalgam formed by G, G2, and G3 as the
first principle. The strategy is similar to that followed for the fourth Janko
group J4 in [Iv04] and it amounts to accomplishing the following principal
steps:

(A) ‘cut out’ the subset G1 U G, U G3 from the Monster group and
axiomatize the partially defined multiplication to obtain an abstract
Monster amalgam M,

(B) deduce from the axioms of M that it exists and is unique up to
isomorphism;

(C) by constructing a faithful (196 883-dimensional) representation of M
establish the existence of a faithful completion;

(D) show that a particular subamalgam in M possesses a unique faithful
completion which is the (non-split) extension 2 - BM of the group of
order 2 by the Baby Monster sporadic simple group BM (this proves that
every faithful completion of M contains 2 - BM as a subgroup);

(E) by enumerating the suborbits in a graph on the cosets of the
2 - BM-subgroup in a faithful completion of M (known as the Monster
graph), show that for any such completion the number of cosets is the
same (equal to the index of 2 - BM in the Monster group);



Preface xiii

(F) defining G to be the universal completion of M conclude that G is the
Monster as we know it, that is a non-abelian simple group, in which G
is the centralizer of an involution and that

|G| =2%.320.5%.76.112.13%.17-19-23.29 .31 - 41 -47-59 - 71.

In terms of the Monster group G, the Monster graph can be defined as
the graph on the class of 2A-involutions in which two involutions are
adjacent if and only if their product is again a 2A-involution. The
centralizer in G of a 2A-involution is just the above-mentioned subgroup
2 - BM. It was known for a long time that the 2A-involutions in the
Monster form a class of 6-transpositions in the sense that the product of
any two such involutions has order at most 6. At the same time the

2 A-involutions act on the 196 884-dimensional G-module in a very
specific manner, in particular we can establish a G-invariant
correspondence of the 2A-involutions with a family of so-called axial
vectors so that the action of an involution is described by some simple
rules formulated in terms of the axial vector along with the G-invariant
inner and algebra products on this module (the latter product goes under
the name of Griess algebra). The subalgebras in the Griess algebra
generated by pairs of axial vectors were calculated by Simon

Norton [N96]: there are nine isomorphism types and the dimension is at
most eight. By a remarkable result recently proved by Shinya Sakuma in
the framework of the Vertex Operator Algebras [Sak07], these nine types
as well as the 6-transposition property are implied by certain properties
of the axial vectors and the corresponding involutions. In this volume we
axiomatize these properties under the names of Majorana axial vectors
and Majorana involutions. The fact that the Monster is generated by
Majorana involutions will certainly dominate the future studies.
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M>4 and all that

This chapter can be considered as a usual warming up with Mathieu and Con-
way groups, prior to entering the realm of the Monster. It is actually aimed at
a specific goal to classify the groups which satisfy the following condition:

T ~ 2}’_+22.M24

The quotient O>(T)/Z(T) (considered as a G F(2)-module for T/0>(T) =
M>4) has the irreducible Todd module Cikl as a submodule and the irreducible
Golay code module Cq; as the corresponding factor module. It turns out that
there are exactly two such groups 7': one splits over O, (7)) with O>(T)/Z(T)
being the direct sum C]“l @ Cy1, while the other does not split, and the module
0,(T)/Z(T) is indecomposable. The latter group is a section in the group
which is the first member 2L+24.C01 of the Monster amalgam.

1.1 Golay code

Let F be a finite field, and let (m, n) be a pair of positive integers with m < n.
A linear (m, n)-code over F is atriple (V,,, P, C) where V,, is an n-dimensional
F-space, P is a basis of V,,, and C is a m-dimensional subspace in V,,. Although
the presence of V, and P is always assumed, it is common practice to refer to
such a code simply by naming C. It is also assumed (often implicitly) that V,,
is endowed with a bilinear form b with respect to which P is an orthonormal
basis

b(p,q) =8py for p,q € P.

1



2 Moy and all that

The dual code of C is the orthogonal complement of C in V,, with respect to b,
that is

{e|e€V,, ble,c)=0foreveryc € C}.

Since b is non-singular, the dual of an (m, n)-code is an (n — m, n)-code.
Therefore, C is self-dual if and only if it is totally singular of dimension half
the dimension of V,,. The weight wt(c) of a codeword ¢ € C is the number of
non-zero components of ¢ with respect to the basis P. The minimal weight of
C is defined as

m(C) = min wt(c).
ceC\{0}
The codes over the field of two elements are known as binary codes. In the
binary case, the map which sends a subset of P onto the sum of its elements
provides us with an identification of V,, with the power set of P (the set of all
subsets of P). Subject to this identification, the addition is performed by the
symmetric difference operator, the weight is just the size and b counts the size
of the intersection taken modulo 2, i.e. for u, v € P we have

u+v=w@Uv)\ (uNv);
wt (u) = |ul;
b(u,v) = |uNv| mod 2.

A binary code is said to be even or doubly even if the weights (i.e. sizes) of all
the codewords are even or divisible by four, respectively. Notice that a doubly
even code is always totally singular with respect to b.

A binary (12, 24)-code is called a (binary) Golay code if it is doubly even,
self-dual of minimal weight 8. Up to isomorphism there exists a unique Golay
code which we denote by Cj». In view of the above discussion, Cj» can be
defined as a collection of subsets of a 24-set P such that C;, is closed under
the symmetric difference, the size of every subset in Cj> is divisible by four
but not four and |Ci»| = 212 The subsets of P contained in Cj2 will be called
Golay sets.

There are various constructions for the Golay code. We are going to review
some basic properties of C12 and of its remarkable automorphism group Moq4.
The properties themselves are mostly construction-invariant while the proofs
are not. We advise the reader to refer to his favorite construction to check
the properties (which are mostly well-known anyway) while we will refer to
Section 2.2 of [Iv99].
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The weight distribution of Cy is

which means that besides the improper subsets J and P the family of Golay
sets includes 759 subsets of size 8 (called octads), 759 complements of octads,
and 2576 subsets of size 12 called dodecads (splitting into 1288 complemen-
tary pairs). If B is the set of octads, then (P, B) is a Steiner system of type
S(5, 8, 24) (this means that every 5-subset of P is in a unique octad). Up to
isomorphism (P, B) is the unique system of its type and C;2 can be redefined
as the closure of B with respect to the symmetric difference operator in the
unique Steiner system of type S(5, 8, 24).
If (Vag, P, C12) is the full name of the Golay code, then

Cly == Vs /Cr1n

is known as the 12-dimensional Todd module. We continue to identify Va4
with the power set of P and for v C P the coset v 4+ Cj> (which is an element
of Cy,) will be denoted by v*. It is known that for every v C P there is a
unique integer ¢ (v) € {0, 1,2, 3, 4} such that v* = w* for some w € P with
|w| = t(v). Furthermore, if 7(v) < 4, then such w is uniquely determined by
v; if 1 (v) = 4, then the collection

S ={w|lwcP, w=40"=w"

forms a sextet. The latter means that S(v) is a partition of P into six 4-subsets
(also known as fetrads) such that the union of any two tetrads from S(v) is an
octad. Every tetrad w is in the unique sextet S(w) and therefore the number of

sextets is
24
1771 = ( ) /6.
4

The automorphism group of the Golay code (which is the set of permutations
of P preserving C12 as a whole) is the sporadic simple Mathieu group Maq.
The action of M»>4 on P is 5-fold transitive and it is similar to the action
on the cosets of another Mathieu group M»3. The stabilizer in M»4 of a pair
(a 2-subset of P) is an extension of the simple Mathieu group My of degree
22 (which is the elementwise stabilizer of the pair) by an outer automorphism
of order 2. The stabilizer of a triple is an extension of L3(4) (sometimes called
the Mathieu group of degree 21 and denoted by M»;) by the symmetric group
S3 of the triple.

The sextet stabilizer M (S) is an extension of a group K5 of order 2° - 3 by
the symmetric group S of the set of tetrads in the sextet. The group K g (which



4 Moy and all that

is the kernel of the action of M(S) on the tetrads in the sextet is a semidirect
product of an elementary abelian group Qg of order 2° and a group Xg of
order 3 acting on Qg fixed-point freely. If we put

Ys = Nys)(Xs),

then Ys = 3 - Sg is a complement to Qs in M(S); Y5 does not split over X5
and Cygs(Xs) = 3 - Ag is a perfect central extension of Ag. Furthermore, Y s
is the stabilizer in My4 of a 6-subset of P not contained in an octad (there is a
single M»4-orbit on the set of such 6-subsets).

Because of the 5-fold transitivity of the action of M4 on P, and since (P, BB)
is a Steiner system, the action of M»4 on the octads is transitive. The sta-
bilizer of an octad is the semidirect product of an elementary abelian group
Qo of order 2* (which fixes the octad elementwise) and a group Ko which
acts faithfully as the alternating group Ag on the elements in the octad and
as the linear group L4(2) on Q@ (the latter action is by conjugation). Thus,
the famous isomorphism Ag = L4(2) can be seen here. The action of M»4 on
the dodecads is transitive, with the stabilizer of a dodecad being the simple
Mathieu group M, acting on the dodecad and on its complement as on the
cosets of two non-conjugate subgroups each isomorphic to the smallest simple
Mathieu group M. These two M11-subgroups are permuted by an outer auto-
morphism of M, realized in M»4 by an element which maps the dodecad onto
its complement.

The following lemma is easy to deduce from the description of the stabilizers
in M»4 of elements in Cy and in Cf,.

Lemma 1.1.1 Let u and v be elements of Cy2, and let M (u) and M (v) be their
respective stabilizers in Mp4. Then:

(i) M (u) does not stabilize non-zero elements of C{,;
(ii) if u and v are octads, then (u N v)* is the only non-zero element of C{,
stabilized by M (u) N M (v). ([l

A presentation d = u+v of a dodecad as the sum (i.e. symmetric difference)
of two octads determines the pair # N v in the dodecad complementary to d and
also a partition of d into two heptads (6-subsets) u \ v and v \ u. If KC is the
set of all heptads obtained via such presentations of d, then (d, K) is a Steiner
system of type S(5, 6, 12) (every 5-subset of d is in a unique heptad). There is
a bijection between the pairs of complementary heptads from /C and the set of
pairs in P \ d such that if d = hj U hj corresponds to {p, g}, then i1 U {p, ¢}
and hy U {p, g} are octads, and d is their symmetric difference.
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Lemma 1.1.2 Let d be a dodecad, {p, q} be a pair disjoint from d, and let
d = h1 U hy be the partition of d into heptads which correspond to {p, q}. Let
A be the stabilizer in Myy of d and {p, q}, and let B be the stabilizer in Moy
of hi, ha, and {p, q}. Then:

(1) A = Aut(Se), while B = Se;
(i) A\ B contains an involution.

Proof. (i) is Lemma 2.11.7 in [Iv99] while (ii) is a well-known property of
the automorphism group of Se. O

Lemma 1.1.3 ( [CCNPW]) The following assertions hold:

(1) the outer automorphism group of Moy is trivial;
(ii) the Schur multiplier of M4 is trivial. O

1.2 Todd module

The 24-dimensional space V>4 containing Cy» and identified with the power set
of P carries the structure of the G F (2)-permutation module of M»4 acting on
P. With respect to this structure, C13 is a 12-dimensional submodule known as
the Golay code module. Let V() and V3 be the subspaces in V>4 formed by
the improper and even subsets of P, respectively. Then V1 and V3 are the
M>4-submodules contained in Cy, and containing Cj», respectively. Put

Ci1 = Clz/V(l) and Cikl = V(23)/C12.

The elements of Va4/ V(D are the partitions of P into pairs of subsets. There
are two Mp4-orbits on Cyp \ {0}. One of the orbits consists of the partitions
involving octads and other one the partitions into pairs of complementary do-
decads. Acting on Cj; \ {0}, the group M>4 also has two orbits, this time indexed
by the pairs and the sextets

ICii| = 14759+ 1288; [Cfy|=1+276+ 1771.

Already from this numerology it follows that both C1; and C}, are irreducible
and not isomorphic to each other. The modules Cy; and C}, are known as the
irreducible Golay code and Todd modules of M»4, respectively.

Since Cy5 is totally singular and V(! is the radical of b, the bilinear form b
establishes a duality between Cj2 and Cy, and also between Cy; and C7,. Since
M>4 does not stabilize non-zero vectors in C]"z, the latter is indecomposable.
Because of the dually, Cy» is also indecomposable.
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Lemma 1.2.1 The series
0<VD <Cp<V® vy
is the only composition series of Va4 considered as the module for M.

Proof. We have seen that the above series is indeed a composition series.
Since both Cy> and C7, are indecomposable, in order to prove the uniqueness
it is sufficient to show that V54/ VM does not contain Cfl as a submodule.
Such a submodule would contain an M»4-orbit X indexed by the pairs from
‘P. On the other hand, by the 5-fold transitivity of M»4 on P, the stabilizer of
a pair stabilizes only one proper partition of P (which is the partition into the
pair and its complement). Therefore, X has no choice but to consist of all such
partitions. But then X would generate the whole of V?¥/ V(1 which proves
that X does not exist. (]

If K is a group and U is a GF(2)-module for K, then H'(K, U) and
H?*(K, U) denote the first and the second cohomology groups of U. Each of
these groups carries a structure of a G F(2)-module, in particular it is ele-
mentary abelian. The order of H' (K, U) is equal to the number of classes of
complements to U in the semidirect product U : K of Uand K (with respect to
the natural action), while the elements of H 2(K , U) are indexed by the isomor-
phism types of extensions of U by K with the identity element corresponding
to the split extension U : K. If W is the largest indecomposable extension of U
by a trivial module, then W/U = H 1 (K, U) and all the complements to W in
the semidirect product W : K are conjugate and H' (K, W) is trivial. Dually,
if V is the largest indecomposable extension of a trivial module Vjy by U, then
Vi = H' (K, U*) (here U* is the dual module of U)

Lemma 1.2.2 The following assertions hold:

(1) H! (M>y, C1y) is trivial;
(i1) HQ(M24, C11) is trivial;
(iii) H'(Mo4, C})) has order 2;
(iv) H*(Ma4,C})) has order 2. 0

Proof. The first cohomologies were computed in Section 9 in [Gri74]. The
second cohomologies calculations are commonly attributied to D.J. Jackson
[Jack80] (compare [Th79a]). All the assertions were rechecked by Derek Holt
using his computer package for cohomology calculating. (]

In view of the paragraph before the lemma, by (ii) every extension of Cy;
by My4 splits; by (i) all the Mp4-subgroups in the split extension Cy; : Maq
are conjugate; by (iv) there exists a unique non-split extension (denoted by
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C}| - Ma4), while by (iii) the split extension C}, : M24 contains two classes of
complements (these classes are fused in C}, : M24). Furthermore, every exten-
sion by Cj; of a trivial module is semisimple (which means decomposable),
while Cy3 is the largest indecomposable extension by Cy; of a trivial module.

The following result has been recently established by Derek Holt using com-
puter calculations and in a sense it assures success of our construction of the
Monster amalgam.

Lemma 1.2.3 The following assertions hold (where ® and A denote the tensor
and exterior products of modules):

(i) H'(Mn4,C}, ®C})) has order 2;
(i) H'(May, Ci; ACY)) has order 2. O

The following assertion is a rather standard consequence of the above
statement but a sketch of a proof might be helpful.

Corollary 1.2.4 The following hold:

(1) there exists a unique indecomposable extension of Ci"l by Ci1;
(ii) the extension in (1) carries a non-singular invariant quadratic form of

plus type.

Proof. To prove (i) we need to enumerate (up to the obvious equivalence)
the pairs (V, M) where M = M»4 and V is an M-module having Ci‘l as a sub-
module and Cy; as the corresponding factor module. We should keep in mind
that exactly one such pair corresponds to the decomposable extension (where
V = C{,®C11). We start with a 22-dimensional G F'(2)-space V and enumerate
the suitable subgroups M in the general linear group G = GL(V) = G L2 (2).
Let U; and U, be a pair of disjoint 11-dimensional subspaces in V. Then
Ng(Uy) is a semidirect product of

C=CcU)NCe(V/UN=UI U,
and
K = Ng(Uy) N Ng(Usy) = GL(Uy) x GL(U»).

Let My be a subgroup of K isomorphic to M4 which acts on Uy as on C; and
on Uj as on Cy;. It is easy to see that up to conjugation in K such subgroup
My can be chosen uniquely. Then (V, My) is the pair corresponding to the
decomposable extension and any other M which suits the requirements is a
complement to C in C M. Since C = Cj,; ® C{; (as an Mo-module), (1.2.3 (i)
shows that there is exactly one further complement Mj. The action of M on
V is indecomposable.
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To establish (ii) we enumerate the triples (V, M, g) where V and M are as
above and ¢ is an M-invariant non-singular quadratic form on V. In this case
we start with an orthogonal space (V, ¢) and enumerate the suitable subgroups
M in the orthogonal group H = O(V, g). Since C7; is irreducible and since it
is not self-dual, the submodule in V isomorphic to C}; must be totally isotropic.
Therefore, we choose Uy and U, as in (i) and assume that each of them is
totally isotropic with respect to g. Then Ny (Uj) is a semidirect product of

D=CyU)=EU AU
and
L =NgU)NNpUz) = GLUY).

Take My to be the subgroup in L isomorphic to M»4 which acts on Uj as on
Cy; (since the bilinear form associated with g establishes a duality between U
and U,, My acts on U, as on Cyp). By (1.2.3 (ii)) up to conjugation, DL =
i A C]“l) : My contains, besides My, exactly one further complement which
must be M. By (i) the pair (V, M) corresponds to the unique indecomposable
extension. O

In the next section the indecomposable extension of C}, by Cy; will be
constructed explicitly along with the invariant quadratic form on it.

Let U be a GF(2)-module for K and let U : K denote the semidirect prod-
uct of U and K with respect to the natural action. Then (since U is abelian) all
the complements to U in U : K are conjugate in the automorphism group of
U : K. Therefore, H'(K, U) ‘contributes’ to the outer automorphism group
of U : K. In fact this contribution takes place for any extension of U by K. In
order to explain this phenomenon (which is probably well-known), we recall
the notion of partial semidirect product (cf. p.27 in [G68]).

Let X, Y, Z be groups, let

ox : Z —> X,
oy 1 Z =Y

be monomorphisms whose images are normal in X and Y, respectively, and let
a: X — Aut(Y)

be a homomorphism such that for every x € X and z € Z the following
equality holds

ox T lox (@)x) = oy gy (2)*)
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(notice that the equality implies that «(X) normalizes ¢y (Z)). The usual
semidirect product S = Y : X of ¥ and X associated with the homomorphism
o is the set

S={x,y)|xeX,yeVY}

together with the multiplication rule

a(x)

(x1, y1) - (x2, y2) = (x1x2, ¥; "' y2).

The partial semidirect product of Y and X over Z is the quotient of S/Zg
where

Sz ={(px @), oy |z € Z}
is a ‘diagonal’ subgroup of S isomorphic to Z.

Lemma 1.2.5 Let U be a G F(2)-module for a group K and let E be an exten-
sion (split or non-split) of U by K. Then there is an injective homomorphism
of H' (K, U) into Out(E).

Proof. Let W be the largest indecomposable extension of U by a trivial
module, so that W/U = H'(K, U) and let P be the partial semidirect product
of W and E over U with respect to the homomorphism « : E — GL(W)
such that U acts trivially and E/U = K acts naturally. Then E is (isomorphic
to) a self-centralizing normal subgroup in P (so that P/E < Out(E)) and
P/E = W/U = H' (K, U), which gives the result. O

The partial semidirect product of C}; - M4 and C}, over C7; is a non-split
extension of sz by Mj4 and we denote the extension by CTz - Mp4. The fol-
lowing result is not difficult to deduce from the data on M4 and its modules
we have revealed already.

Lemma 1.2.6 The following assertions hold:

(i) CT, - Mag = Aut(CY, - Ma4);
(ii) CY, - May is the only non-split extension of C}, by Ma4;
(iii) the Schur multiplier of C}, - Moy is trivial. O

We will make use of the following result of a combinatorial nature:

Lemma 1.2.7 Let X be a subgroup of the general linear group GL(C11) con-
taining Mp4 and having on the element set of C1 the same orbits as Ma4 does
(with lengths 1, 759, and 1288). Then X = My4.

Proof. The semidirect product C;; : X acting on the cosets of X is an
affine rank three permutation group. All such groups were classified in [Lie87]
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and the assertion can be deduced as a consequence of that classification (of
course the assertion can be proved independently as a pleasant combinatorial
exercise). O

1.3 Anti-heart module
The intersection map C13 x C12 — Cf,, defined by
(u,v) = (uNv)*

is bilinear. Since any two Golay sets intersect evenly the image of the intersec-
tion map is Cy;. The intersection map (considered as a cocycle) determines an
extension W4 of C, by C12

Wos = {(u, v*) | u € Ci2, v* € CJ}
with
(ur, v)) + (u2, v3) = (U1 + uz, vi +v5 + (g Nuz)™).

By (1.2.1), the permutation module V>4 is an indecomposable extension of Cj»
by CTZ. We call Wa4 the anti-permutation module. As the next lemma shows,
the anti-permutation module is also indecomposable.

Lemma 1.3.1 Let W4 be the above-defined anti-permutation module of
Mo>y4. Put

WD = (@, 0) |uev®y
W = {(u,v*) | u € Cpp, v* € C}y),
St = {(0,v*) | v* € Cl), Sia={(u,0) | u € Cra).

The following assertions hold:

1) WD and W are the only submodules in W4 of dimension and
co-dimension 1, respectively;
(ii) SY, is a submodule in W4 isomorphic to C};
(iii) 87, =8, N W3 is a submodule isomorphic to Clys
@iv) S12 is Maa-invariant; it maps bijectively onto W24/Si"2 = Cyo, although
S12 is not closed under the addition in Wy,
v) W wW is an indecomposable extension of Ci, by C1.

Proof. Since Cy; and C}, are indecomposable containing one trivial compo-
sition factor each, (i) follows. Now (ii), (iii), and (iv) are easy to check using
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the definition of Wa4. By (iv) and (1.1.1 (i)) the image of Sy in Wps/ W
is the only Mo4-invariant subset of W33 /W) which maps bijectively onto
W(ZS)/(SI“Z, wy = ;1. By (iv), the image of Sy is not closed under the
addition and the indecosability claimed in (v) follows. O

The quotient V3 / V() is the heart of the permutation module V»4. There-
fore, we call W2 /WU the anti-heart module for M4 (and denote it by
A(Myy)). Since the image of (u, v) under the intersection stays unchanged
when u or v or both are substituted by their complements in P and since u N v
is even whenever u, v € Cj3, the intersection map induces a bilinear map of
C11 x Cyy onto Cf,. For u, v € Cy1, we denote the image of (u, v) under the
induced intersection map by (u N v)*. Then

A(Ma4) = {(u, v*) | u € C11,v* € Cjy}

and, subject to the notation we have adopted, the addition rule can be written
exactly as that for W»4. Abusing the notation, we will denote by S fl and Spq
the subsets {(0, v*) | v* € C{,} and {(u,0) | u € Cy1} in the anti-heart mod-
ule. Then S;‘l is an irreducible submodule, while Sy is just an Mp4-invariant
subset.

Combining (1.2.4 (i)) and (1.3.1 (iv)), we obtain the following.

Lemma 1.3.2 Every G F(2)-module for M4 having C{, as a submodule and
Ci1 as the corresponding factor module is either the direct sum of C{; and Cyy
or the anti-heart module A(M»s). O

As shown in the next lemma the anti-permutation module W* carries a
non-singular Mp4-invariant quadratic form.

Lemma 1.3.3 Let q, and B, be the G F(2)-valued forms on Wy defined by
1
qpu, v*) = <Z|u| +lun v|> mod 2;

1
Bp((ur, vY), (uz, v3)) = <5|M1 Nuzl + [uy Nva| + Juz N Ul|> mod 2.

Then q), is a non-singular Ma4-invariant quadratic form of plus type and B, is
the associated bilinear form.

Proof. Recall that for v € P by v*, we denote the coset v + Cp € C’fz.
Since the subspace S, is totally singular with respect to g, the latter form is
indeed of plus type. The reader can either check all the required properties of
qp and B, directly, or consult Exercise 6.4 in [A94], or wait till Section 1.8
where ¢, and B, will reappear as the natural quadratic and bilinear forms on
the Leech lattice modulo 2. (]
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The form ¢, induces on the anti-heart module A(M>4) a quadratic form g,
of plus type whose associated bilinear form g, is induced by . The values of
qn and By, can be calculated using the right-hand sides of the expressions for
qp and B, in (1.3.3), only the domain is different. By (1.2.4 (ii)), we obtain the
following.

Lemma 1.3.4 The form qy, is the only non-zero quadratic form on A(Mpy4)
which is Myy-invariant. O

For the purpose of the next chapter we deduce here a characterization of the
anti-permutation module W4 and of the Mo4-invariant quadratic and bilinear
forms on Wp4.

Lemma 1.3.5 The anti-permutation module W4 is the only indecomposable
G F(2)-module X for Ma4 of dimension 24 which contains CTZ as a submodule,
Cy2 as the corresponding factor-module, and A(May4) as a section.

Proof. Since A(Mp4) is an extension of Cf; by Cij, the order of
HY (M4, A(M24)) is at most 2 by (1.2.2 (i), (iii)). Since A(Myy) is self-dual,
the assertions holds in view of discussions in the paragraph before (1.2.2). [J

Lemma 1.3.6 The following assertions hold:

(1) My acts on A(May) with trivial centralizer in GL(A(Ma4));

(1) the only non-identity element in G L(Wa4) which commutes with the
action of Maa is the transvection T whose centre is the generator (P, 0)
of W and whose axis is W@,

Proof. Let X be the subset of A(M>4) formed by the elements (u, 0) where
u is a partition of P into an octad and its complement. By (1.1.1 (i)), X is the
only Mp4-orbit in A(M>4) on which it acts as on the set of octads. Since the
action of M4 on the set of octads is primitive non-regular and A(M»4) (being
indecomposable) is spanned by X, assertion (i) follows. Let C be the central-
izer of Moy in GL(Wag). By (i) C acts trivially on W) /W) = A(May).
Therefore, every element of C either centralizes W®% or acts on W by
a transvection with centre (P, 0). Since M4 does not stabilize hyperplanes
in W@, we conclude that C centralizes W3, Since WU is the only
1-dimensional subspace in W23 centralized by M>4, and since the transvec-
tion 7 indeed commutes with the action of Mpy, (ii) follows. |

Lemma 1.3.7 Let t be the trasvection on Wyy with centre (P, 0) and axis
W23, Then:

1) lfq; is the image under t of the quadratic form q, then q; =qp+ ‘12
where the support of qg is Wag \ W3
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(ii) Bp is stable under t;

(iii) B, is the only non-zero May4-invariant symplectic form on Way;

(iv) a non-zero Myy-invariant quadratic form on Wy coincides with one of
qp qg and q;, = qp + qg.

Proof. If (u, v*) € Way \ W3, then |v| is odd and (u, v*)" = (P \ u, v*¥).
In this case, | N v| and |(P \ u) N v| have different parity which implies the
inequality

q;(ua v*) 7& QP(ua v*)a

and proves (i). Since the bilinear form associated with qg is the zero form,
the bilinear form ﬂ; associated with q; coincides with B,. This proves the
assertion (ii), which of course can also be checked directly. A symplec-
tic form on Wy can be viewed as an involutory isomorphism of W4 onto
its dual space W;,. From this viewpoint the composition of two such M-
invariant forms is an automorphism of W4 (that is an element of GL(W»4))
which commutes with the action of M»4. By (1.3.6), the t-invariance of B,
established in (ii) implies its uniqueness claimed in (iii). Finally, since W?3
is the only Mp4-invariant hyperplane in Woy, qg is the only Mp4-invariant
quadratic form whose associated bilinear form is constantly zero. Hence
(iv) follows. O

We conclude this section by the following lemma which can either be proved
directly or deduced from the proof of (1.2.4 (ii)).

Lemma 1.3.8 The direct sum C1y @ C{, carries a unique non-zero Ma4-
invariant quadratic form qg defined by

ga(u, v*) = |u Nv| mod 2. 0

1.4 Extraspecial extensions

A 2-group Q is said to be an extraspecial 2-group if its centre Z is of order 2
and Q/Z is elementary abelian. It is common to identify Z with the field of
integers modulo 2 via

m— 7",

where z is the generator of Z and also to consider Q/Z as a G F(2)-vector
space. The following result is standard.
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Lemma 1.4.1 Let B, and q. be mappings defined via
Be:(aZ,bZ) > la,bl, qe:aZ > a*

fora,b € Q. Then B, and q,. are well-defined, q. is a non-singular quadratic
formon Q/Z, and B, the bilinear form associated with q,. (]

It follows from the classification of non-singular quadratic forms that
dim(Q/Z) = 2n for some integer n > 1 and for a given n up to isomor-
phism there are exactly two non-singular quadratic forms on Q/Z, one of type
plus and one of type minus. The type of the orthogonal space (Q/Z, g.) com-
pletely determines the isomorphism type of Q. Thus for every odd power of 2,
there exist exactly two extraspecial groups of that order denoted by

2_1i_+2n and 21_+2n

respectively, where the subscript specifies the type of the form g,.
Every automorphism of the orthogonal space (Q/Z, g.) is known to be
induced by an automorphism of Q and therefore

Aut2ly = 0/7.0(Q/Z, q0) = 2*".05,(2).

It is also known (cf. [Gri73a]) that the extension of inner automorphism group
by the outer one does not split if n > 3.

Until further notice, we will restrict ourselves to the extraspecial groups
2£r+2” of plus type.

Let U be a faithful G F(2)-module for a group K. Let ¢ be a K-invariant
non-singular quadratic form on U of plus type and let S be the associated
bilinear form (this implies particularly that the dimension of U is even, say
2n). Let £(K, U, q) denote the set of groups R taking up to isomorphism and
possessing the following properties:

(E1) Q =21 is normal in R;

(E2) R/Q = K:

(E3) there is a surjective homomorphism x : Q — U with kernel Z = Z(Q)
such that the induced isomorphism of Q/Z onto U commutes with the
action of K;

(E4) ifa € Q, then

ge(a) = q(x(a)).
First we show that a holomorph of every extraspecial group 2L+2”
extension of Q by Out(Q)) always exists.

(i.e. an
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Lemma 1.4.2 Let Q = 2i_+2", let Z be the centre of Q, let q, be the above-
defined quadratic form on Q/Z, and let 0;; (2) be the outer automorphism
group of Q. Then the family 5(0;;1 2), 0/Z, q.) is non-empty and a unique
group in this family possesses a faithful 2" -dimensional representation.

Proof. It is known that Q possesses (up to equivalence) a unique faithful ir-
reducible representation ¢ over real numbers with dimension 2". Furthermore,
if V denotes the corresponding 2" -dimensional real vector space, then Im(g) is
contained in SL(V). The representation can be constructed as follows: (a) take
a maximal elementary abelian subgroup E of Q (so that |E| = 2"+1); (b) con-
struct a linear representation ¢ of E whose kernel does not contain Z (to
achieve this consider a complement F to Z in E, make F to act trivially and
make Z to act by {Z£1}-scalars); and (c) induce ¥ to the whole of Q. The
uniqueness of ¢ implies that

Ns vy (9(2))/¢(Q) = Out(Q) = 03,(2)

(compare Exercise 4 on p.64 in [A94]) so that Ngy,(v)(¢(Q)) is an element of
& (0; (2), O/Z, q.) which gives the existence assertion in (ii). The uniqueness
assertion follows from the uniqueness of ¢. O

The group in (1.4.2), which possesses a faithful 2""-dimensional represen-
tation, is known as the standard holomorph of Q; all other holomorphs are
called rwisted.

Lemma 1.4.3 Let U be a faithful G F (2)-module for a group K of dimension
2n and suppose that U carries a non-singular quadratic form q of plus type.
Then:

(i) (K, U, q) is non-empty;
(i) E(K, U, q) contains a unique group which possesses a faithful
2"-dimensional representation over real numbers;
(iii) the isomorphism type of R/Z is independent of the choice of
R e &(K, U, q), where Z = Z(Q).

Proof. Let Q = 21++2", Z = Z(Q),and let A € 5(0;1(2), 0/Z,q.)
(which exists by (1.4.2 (1)). Let

a:A— A/Q =0ut(Q) = 05(2),

B:A— AJZ=Aut(Q) = 2705 (2)

be the natural homomorphisms. Since the quadratic forms ¢ and ¢, are of the
same dimension and type, there is an isomorphism

n:WU,q)— (Q/Z,q.)
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of orthogonal spaces which induces an embedding
(:K— A/Q.

The preimage R of ¢(K) with respect to « is a member of £(K, U, q). If A
possesses a 2"-dimensional real representation (such A exists by (1.4.2)), then
clearly so does the group R. In that case R is the subgroup of Ngz(v)(¢(Q))
such that R/Q = ¢(K). This proves (ii). Finally, R/ Z is the preimage of ¢ (K)
with respect to 8, so it is a subgroup of Aut(Q) which is defined uniquely up
to conjugation. Thus (iii) follows. [

1.5 Parker loop (L, o)

A loop is a pair (L, -) consisting of a set L and a binary multiplication law -
such that L contains an identity element and every element of L has a right
inverse and a left inverse. The groups are precisely the associative loops. The
Parker loop is an extension (in the category of loops) of a group of order 2 by
Cy3. In [C84] Conway used Parker’s loop to construct an extension of a 2-group
by M»4. Here we take an opposite route defining a loop structure on the cosets
of a certain (non-normal) subgroup in a group from £(Ma4, Wa4, ).

Thus let R € £(Ma4, W4, qp). This means that (a) Q = O2(R) = 2£r+24,
(b) R/Q = M»4, and (c) there is a surjective homomorphism

X0 — Wy

with kernel Z = Z(Q) such the induced isomorphism of Q/Z onto Wo4 com-
mutes with the action of M»4 and establishes an isomorphism of the orthogonal
spaces (Q/Z, g.) and (W24, gp). Here g, is the squaring map on Q and g, is
the quadratic form on W4 defined in (1.3.3). In Section 1.7 we will see that
such R is unique up to isomorphism.

Since SE is a maximal totally isotropic Mp4-invariant subspaces in Way, its
preimage x ! (S7,) is a maximal elementary abelian normal subgroup of order
213 in Q which is normal in R. The corresponding quotient R/x ~! (S1,) is an
extension of

Q/x™(Sfy) = Wa/S}y = 2
by R/Q = M»4. Applying (1.2.2 (ii)), we conclude that

R/x™ N (Sf) =Cio: Moy
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(the semidirect product with respect to the natural action) and by (1.2.2 (i)) all
the My4-complements in R/ x ! (87,) are conjugate. Since Ce,, (M24) is of or-
der 2, there are precisely 2!'! such Mp4-complements. Let M® be the preimage
in R of one of them, so that M¢ is an extension of x ~ (81,) by May. In view
of (1.2.2 (iv)) this extension might or might not split, although by (1.2.2 (iii))
the subgroup x ~!(S},) (considered as a module for M*/x~1(S},)) = Mas)
splits into a direct sum

xN(SH) =Z® K],

so that the restriction of x to K}, is an M“-isomorphism onto S}, = Cj,.
If KY, is the codimension 1 submodule in K7, isomorphic to C{,, then
X_I(Sf‘z) /K{, is elementary abelian of order 4. This shows that there are
precisely two choices for K7, (although K7 is determined by M uniquely).

By (1.1.3 (ii)), M* /K| = 22 x M4 and therefore there exists a complement
MP to Z in M® such that

MP N Q =K} and M* = MP x Z.
If M7 is the commutator subgroup of M%, then
MY/MY =y~ Sh) /KT =22

It follows from the general properties of extraspecial groups that Q induces
on x ! (87,) the group of all transvections with centre Z, in particular K7, is
not normal in Q, and, since Q N M B =K 1*2, the subgroup M B is not normal
in R either.

Consider the set £ = x ~!(Sj2) in more detail. For u € Cj let & denote
an element from £ such that x () = (u, 0) (notice that & is determined up to
multiplying by the generator z of Z).

For v* e C}, let k(v*), denote the unique element in K, such that

x (k(v™) = (0,v").
Define on £ a multiplication o by the following rule
Tow= xS nuawm?

foru,w e L.
It is quite clear that x -1 (S12) is a transversal of the set of left cosets of M B
in R and therefore o is well defined.

Lemma 1.5.1 Letu, w € L. Then

How=uwk((uNw)®).



18 Myy and all that

Proof. By the definition, i o w differs from the group product zw by a right
multiple m € MP. Since both products are in Q, m is also in Q and therefore
itisin M# N Q = K7,.

On the other hand, since y (&)= (u,0) and x(w)= (w, 0), the multipli-
cation rule in Wy = x (Q) gives

x(Uw) = w+w, @uNw)*) = w+w,0) + O, uNw))).

Since (u 4+ w, 0) € Sy and (0, (u N w)*) € x(K7,), the result follows. O

The intersection of two Golay sets is always even, therefore k((uNw)™*) is in
fact contained in K. The subgroup K|, being the intersection with Q of the
commutator subgroup of M is uniquely determined by the latter. This gives
the following:

Corollary 1.5.2 The multiplication o is uniquely determined by M* and does
not depend on the choice of the complement MP to Z in M®. O

Proposition 1.5.3 The following assertions hold:

() (L, o) isaloop and ifii € L, then ™" (the inverse of i in Q) is both the

left and the right inverse of U in (L, o);

(ii) the mapping ¢ : U +— u is a homomorphism of (L, o) onto Ci, with
kernel Z;

(iii) ifu, v, w € L, then the following equalities hold:
(a) ol = y|ul mod2;
(b) @o®)o@om)~ ! = %|unv|mod2;
(c) (HoV)ow)o(o@ow)™ ' =|uNvNw| mod?2;

@iv) every 2-generated subloop in (L, o) is a group;

(v) (L, o) is the Parker loop.

Proof. By (1.5.1), the identity element of R is left and right identity with
respect to o and i o U = uu for every u € L. Since Q is extraspecial and by
(E3), the squaring map in Q is

~ ~ 1
u> qp(x W) = ZM mod 2,

(i) and (iii) (a) hold. The quotient of (L, o) over Z is isomorphic to the factor
group
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0/x 1 (Sh) = 0/(K},, Z) = Cis

which gives (ii).

Turning to (iii), start with following observation. Since £/Z (under the mul-
tiplication induced by o) is an elementary abelian 2-group, the images under ¢
of the left-hand sides in (iii) (a) to (c) are trivial. Therefore, the left-hand sides
themselves are z-powers (recall that according to our convention z is written
simply as m). Now (b) is immediate from (1.5.1), while (c) can be established
in the following way

HoV)ow=uvk(uNv)ow =
wk((unNv)Hwk; = uvwlk((uNv)*), wlks,
while
o (Vow)=uvwks
for some k>, k3 € K {"1. Since K7 is disjoint from Z and since
[k((uNv)*), w] = B0, (uNv)*), (w,0)) = |uNvNw| mod 2

by (1.3.3), (c¢) follows. By (c) and since any two Golay sets intersect evenly,
(iv) holds.

The left-hand sides in (a), (b), and (c) are the squares, the commutators, and
the associators of (£, o). These three maps determine the Parker loop up to
isomorphism. The claim was justified on p. 516 of [C84] and proved in more
detail in Theorem 12.13 in [A94]. In any event, (v) follows. O

1.6 Aut(L, o)

Some (but not all) automorphisms of Parker’s loop (L, o) can be seen from the
construction accomplished in the previous section. In fact, £ can be viewed as
the set of left cosets of M# in R so that the loop product of two cosets is the
coset containing the group product of their representatives from x ~!(S12)

aMP o vMP =uvMP.
This viewpoint enables us to define an action of » € R on L via left translations
rouMP s raMP.

Since miuMP = miim=' MP for m € MP, the action of M# by left translations
is equivalent to its action on x ~!(S12) by conjugation, and it is immediate that
this action preserves the loop product.



20 Myy and all that

Lemma 1.6.1 The action of MP on L by conjugation preserves the loop prod-
uct o. Furthermore, O2(MP) = CY, is the kernel of the action of MPon L)Z,
while MP/Oy(MP) = Moy is the stabilizer of the Golay code structure on
L]Z. O

Now let us turn to the full automorphism group of (£, o) which we denote by
A.By (1.6.1), A contains M#. Notice that the action of Z on £ by conjugation
is trivial. Therefore, the image of M? in A is independent on the choice of M#
between the two complements to Z in M?. At this stage we know that M? is
an extension of C{, by Mp4, but don’t know whether or not it splits. In (1.6.9)
we will prove that the extension does not split, so that M# = Cy, - M.

Lemma 1.6.2 Let Y be the centre of (L, o). Then:

i Y=1{1,z ﬁ, ﬁz} is elementary abelian of order 4;
(ii) both Y and Z are characteristic in (L, o).

Proof. It follows from the basic properties of the Golay code that ¢ and P
are characterized among the Golay sets by the property that their intersection
with any Golay set has size divisible by 4. In view of this observation, (i) is
immediate from (1.5.3 (b)). Since Y is the centre, it is clearly characteristic.
By (1.5.3 (a)), Z is generated by the squares of the elements from L, therefore
it is characteristic as well. [

Put
L=L/Z, and L = L/Y.

By (1.5.3), £ and L are elementary abelian groups of order 2'% and 2!!, respec-
tively. As above the elements of £ will be denoted by the Golay sets (although
the full automorphism group of (£, o) is not going to preserve the Golay code
structure on E_).

The automorphisms from A, acting trivially on £ and L, will be called diag-
onal and central, respectively. Let D and C denote the subgroups in A formed
by the diagonal and central automorphisms.

Lemma 1.6.3 The following assertions hold:

(1) both D and C are normal in A and D < C;
(1) both D and C /D are elementary abelian 2-groups.

Proof. (i) is obvious since D and C are kernels of suitable homomor-
phisms, while (ii) follows from the observation that every element of £ has
two preimages in £ and every element of L has two preimages in L. O
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Lemma 1.6.4 The subgroup D is the elementary abelian of order 2'2 realized
by the elements of Oy(MP) acting via conjugation.

Proof. By (1.6.3 (ii)), D is the elementary abelian of exponent 2. In order
to establish the assertion it is sufficient to show that for a non-identity ele-
ment d € D, the image in £ of C(d) is a hyperplane. Let u, v, w € £ with
u + v = w (where the addition is the one induced by o). Let u, v, w be the
corresponding preimages in £ such that 7 o ¥ = w. Whenever d centralized &
and v it centralized w which proves the claim. O

Let us turn to A = A/D. By (1.6.3), we know that A contains
MPB ] 0y(MP) = Moy as a subgroup. We know that up to isomorphism (£, o)
is uniquely determined by the squaring, commutator, and associator maps. On
the other hand, it is easy to check that the commutator and the associator maps
are, respectively, the second and the third derived forms of the squaring map
(compare discussion on p. 63 in [A94]). This gives the following:

Lemma 1.6.5 A is the stabilizer in Aut(£) = G L12(2) of the squaring map

1
P:ur— Z|u| mod 2.
O

Lemma 1.6.6 The image C = C/D of C in A is elementary abelian of order
21 canonically isomorphic to the dual space of L = L/ (P).

Proof. Since L is the quotient of £ over the 1-dimensional subspace gen-
erated by P, every non-identity element from C acts on £ via a transvection
with centre P. On the other hand, since the values of the squaring map P on a
Golay set and on its complement coincide, all these transvections preserve P.
Thus the result follows from (1.6.4). O

Now it remains to identify the quotlent A=A /C. By (1 6.4), the quotlent
is precisely the stabilizer in GL(E) GL1(2) of the map P induced on £ by
the squaring map P.

Lemma 1.6.7 A = My coincides with the image of MP.

Proof. By (1.6.1) and the first paragraph in Section 1.2, M? has two orbits
on L with lengths 759 and 1288. The P-values on these orbits are different (0
and 1, respectively). Therefore, the assertion follows from (1.2.7). O

Now with the chief factors of A being identified it remains to specify A up
to isomorphism. The next lemma describes the relevant actions.
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Lemma 1.6.8 Let 1 and > be two elementary abelian groups of order 211
each. Let a be a homomorphism of MP into Aut(Z| x £,) such that (a) K 1
is the kernel of a; (b) My = OZ(M‘B)/KI"1 acts on X1 and Xy as it acts on
Ci1; (©) Og(M’g)/Ki*1 = 2 permutes X and ¥, (commuting with the action
of May). Let X3 be the unique (diagonal) subgroup of order 21 in | x ¥,
normalized by the image of «. Then A is the partial semidirect product of
21 x o and MP associated with « over K ikl identified with X3.

Proof. For y € Y and v* € CY,, define a mapping o (y, v*) on L via
o (y, v*) 1 0 > ayll,

It is straightforward to check that o (y, v*) is a (central) automorphism of
(L, o) if either y € Z or v* € Cf, or both. Then

T = (o(y,v") | v" € Cyy),
where y is 73, 73z, or z fori = 1, 2, or 3, respectively, while
02(MP) = K}y = (0(z,v%) | v* € C}y).
Furthermore, if v}, v3 € Cf;, y1, y2 € Y and v* € C}, \ C{,, then
[o(y1, v]), o (y2, v3)] =1
and
o (z,v)o (P, v}) = o (Pz, v (z, v9).
These equalities imply the assertion. [

In order to accomplish the last bit in the identification of A, we apply a
brilliant argument by Robert Griess from p.199 in [Gri87].

Lemma 1.6.9 M# = Cy, - Moy.

Proof. In view of (1.2.6 (ii)) all we have to show is that M# does not split
over K{,. Suppose to the contary that M = M4 is a subgroup in M B. Then,
by (1.6.1), £ and Cy, are isomorphic M-modules. Let d be a dodecad and let
u, v be octads such that u + v = d. By (1.1.2 (ii)), there is an involution t in
the stabilizer M (d) of d in M which permutes u and v. For a preimage u of u
in £, put v = u® and d = uv. By (1.5.3 (a)), ¥ and v are involutions, while d
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has order 4, so that 7o % = d ! and the subloop in (£, o) generated by i and
v'is isomorphic to the dihedral group Dg of order 8. Since

A" =@o0) =0 ot =Vou=d !,

we conclude that 7 inverts d. On the other hand, M (d) = M, does not contain
subgroups of index 2 which is a contradiction.' O

By (1.6.8), A/D = C{, : Ma4 and, by (1.2.2 (iii)) up to conjugacy, the latter
contains two classes of My4-complements. The subgroup M is the preimage
of one of the complements. Denote the preimage of the other one by M¢. Then
the module £ under the action of M¢ splits into a direct sum of C;; and a
1-dimensional module. Since £ and D are dual to each other, D also splits
under M? into a direct sum. We claim that M? does not split over D, so that
M?® = Cf, - Mp4 x 2. The claim comes from the following general principle
whose elementary proof we leave out.

Lemma 1.6.10 Let K be a group and U be a G F(2)-module for K which
is a direct sum Uy @ Uy @ ... ® Uy, of irreducible submodules. Then the
semidirect product of U and K with respect to the natural action does not
contain subgroups isomorphic to a non-split extension of U; by K for any
1 <i<m. g

The situation similar to that in (1.6.10) with U being indecomposable is
totally different. For instance, the semidirect of L3(2) and its indecomposable
6-dimensional G F (2)-module contains the non-split extension 23. L3(2) (this
fact has played an important role in [ISh05]).

In what follows we will mainly deal with the subgroup M# of A. This can
be characterized as the stabilizer of the Golay code structure on £. By this
reason, we call M? the code automorphism group of (L, o) and denote it by
A® (where ‘g’ is for Golay).

1.7 Back to extraspecial extensions

In this section, we classify the extensions of the extraspecial group 2£r+22 by
M>4 subject to the conditions stated in the introduction to the chapter.

Lemma 1.7.1 The class E(Ma4, Wa4, q,) contains a unique group R and R/Z
does not split over Q/Z. O

U It was pointed to me by Dr. Ryuji Sasaki that there is an octad a, a 3-subset u, and an
involution T € Mp4 such that (a, u) +w,, (@®,u") = (d, 0). Therefore, the above proof
applies directly to a group from £(Ma4, Wy, qp).
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Proof. In terms of Sections 1.5 and 1.6, R is generated by x ~!(S12) = £
and MP = A®. Therefore, R is a permutation group of the element set
of Parker’s loop generated by the code automorphisms together with the left
translations

Ay Xt UoXx

taken for all ' € L. This proves the uniqueness assertion. The non-splitness
also follows from the discussions in Sections 1.5 and 1.6. In fact, M% is
the preimage in R of a representative of the unique class of complements to
0/x71(S) in R/x7'(S},) = Ci2 : Ma4. On the other hand, M* = MP x Z
and, by (1.6.9), MP = CY, - M4 (the non-split extension). ([

Next we analyse the groups in £(Mp4, A(Ma4), qp).

Lemma 1.7.2 Let T € E(May, A(M2s), qn), P = O2(T), and X = Z(P).
Then:

(i) T/X does not split over P/ X;
(ii) T is unique up to isomorphism.

Proof. By (1.4.3 (iii)), the isomorphism type of 7/X does not depend on
the choice of T € £(Mp4, A(Ma4), qp) so in order to prove (i) it is sufficient
to produce an example of T for which 7'/ X does not split. Such an example
can be constructed as a section of R € £(Ma4, Wa4, q,) in the following way.
Let P be a preimage of (P, 0) € Wa4 with respect to the homomorphism y :
Q — Wy, letC =Cp (73), andletT =C/ (ﬁ). Then in terms of the previous
section, we have (a) MP N C = MY = Cl| - Maq, (b) the image P of QN C
in T is the extraspecial group 2£_+22, and (c) P/Z is the anti-heart module for
M? /C; = Mp4. Arguing as in the proof of (1.7.1), it is easy to show that the
extension does not split. The uniqueness of 7 claimed in (ii) can be established
in the following way. As in Section 1.5 we can define a loop structure on the
set of cosets of (the image in T of) the subgroup M?Y. The resulting loop is
precisely the quotient of the Parker loop (L, o) over the subloop of order 2
generated by P. Then T can be recovered as the permutation group of £/ (ﬁ)
generated by the automorphism group of the factor loop (isomorphic to M?)
together with the left translations. (]

Lemma 1.7.3 The class £(Mpy, Cf‘l ® C11, qq) contains a single group which
is a semidirect product of 21_+22 and Mag4.

Proof. A possible way of proving the assertion is to follow the strategy in
Section 1.5: define a loop structure of the cosets in § € £(Ma4,C, @ Ci1, qa)
of a subgroup which is an extension of C{, by Ma4. In the considered situation,
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the loop turns out to be just an elementary abelian group E (of order 2'%) and
therefore S itself is a subgroup of the affine group AGL(E). From this it is
easy to conclude that S is bound to be the semidirect product as claimed. [

Now we are ready to state the classification result.
Proposition 1.7.4 Let T be a group such that:

(@) 0x(T) =21
(b) T/02(T) = Maa;
(¢) O2(T)/Z(T) is an extension of C}| by Cy1.

Then either:

(i) T is the only group in £(May, C{; @ C11, qa) and T splits over O2(T), or
(1) T is the only group in £ (M4, A(M2y), q1) where A(May) is the
anti-heart module and T does not split over O»(T).

Proof. The result follows from (1.3.2), (1.3.4), (1.3.8), (1.7.2), and
(1.7.3). O

1.8 Leech lattice and the monomial subgroup

The Leech lattice A can be produced in terms of the Golay code Cj; as follows.

Consider the 24-element set P (equipped with a linear order) as a basis of a
real vector space R?*. Let A be the set of vectors A € R?** whose components
Ap, p € P with respect to P satisfy the following three conditions either for
k=0orfork =1:

(A1) X, =k mod 2 for every p € P;
(A2) {p| X, =kmod4} e Ci;
(A3) Zpe'P Ap = 4k mod 8.

Considering P as an othonormal basis of the underlying vector space R**
(which means introducing the inner product)

(p.g@)n =6pgforp,qg eP

we turn A into an even (integral) lattice. In order to make it unimodular we
have to rescale the inner product by % We are interested in the automorphism
group of A, which by definition is the subgroup of G L(R?*) which preserves
both the set A and the form (, ) (as long as only the automorphism group is
of concern, the particular rescaling is irrelevant).
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The automorphism group of A is commonly denoted by Coo; it is a non-
split extension of the group of (£1)-scalar transformations by the first Conway
sporadic simple group Coj.

The above construction of A exhibits considerable symmetry. In fact, we
can modify the basis P preserving the conditions (A1) to (A3). These modifi-
cations include the reorderings of the elements of P according to permutations
from Aut(Cj2) = M4 and the negatings of the elements of P contained in Go-
lay sets. This can be formalized as follows to produce an important subgroup
of Cog where the action in the basis P is monomial.

Lemma 1.8.1 Let My be the set of linear transformations of R** presented in
the basis P by the permutation matrices preserving Ciy. For u € Cpa, let

e(u) = diag(—D)“"PN | p e P)

(also a linear transformation of R** written in the basis P). Let Eq be the
subgroup in GL(R?*) generated by the elements (u) taken for all u € C,
and let Fy be the subgroup in GL(R**) generated by My and Eq. Then:

(i) Mo = Moy,

(i) Eo = Cya (elementary abelian group of order 212y,

(iil) My normalizes Ey and Fo = EqgMy = C1p : Moy is the semidirect
product with respect to the natural action;

(iv) Fy preserves both the set A and the bilinear form (., ), so that
Fy < Coyp;

(v) for every non-zero real o the subgroup Fy is the stabilizer in Cog of the
frame

Fo :=A{Fap|pePl
(vi) e€(P) is the (—1)-scalar operator.

Proof. We have obtained A following a standard construction of lattices
from codes known as Construction C (cf. [CS88]). The assertions in the lemma
are general features of that construction (see also the relevant chapters in [A94]
and [Iv99]). O

Put
Ap={r|re A, (A A)p = 16m}.

Then Ag consists of the zero vector, while A,, is empty for the odd ms (since
A is even) as well as for m = 2 (there are no roots in A). The action of Cog is
known to be transitive on Az, A3, A4, As, and A7 with stabilizers being Co»,
Coz, and 21" : Mo3, HS, and McL, respectively (cf. [Con71] and [A94]).
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Let A = A/2A (the Leech lattice modulo 2). Then A is an elementary
abelian group of order 2>* which is a faithful irreducible module for Co; =
Cog/{x1}. For every element . € A, thereis auniquei € {0, 2, 3, 4} such that
A+ 2A contains a vector from A;. Furthermore, if i < 4, there are exactly two
such vectors in the coset which are negatives of each other, while if i = 4, there
are 48 such vectors which form the image of the frame Fg under an element
of Coyg.

Adopting the bar convention for images in A of vectors and subsets of A,
we have

]\:[\0&)1—\2@[\3@1—\4

(where @ stays for the disjoint union). In terms of (1.8.1), let M, E, and F
be the images in Co; of My, Ep, and Fy, respectively. It is clear that F is
the semidirect product with respect to the natural action of £ = Ey/{e(),
eP)}=ECi1and M = Moy,

Lemma 1.8.2 The subgroup F = Cy1 : Ma4 (called the monomial subgroup)
is the stabilizer in Co1 of the coset

hai= ) 2p+2A
peP

contained in Aa.

Proof. In view of (1.8.1 (iii), (iv)), it is sufficient to observe that the vector

8r—22p=2 3r — Z p

peP pEP\{r}
is contained in 2A for every r € P. O

Recall that Coy acts transitively on A4 and since |A4] is odd, F contains a
Sylow 2-subgroup of Coj.

Lemma 1.8.3 The Leech lattice modulo 2 A is isomorphic to Wa4 as a module
for the complement M = M34 of the monomial subgroup.

Proof. Define a mapping
w: W — AJ2A
inductively using the following rules (where u € C13, p € P, v*, v’f, vik € CE)

> peu 2P +2A if [u| = 0 mod 8

o(u,0) = { > peu 2P +2A otherwise ;
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0O, {py)=C@p— D r+2A;
reP\{p}

(0, vf +v3) = (0, v]) + (0, v3);

o, v*) = o, 0) + w0, v¥).

A proof that  is an isomorphism of M>4-modules can be achieved by straight-
forward calculations. For example consider the case where u and w are octads
intersecting in a pair {p, ¢}, so that in W4 we have

(l/l, O) + ('LU, O) = (ds {P’ q}*)v

where

d=wUw)\{p,q}

is a dodecad. Then

o, 0) + w(w, 0) = Z 2r + Z 25 +4p +4q + 2A

reu\w sew\u

=D 2r+(4p —49) +8q +2A

red

(we are using (1.8.2) and its proof)

Y —2r+(4p—4g) +2A
reP\d

(modulo 2A every Leech vector equals to its negative)
—w(d,0) + (0, {p}") — (0, {g}") +2A = 0, {p, q}").
O

The bilinear form %( , )a on A taken modulo 2 induces on A a symplectic
form (, ), while the mapping

1
A — (A, A
> 16( )A

taken modulo 2 induces on A a quadratic form ¢ & for which (', )z is the
associated bilinear form. Thus

Gy = 1 ifxeAs:
AN =0 0 ifhe Ao Ay Ay
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Lemma 1.8.4 The following assertions hold:

(i) the mapping @ : Wag — A in (1.8.3) establishes an isomorphism of the
orthogonal spaces (W4, qp) and (A, q3);
(i1) gp is of plus type;
(ii1) gp is the unique Coi-invariant quadratic form on A.

Proof. The assertion (i) can be checked directly by verifying it for every step
of the inductive definition of w. Since g, is of plus type (cf. (1.6.3)), sois g3
and (ii) holds. As was mentioned, Coj acts transitively on 1_\1' fori =0,2,3,
and 4. Therefore, a Coj-invariant quadratic form on A must be constant on
each of the [\is. Comparing the known sizes of the A;s from [Con71] with
the possible numbers of isotropic vectors in a non-zero quadratic form on a
24-dimensional G F'(2)-space, we can establish (iii). O

The following lemma describes the action of E = Cjj on A:

Lemma 1.8.5 Let w, u € Cy3 and let v* € CY,. Then

1
e(w) : wu,0) — o+ (§|u Nw| mod 2) P, (uNw)*),
e(w) : w(0,v™) = @ ((Jlv]| mod 2) w + (Jw Nv| mod 2) P, v*)
and on the whole of A the action extends by linearity. U

It is easily seen from the above lemma that the actions on A of e(w) and
e(P \ w) coincide, so that Eq acts as C;; = Cj2/(P). The next lemma (which
is a direct consequence of (1.8.5)) describes the composition series of A asa
module for the monomial subgroup F = EK = Cy; : M.

Lemma 1.8.6 Let AV = w(WD) = (1), A® = (W) and
A" = (0w, v*) | u e (@, P}, v* € C).
Then:

1) 0 < AD < A2 < ACY < A is the only composition series of A as a

module for F;

(i) the subspace A% is maximal totally isotropic with respect to q A

(iii) A® = )_\i' (the orthogonal complement of AV with respect to the
symplectic form (, )z);

@iv) AUD g completely reducible under the action of M = M4 and E = Cq
acts on A12 by transvections with centre w (P, 0);

(V) w induces an isomorphism

Y o A(Ma) — ACV/R0
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which commutes with the action of M and the action of E on A®3 /AD
is described by

e(w) 1 Y (u, v*) = ¥, v+ uNw)*)
foru,w e Cy1,v* € Cyf,. O
For an element p € P, put

= @Gp— Z r)+2A
reP\{p}

and

M =Gp+ Z r) +2A.
reP\{p}

Then A, € A and A3 € A3, which explains the notations.

Lemma 1.8.7 Let F(A2) and F(A3) be the stabilizers of X and A3, respec-
tively in the monomial subgroup F = Cyy : May. Then:

i) F(ha) = F(h3) = Moy,
(ii) )_Lj- NA® = Xﬁ- N A3 represents the shortest F-orbit on the set of
hyperplanes in A*® which do not contain A1?;
(iii) the length of the orbit in (ii) is [F : F(lp)] =242
(V) A3, )_\é‘, and )_Li‘ = AP are the three hyperplanes in A containing
A NAGY,

Proof. The result can be deduced from the description of the action of F on
A given in (1.8.5). Alternatively, the assertions can be checked by comparing
the known lengths of the F-orbits on A (cf. p. 155 in [Iv99]). Notice that
)_\2+)_L3=)_n4in[_\. O
We conclude this section with some cohomological data.

Lemma 1.8.8 The following assertion hold:

(1) the Schur multiplier of Coy is of order 2;
(i) HY(Coy, A) is trivial;
(iii) H%(Coy, A) has order 2.

Proof. Since the My4-module Cy, is indecomposable, {&(¥), e(P)} is not
complemented in Fyp = EgMy = Cjo : Mp4. Therefore Cog is a non-split
extension of the group of order 2 by Coj. It is well known that Cog is the
largest perfect central extension of Co; (cf. [CCNPW]) which gives (i). The
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triviality of H L(Coy, A) was established in [Gri82a], Lemma 2.11. The as-
sertion (iii) has been believed to be true for quite a while. By (1.8.4 (i))
and (1.7.1), a group X € E(Coy, A, g3 ) contains as a subgroup the unique
group Y € E(Ma4, Waa, qp). Since O2(X) = O2(Y) and since Y/Z(Y) is
a non-split extension of Woq by M»4, we conclude that X/Z(X) does not
splitover O2(X)/Z(X). Therefore, H 2(Coy, A) is non-trivial (this was known
since [Gri73a]). Nowadays it is possible to check the order of H 2(Coy, A)
computationally. This was accomplished by Derek Holt. In fact the whole of
Co; is still too large, but Derek has computed H 2(F , 1_\) to be of order 2. Since
the monomial subgroup contains a Sylow 2-subgroup of Co; and in view of
the lower bound this gives (iii). O

1.9 Hexacode

In the next chapter we will study another important subgroup of Co;. For this
study to go smoothly we need a better setting for the structure of the sextet
stabilizer in the Mathieu group M>4.

Let (Vag, P, C12) be the full name of the Golay code, let 7 be a 4-subset of
P, and let

S=8SMN={w|wc?P,|lw=4T>"=w"}

be the sextet containing 7. Then S is a partition of P into six 4-subsets called
tetrads such that the union of any two distinct tetrads from & is an octad in
C12. The following result is rather standard in the theory of the Golay code (cf.
Lemma 2.10.2 in [Iv99]).

Lemma 1.9.1 Let M(S) be the stabilizer of S in M = Myy. Then
M(S)=2°:3.58

and the structure of M (S) can be described as follows. Let Qg = O2(M(S)),
let Ks = 023(M(S)), let Xs be a Sylow 3-subgroup in Kg, and let Ys =
NM(S) (XS) Then:

() Qg is elementary abelian of order 2°;
(i) Xs is of order 3, the action of X s on Qg is fixed-point free and
Ks = 0sXs;
(iii) Ys is a complement to Qs in M(S);
(iv) M (S) acting on the set of tetrads in S induces the full symmetric group
Se of this set and K s is the kernel of the action;



32 Myy and all that

(v) Ys does not split over Xs and Cys(Xs) = 3 - Ag is a perfect central
extension of Ag;

(vi) if Q2 is the set of elements of P fixed by X s, then Q2 is of size 6, Q2
contains an element from every tetrad in S, and 2 is not contained in
an octad of Cy»;

(vii) Y3 is the setwise stabilizer of Q2 in M;

(viii) if O is an octad which is the union of a pair of tetrads from S and
M(O) = QoKo = 2% : L4(2) is the stabilizer of © in M, then
Qo N Qs is elementary abelian of order 2* on which X s acts
fixed-point freely. [

Let Y = 3 - Sg be the group denoted by Ys in (1.9.1), let X = O3(Y), let
S=Y/X = Se,andlet A = Cy(X)/X = Ae. Then Y is the unique extension
of a group of order 3 by S¢ whose commutator subgroup is a perfect central
extension of a group of order 3 by Ag. The group Y will be called the hexa-
code group. The outer automorphism group of Se is well known to be of order
2 and because of the uniqueness of Y, every automorphism of S extends to an
automorphism of Y. Because of the non-splitness, the identity is the only auto-
morphism of ¥ which centralizes Y/ X, so that the outer automorphism group
of Y is also of order 2. Because of the identification of ¥ and Y, the subgroup
Qs can be considered as a 6-dimensional G F(2)-module for Y. This module
is called the hexacode module of Y and we denote it by H. The fixed-point free
action of X induces on H a G F (4)-vector space structure preserved by Cy (X)
(an element from Y \ Cy(X) acts on H as a Frobenius automorphism).

Let Q2° and H*® denote the images of €2 and H under an outer automorphism
of Y. Then the stabilizer in S of a 2-subset in €2 is the stabilizer of a partition
of Q¢ into three pairs.

Let V\4\1 and V]°\4\1 be the G F (2)-permutation modules of Y (or rather
of §) acting on Q and Q°, respectively. Then

0< Vi< Vg < Vi

is the only composition series of Vy\4\1 where Vi and Vj\4 are formed by
the improper and even subsets, respectively and S is the full stabilizer of the
symplectic space structure on the heart Uy := Vj\4/ V) of the permutation
module, exhibiting the famous isomorphism

Se = Spa(2).

The structure of the permutation module Vf\ Al is similar and its heart will be
denoted by Uy



1.9 Hexacode 33

Lemma 1.9.2 The following assertions hold:

(1) both U and U° are self-dual modules;
(i1) each of the following groups

H'(Aq, Us), H'(Ss, Us), H'(As, US), H'(Se, UD)

has order 2;
(iii) H?*(As, Uy) is trivial, while H%(Sg, Us) has order 2;
(iv) both H (Y, H) and H*(Y, H) are trivial.

Proof. The assertion (i) follows from existence of the invariant symplectic
forms on U and on U?, while (ii) is well known (the standard reference is
[JP76]). The indecomposable extension of Us by Sg is the ‘third’ subgroup of
index 2 in Vg1 : Se other than Uy : Sg and V41 : Ag. In any extension K
of H by Y, the normalizer Nk (X) is a representative of the unique class of
complements to O2(K). This proves (iv). O

Lemma 1.9.3 The following assertions hold:

(1) H and H® are dual G F (2)-modules for Y ;
(i1) Y acts on the set of non-zero elements of H with two orbits H1g and
Has of lengths 18 and 45, respectively;
(iii) there are surjections

Q
Hig — Q° and Has — <2>,

which commute with the action of Y and whose fibers the X -orbits.

Proof. The proof can be deduced from the following model for the hexa-
code adopted in [Iv99]. Consider H as a 3-dimensional G F (4)-module, and
let ¥ = ¥L(H) = X L3(4) be the extension of SL(H) by the Frobenius auto-
morphism. Then Y is the stabilizer in ¥ of a hyperoval in the projective plane
(P, L) of order 4 associated with X. In these terms

P=Q°U<S;> andL=9U<Q;>.

Furthermore, a suitable diagram automorphism of ¥ normalizes Y inducing
on it an outer automorphism. O
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1.10 Centralizer-commutator decompositions

It is a general feature of coprime actions that a G F(2)-module V for the
hexacode group ¥ = 3 - Sg possesses the direct sum decomposition

V=Cy(X)®I[V, X].

In this section we calculate such decompositions for V being V24, C12, C7,, and
Wog.

As in Section 1.9 let S be the sextet stabilized by M(S) = 20 : 3. Sg
such that Y is a complement to O(M(S)) in M(S). By (1.9.1 (vii)), Y is the
stabilizer in M of the 6-subset 2 of P consisting of the elements fixed by X.
By (1.9.1 (vi)), L2 is not contained in any octad and it forms a transversal of
the set of tetrads in S. For w € €, let S, denote the tetrad in S containing @
and put 7, = S, \ {w}. Then

{To | 0 € 2}
is the set of X-orbits on P of length 3.
Lemma 1.10.1 Let v € Vyy4. Then:

(1) v € Cy,,(X) if and only if there are subsets A and E of Q such that v
is the union of A with Uyeg Ty,

(i) v € [Voa, X]ifand only if v N Q = @ and |v N T,,| is even (which
means 0 or 2) for every € Q.

Proof. The assertion (i) is obvious. To establish (ii) notice that v € [V, X]
if and only if v 4 x(v) 4+ x2(v) is the zero vector in V, where x is a generator
of X. U

The following lemma is a direct consequence of (1.10.1).
Lemma 1.10.2 The following assertions hold:

(1) Cv,,(X) is the direct sum of two copies of the G F (2)-permutation
module Vi\a\1 of Y on Q;

(i1) [Va4, X] = P/Cp(X) where P is the 18-dimensional
G F (2)-permutation module P of Y on P\ Q2 and Cp(X) is generated
by the subsets T, taken for all w € Q2. ]

Since Va4 is an extension of the Golay code module Cj; by its dual Ci‘z, it
follows from (1.10.2) that each of

CCIQ(X)v CCE(X)’ [0125 X]r [CTZ’X]

is 6-dimensional (with the obvious duality relation).
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Lemma 1.10.3 For a subset A of Q define A®) to be the union of A with
Uwea T or with Uye\a T, depending on whether |A| is even or odd. Then:

) {A® | A CQ)=Cc,(X);
(ii) C¢,,(X) is isomorphic to the G F (2)-permutation module of Y on Q.

Proof. Let A be a 5-subset in Q2. Since (P, B) is a Steiner system of type
S(5, 8,24), A is contained in a unique octad u, and u is clearly stabilized by
X. Therefore, u = A U T, for some w € Q. Since any two octads have even
intersection and since the union of any two tetrads from S is an octad, we
conclude that @ must be the unique element of Q outside A, thatis u = A®),
Since the symmetric difference of any two Golay sets is again a Golay set, (i)
follows. Now (ii) comes from (i) in view of the paragraph before the lemma. []

Since the permutation modules are self-dual, we have the following isomor-
phisms of Y-modules

Ce,, (X) = Cey, (X) = Vit
Lemma 1.10.4 [Ci2, X] and 'H are isomorphic Y -modules.

Proof. Let O be an octad contained in [C2, X]. By (1.10.2) there is a pair
a, B € Qsuchthat ON(S,USp) = Pand |ONT, | = 2forevery y € Q\{a, B}.
Since (a) u has three images under X, (b) there are 15 pairs in 2 transitively
permuted by Y, and (c) dim [Ci2, X] = 6, we conclude that the Y-orbit of O
has length 45 (we denote this orbit by KC45). Let M (O) be the stabilizer of O
in M. By (1.9.1 (viii)), |Qp N Qs| = 4, and, if t(g) denotes the unique octad
in the X-orbit of O which is stabilized by ¢ € (Qp N Qs)¥, then

t:0oNQPs— (x(u) | x € X)
is an (M (S) N M(O))-isomorphism. It is easy to see that ¢ extends to the
isomorphism between [Ci2, X] and H we are after. O
Lemma 1.10.5 The following are isomorphisms of Y -modules

Cio Z Va1 ®H, Cf), = Viaa & HC.

Proof. The assertion is a direct consequence of (1.10.3), (1.10.4), and the
duality between Cy2 and C},. O

The following result can be deduced either from the above considerations or
from Section 3.8 in [Iv99].

Lemma 1.10.6 The module C1, possesses a unique M (S)-composition series

0 < C¢,(0s) < [C12, Os] < Ci2,
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where C¢,(Qs) = V4 is a hyperplane in Ce, (X)
[Ci2, 051/ Cec,(Qs) = [Cr2, XI = H,
and C12/[C12, Os] is 1-dimensional. O

Let us turn to the module Wy4. Recall that Woy = {(u, v*) | u € Cpp, v* €
C{,)} as an Mp4-set and

(ur, i) + (u2, v3) = (U1 4+ uz, vi +v5 + (w1 Nuz)*).
It is clear that
Cw,, (X) = {(u,v*) | u € Ce,(X),v* € Cey, (X))

Lemma 1.10.7 Cw,,(X) is the direct sum of two copies of the permutation
module of Y on Q.

Proof. By (1.10.3 (iii)), Cw,, (X) is an extension of CCTz (X) = Vi by
Ce,,(X) = V1. Thus is suffices to produce a Y-invariant complement to
Cey, (X). We easily check that

{(, (1 + |ul mod 2) (2 \ u)*) | u € Cc,,(X)}
does the job. O

A direct calculation in Wy4 shows that for u € [C12, X] and a generator x of
X, the equality

(u, 0) + (x(u), 0) + (x*(), 0) = (0, n(u)*)
holds, where
nu) ={w|weQ, lunT,| =2}
Lemma 1.10.8 The following assertions hold:

(1) [Wag, X] = {(u, n(w)* +v*) | u € [C12, X], v* € [C],, X]};
(ii) [Way, X] is an indecomposable extension of H® by H.

Proof. (i) follows from the paragraph before the lemma. To justify the in-
composability, notice that {(u, n(u)*) | u € [C12, X]} is the only Y-invariant
subset in [W»4, X] on which Y acts as it does on H. Since this orbit (together
with the zero vector) is not closed under the addition in Wyy, (ii) follows. [l

The extension [Wp4, X]in (1.10.8 (ii)) can be obtained by adjoining the field
automorphism to the G F (4)-module induced from a non-trivial 1-dimensional
module of a suitable index 6 subgroup in Y = 3 . Ag (the subgroup is
isomorphic to 3 x As).
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The mapping
n:H— Via

defined before (1.10.8) commutes with the action of Y. The mapping 7 is not a
homomorphism of modules but it is a coboundary associated with an extension
of Vi\4 by ‘H and it will play an important role in the subsequent exposition.

Lemma 1.10.9 Let g, and B, be Ma4-invariant quadratic and associated
bilinear forms on Waq4 as in (1.3.3). Then:

(1) Way = Cw,, (X) @ [Wa4, X] is an orthogonal decomposition with
respect to Bp;
(1) both summands in (i) are non-singular 12-dimensional orthogonal
spaces of plus type with respect to the restricted forms;
(iii) the H®-submodule in [Waa, X] and a direct summand of Cy,, (X)
isomorphic to Vi\a\1 are totally singular.

Proof. First it is easy to check that the restriction of g, to [Wa4, X] is
non-singular. Thus the orthogonal complement of [W»4, X] is 12-dimensional
disjoint from [Wo4, X]. Therefore the orthogonal complement must be pre-
cisely Cw,,(X) and the latter must also be non-singular, which proves (i).
Since S}, is a maximal totally singular subspace in W4, (1.10.5) gives (ii)
and (iii). O

1.11 Three bases subgroup

In Section 1.8 the Leech lattice A has been constructed in terms of the stabilizer
Fo = Cya : My of the frame Fg defined in (1.8.1 (v)) and formed by the
preimages in A4 of the element

la=Y 2p+2A
peP

from A4. In this section we analyse the stabilizer in Co; of a triple of such
frames.
Let

4 = Z 4q + 2A,
qeT

where 7 is a 4-subset of P and let g = A4 + fig. By (1.82), F = E : M =
C11 : Moy is the stabilizer of A4 in Coy.
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Lemma 1.11.1 The following assertions hold:

(1) {fa4, v4} is an E-orbit;
(ii) the stabilizer of j14 in M coincides with the stabilizer M (S) = 20:3. 86
of the sextet S(v);
(iii) every permutation of {4, ji4, V4) is realized by a suitable element of
Co.

Proof. The assertions are standard properties of the Leech lattice (modulo
2) and of the Conway group Coj. The proofs can be found for instance in
Sections 4.6 and 4.7 in [Iv99]. Notice that for a 4-subset w of P the vector

D ar+> 4q

rew gev

belongs to 2A if and only if w € S(v). ]

Our next goal is to specify the isomorphism type of the three bases subgroup
T in Cop which is the set-wise stabilizer of
O = {4, fa, U4}

and to describe the action of T on A. For 6 € ©, let F © be the stabilizer of 6
in Coy, so that F*4) = F is the monomial subgroup and let E@ = 0,(F©).
Let T be the centralizer of ® in Coy, so that

T/TT =83
by (1.11.1 (iii)). The next lemma specifies the isomorphism type of 7.

Lemma 1.11.2 Let Y be a complement to O(M(S)) in the stabilizer M(S)
ofé inM, and let X = O3(Y). For0 € ©, let W = EO N T+, Then:

(i) Y =3 - Sg is the hexacode group;
(i) T is a semidirect product of Y and the subgroup O»(T) of order 2'°;
(iii) Z(O02(T™)) coincides with Co,r+)(X) and has order 24;
(iv) if A is a maximal normal elementary abelian subgroup in O,(T ™), then
Al =2"0and A = W(g)for some 0 € ©O;
) W(k4)W(u4) — 02(T+) and W(M) N W) — C02(T+)(X)"
(vi) there is a unique Y -isomorphism

(62 U4 — C02(T+)(X);
(vii) for every @ € © there is a unique Y -isomorphism

B H— WP, x;
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(viii) for h, k € H the equality

(B3, (M), Biay (k)] = (¥ (h + k)

holds, where ¥ : H — Uy is the composition of the mapping 1 as in
(1.10.8) and the natural homomorphism Vi\q — Uy;

(ix) the conditions (i) to (viii) uniquely determine the isomorphism type
of TT.

Proof. Since F is the semidirect product of E = Cyy and M = M4 with
respect to the natural action, the assertions from (i) to (iii) follow from (1.11.1
(i1)) and (1.9.1). The structure of C;; as a module for Y and the triality sym-
metry of T implied by (1.11.1 (iii)) give (iv) to (vii). The uniqueness of the
isomorphisms follow from the absolute irreducibility of the Y-modules U4 and
‘H. To prove (vii) notice first that ¥ acting on the direct sum

Ui dH

has exactly one orbit of length 18 (contained in H) and two orbits of length 45:
one of them, the orbit Hy4s, is contained in H, while the other one is

{0 (h) | h € Has}.

The set {B5, (h)Bji, () | h € Has}isaY-orbit of length 45 inside W (v4). If this
orbit were By, (Has), then B3, (h) and B, (k) would commute for all 2, k € 'H,
which is impossible since O, (T ") is clearly non-abelian. Therefore, for every
h € 'H the equality

B3, (W) By (h) = By, (W) (h)

holds. In view of the addition rule in Us&H, this gives the commutator relation
in (viii). Now (ix) is rather clear. O

Lemma 1.11.3 The outer automorphism group of T is isomorphic to S5 x 2.

Proof. By (1.9.2) and (1.11.2), T contains exactly two classes of comple-
ments to O>(T ™), both intersecting Z(02(TT))Y. Since T is a semidirect
product of O(T ™) and Y, the automorphism of Z(0»(T™))Y which central-
izes both Z(0>(T™)) and Z(O02(T))Y/Z(02(T ™)) and permutes the classes
of 3 - S¢-complements extends to an automorphism of 7.

If 7 is a permutation of ©, then by (1.11.2 (vi), (vii), (viii)) the mapping
which centralizes both ¥ and Co,(r+)(X) and maps B;(h) onto B, 4, (h) for
every h € 'H extends to an automorphism of 7. On the other hand, both Uy
and 'H are absolutely irreducible Y-modules and therefore the action of Y on
W® has a trivial centralizer in the general linear group of W@ (isomorphic to
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GL10(2)). Hence 12 is an upper bound on the order of the outer automorphism
group of 77 and the result follows. (]

Since the centre of T is trivial, T is a subgroup of Aut(7 ™) that contains
Inn(7 ") and where the image in Out(7T") is isomorphic to S3. By (1.11.3)
there are two S3-subgroups in Out(7T); one of them stabilizes the classes of
complements to O (T ™), while the other one does not. By (1.10.5), Cg(X) =
Va1 is an indecomposable extension of Uy = Cg,r+)(X). This gives the
following characterization of the isomorphism type of 7T'.

Lemma 1.11.4 T is the subgroup of Aut(T™) that contains the inner auto-
morphisms and that maps onto the S3-subgroup in Out(T ) permuting the two
classes of complements to O»(TT) in T™. O

Next we turn to the action of 7 on A.

Lemma 1.11.5 Under the action of T = 2*T12. (3. S¢ x S3), the module A
possesses a unique composition series

0<A® < A® < AU0 - ACD A
where:

(i) A® is generated by ® and is isomorphic to the natural module of
T/TT = 83=SLy(2);
() A® = Cxr(Z(02(T))) and A® /AP s isomorphic to H® (as a module
for the hexacode group Y =3 - Sp);
i) A1O/A® is isomorphic to the tensor product of Uy and AP ;
iv) AP /A1 s isomorphic to H;
(v) A/AP? is isomorphic to (the dual of) A@.

Proof. Since FNT = E : M(S), (1.10.6) and (1.8.6) enable us to deduce a
composition series of A under the actions of F N7 and T . Since the compo-
sition series of F(#4) is different from that of F, the two composition factors
of T isomorphic to Uy must be permuted by T'. The rest is now clear since A
is a self-dual module. g
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The Monster amalgam M

In this chapter we construct the Monster amalgam M. We give an abstract
definition of M and then construct M explicitly. The uniqueness comes as an
immediate byproduct of the construction.

2.1 Defining the amalgam

In this section we give an abstract definition of the Monster amalgam and prove
that it exists and is unique up to isomorphism.

The Monster amalgam M is formed by a triple of groups G, G», and G3
subject to the following conditions (M1) to (M3), where G;; = G; N G},
G123 =G1NGaNG3, Qi = 02(Gy), and Z; = Z(Q;).

(M1) G, € E(Coy, A, g3) in terms of Section 1.4, which means that
01 =2 G1/01 = Coy
and there is a homomorphism
x:01— A

with kernel Z1, such that the induced isomorphism between Q1/Z;
and A commutes with the action of Co; and establishes an
isomorphism of the orthogonal spaces (Q1/Z1, ¢.) and (A, ¢ A)s
where ¢, is induced by the squaring map on Q.

(M2) G2 = Ng,(Z>), where

Zr=x"' (Y 2p+20));
peP

41
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(by (1.8.2), G2 is the preimage in G of the monomial subgroup
F=Ci1:Myof Gi/Q1 = Coy)

[G2: G2l =3and Z(Gy) = 1.
(M3) G3 =(G13,Gn); G13 = Ng,(Z3), G2z = Ng,(Z3), where

Zy=x""(()_2p+2A,) 49 +2A)
peP qeT
for a 4-subset 7 in P (so that G 3 is the preimage in G| of the three
base subgroup T = 2412 (3. ¢ x $3) of G1/ Q1 = Coy).
(M4) If G5 is the largest subgroup in G123 which is normal in G3, then
Cg,(G3) = Zz and G3/ G5 = L3(2).

Definition 2.1.1 The Monster group G is a faithful generating completion of
a Monster amalgam. This means that G is a group which contains subgroups
G1, G2, and G3 satisfying the conditions (M1) to (M4) and G is generated
by these three subgroups.

It might be appropriate to go into some detail of the formal definition of
an amalgam and its completions. To define M we take three finite groups
(G1, ®1), (G2, ®2), (G3, ®3), where the G;s are the element sets and the
©;s are the product operators. The element sets have pairwise non-empty in-
tersections and whenever x,y € G;; = G; NG for 1 < i,j < 3, the
equality

X0 y=x0;y
holds. So to say, the group operations coincide on the intersections. In particu-
lar, G;; is a subgroup in both (G;, ©;) and (G, ©;). A completion of M is a
pair (G, ©), ¥) where (G, ©®) is a group and
Yv:GIUG UG = G

is a map, such that whenever x, y € G; for 1 <i < 3 the equality

V(x Oiy) =v((x)O¥(y)

holds (i.e. the restriction of ¥ to G; is a homomorphism.) The map ¥ is
called the completion map and (G, ©) is the completion group. A completion
is said to be:

(a) faithful if ¥ is injective;

(b) generating if the image of ¢ generates (G, ©);

(¢) universal if for any other completion ((H, ©), x) there is a surjective
homomorphism 7 : G — H such that y is the composition of i and 7.
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The universal completion is necessarily generating; faithful completion ex-
ists if and only if the universal completion is faithful. The isomorphism
between amalgams and completions is given the obvious meaning. In partic-
ular, all the universal completions of a given amalgam are isomorphic. When
defining M at the beginning of the section we suppress the explicit reference
to the group operators and we will continue doing so in what follows.

A priori it is not clear that at least one Monster amalgam exists. We will
show that up to isomorphism there is a unique Monster amalgam M. The next
obvious question is whether M possesses a faithful completion. This is not
an easy question at all and it will be answered affirmatively by producing a
faithful 196 883-dimensional representation of M. Eventually we will show
that the only faithful completion of M is the universal one and the completion
group is the Monster as we know it, that is a non-abelian finite simple group in
which G is the centralizer of an involution.

2.2 The options for G

Let G; be a group satisfying the conditions in (M1) (.e. G; €
E(Col,l_\,q;\)). By (1.4.3) such a group G exists and the isomorphism
type of G1/Z; is uniquely determined. Let ng) be the unique group in
E(Co1, A, q &) which is a subgroup of the standard holomorph of Q1 = 2£_+24.
Then Gg‘v) is the only group satisfying (M 1) which possesses a faithful 2!2-
dimensional representation over real numbers. By (1.8.8 (iii)) and its proof,
G1/Z; is the only non-split extension of A = 2* by Co; which we denote by
2% Coy.

Since G is a perfect group and since G1/Z; is uniquely determined, all
the possible Gls are quotients of the universal perfect central extension G, of
Gl /Z1. Let Y, 1 be the intersection of the kernels of all the homomorphlsms of
G Gi onto groups from £(Coy, A, q3)- Then the Gs are quotients of G1 =
Gl / Y1 Our nearest goal is to identify Gl Let Ql be the preimage of Q1/Z;
with respect to the natural homomorphism of Gl onto G1/Z; and let 4 | be the
kernel of that homomorphism, so that 4 1= Z((Nh).

Lemma 2.2.1 Z; isan elementary abelian 2-group.

Proof. The image of 7\ under every homomorphism of G, onto a group
from £(Coy, A, q}) is of order 2. Since the intersection of the kernels of these
homomorphisms is trivial, the result follows. O

Lemma 2.2.2 The commutator subgroup of él is of order 2.



44 The Monster amalgam M

Proof. Since Z is the centre of G, the squaring map on 01 induces a well-
defined map o of é 1/ 4 | = Ainto 4 1. We claim that the image of o is of order
2. To prove this observe that Co; acts primitively on the set A3 of non-isotropic
vectors in A with respect to the form g & and that by the universality principle
every automorphismof Q1/Z1 = 224.Co lifts to an automorphism of 61. The
quotient é 1/Im(o) has exponent 2 and therefore it is abelian. Hence Im(o)
coincides with the commutator subgroup of 01 and the result follows. (]

Let ?1 = Im(o) be the commutator subgroup of él. Then @1 / ?1 is a
G F (2)-module for 51 / é 1 = Co; and this module is an extension of the triv-
ial module 21/171 by Q1/Z1 = A. Since A is a self-dual Co;-module, Ql/ﬁ
is semi- simple by (1.8.8 (ii)) Let P; be the preimage in él ofa complement to
Z] /Y1 in Q1 /Y1 Then G1/P1 is a perfect central extension of G1/Q1 Coy.
By (1.8.8 (1)), the order of Q1/P1 is at most 2.

Proposition 2.2.3 The following assertions hold:

@) 4 1 has order four;
(i) £(Cor, A, q5) =G, G\");
(iii) the minimal dimensions of faithful representations over real numbers of
the groups Gg‘v) and G(lt) are 2'2 and 24 - 2'2, respectively;
@iv) 51 is the universal perfect central extension of G1/Z1 = 22%4.Coy. O

Proof. The upper bound four for the order of 7\ was established in the
paragraph before the proposition. Consider the subdirect product X of GE‘Y)
and Coq over their homomorphisms onto Coy

X={(g1,8) g € G(f),gz € Coog, p1(81) = v2(82)},

where ¢ : GV — G\"/Q; = Coy and g3 : Cog — Coy/Z(Cop) = Coy
are the natural homomorphisms. Then X is a perfect group and has centre of
order four. Moreover, if z; and z; are the generators of the centres of G?) and
Coo, respectively (considered in the obvious way as elements of X), then

G\ = X/(z122)

is a group from &£(Coy, A, g3). Thus G, = X and E(Co1, A, q5) =
(G, G(lt)}. To establish (ii) it only remains to show that GES) and GY) are
not isomorphic. This can be achieved by showing that the outer automor-
phism group of X is trivial using (1.8.8 (ii)) and the triviality of the outer
automorphism group of Cog [CCNPW]. In order to prove (iii) consider the
212_dimensional representation

a:GY - GL(T)



2.3 Analysing G, 45

of Gis) and the natural 24-dimensional representation
B :Coy — GL(AR),

where AR = A ® R is the 24-dimensional real vector space containing the
Leech lattice A. Let

y : G x Coy — GL(T @ Ag)

be the representation defined in terms « and 8 in the usual manner. Then both
y(z1) and y (z2) (-1)-scalar operators. Therefore, y (z1z2) is the identity oper-
ator and y (X) = th). The fact that 24 - 22 is the minimal degree of a faithful

real (or even complex) representation of ng) and the uniqueness of the rep-
resentation can be established using the Clifford theory [CR62] and the result
that the only minimal faithful representation of Coq is the natural action on
A ® R [CCNPW]. Therefore (iii) holds. The assertion (iv) is easy to prove
using the uniqueness of the Coj-invariant quadratic form g3 on A. O

2.3 Analysing G,

By (2.2.3 (ii)), we have precisely two candidates G<1S) and G(lt) for G. Both

Gis) and G(lt) are quotients of the universal perfect central extension G, of
Gi1/Z = 224 . Coy. In what follows G denotes either of these two groups.
Let z be the generator of Z1, let x and y be the elements in Q; such that

X)) =x(3) =) 2p+2A,
peP

andlet Z, = {1, x, y, z}. Then Z, = X_l (1_\(1)), in particular Z» is elementary
abelian of order 4. By (M2), we have

G2 = Ng,(Z7).

By (1.8.2), this shows that G, is the preimage in G| of the monomial
subgroup

F=E:MZCy: My

of Co; = G1/Q and therefore O2(G12) is the preimage of E. By (1.8.5 (iii)),
an element from Q centralizes Z; if its image under x is contained in A@D
and it permutes x and y (centralizing z) otherwise. Put

S =C,(Z2), Ry =x""(A"1?), and Q2 = 02(G?).
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Lemma 2.3.1 The following assertions hold:

(i) G3 is the only index 2 subgroup in G2, G5 = [G12, G12], and G is
perfect;
(ii) Z, is the preimage in G12 of Z(G12/Z1) = Z(G;/Zl), in particular
Z» is characteristic in both G 1, and G;
(i) 02N Q1= x""(A®) and 0102 = 02(G12);
(iv) G3/02 = G12/02(G12) = F/E = My,
(V) Zy = Z(Q2) = Z(G3);
(vi) Ry is an elementary abelian self-centralizing normal subgroup in G2
of order 213,
(vii) Q3 centralizes Ry/Z>, while G%/ Q2 = Ma4 acts on Ry/Z; as on the
irreducible Todd module C{,;
(viii) Q3 induces on Ry the subgroup of GL(R>) generated by all the
transvections where the centres are in Z» and the axes contain Z;;
(ix) G3/Ry splits over Q2/Ro.

Proof. Since F = Cy; : May is perfect centreless and since it acts faithfully
on A@, (1), (1), and (iii) follow from (1.8.6). The subgroup Z» is contained in
Z(Q») and by (1.8.6 (iii)), Z = Z(Q1 N Q»). Since the action of F on A ¥
is faithful, (v) follows. Now (vi) and (vii) are direct consequences of (1.8.5 (ii),
(iv)). Let X be the centralizer of Z; in the general linear group GL(R>), and
let Y be the image of G} in GL(R2). By (v) and (vi), Y < X and X = G}/R;.
It follows from the standard properties of G L(R3) that:

(A) [02(X)] = 2%,

(B) 02(X) = Cx(R2/Z2);

(C) there is a (Levi) complement L to O2(X) in X;
(D) L = L11(2) acts faithfully on Ry/Z>.

By (iii), (vi), (vii), and the order consideration, the properties (A) to (D) imply
that O2(Y) = O0,(X). Let K be an Mjy4-subgroup in L, where the action on
R>/Z> coincides with that of G5. We already know that Y contains the ker-
nel of the action of X on R,/Z», therefore K is also contained in Y and (ix)
holds. (Il

Lemma 2.3.2 The following assertions hold:

(i) G3 is normal in Gy and G2/ G5 = S3 acts faithfully on Zg;
(i) Q> (as defined before (2.3.1)) is precisely O2(G3);
(iv) Ry is the preimage in Q2 of Z(Q2/Z>).

Proof. Let N be the largest subgroup in G2 which is normal in G;. Since
[G2 : G12] = 3 and since by (2.3.1) G3 is the only index 2 subgroup in G2,
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either N = G2 or N = Gj. In any event, G3 is normal in G». Since G
contains Q», it follows from (2.3.1 (v)) that Z; = Z(G?3), which means that
G, acts on Zg. Since G, induces on Z‘; an action of order 2 and since G
is centreless, (i) follows. By (i), O2(G>) is contained in G%, which gives (ii).
Finally, (iii) follows from (2.3.1 (vii)) and the fact that F acts faithfully on
A /AM, 0

By (2.3.1 (1)) and (2.3.2), Gi is the smallest normal subgroup in G, such
that the corresponding factor group is solvable.

Throughout the current and next sections we are maintaining a symmetry
between the elements of Zg. We denote by a, b, and ¢ three pairwise distinct
elements of Zg , so that

{a,b,c} ={x,y, z}.

Let X@ be the subgroup of Q»/R, whose action on R; is generated by the
transvections with centre a and axes containing Z,. Then by (2.3.1 (viii), (ix))

G5/Ry= (XY x XPy: K = (X x x): K,

where K = M4 and X@ = X0 = x© ~ C11 (as K-modules). Let M9 be
the preimage of K in G?,. Then Q1M?/Q; is a complement to Q1Q>/Q1 =
C11in G12/Q1 = Cq1 : Ma4. Thus, choosing K to be a suitable complement
to X in X K, we can and do assume that the action of M?® on 01/Z, = A

coincides with that of the subgroup M = M»4 of coordinate permutations in
the basis P.

Lemma 2.3.3 The subgroup M° is a direct product
M® =7, x [M?, M?],
where [M®, M%] = Cfl - M4 is the unique non-split extension OfCi‘1 by May.

Proof. Let MY be the preimage in G| of the subgroup M = My in
Coi = G1/Q1.By (1.8.3), Q1/Z1 = A (as a module for M°/ Q1 = Myy) is
isomorphic to the anti-permutation module W54. Therefore, M 0 is the unique
group from &(Ma4, W24, qp) and the result follows from (1.7.1). O

In what follows, Mo4-modules will be considered also as M®-modules in the
obvious manner.

Lemma 2.3.4 Let Qéa) be the preimage of X'® in Q5. Then:

(i) 0 = Co,(Ra/(a)) and QS is normal in G5;
(i) 05”05 = Q2 and 05 N QY = Ry;
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(iif) 05 = 01N Q2= x'(A®);

(iv) 105", 05”1 = (a);

(v) 03"/(b) =2}

(vi) Qéa)/Rz and Cyy are isomorphic M8 -modules.

Proof. Recall that X® was defined as the subgroup in Q»/R>, which acts
on R; by transvections with centre a and axis Z;. Therefore, the assertions (i)
to (ii1) follow from (2.3.1 (viii)) and the standard properties of G L(R>). Notice
that:

(A) (a) is the commutator subgroup of Qé“);
(B) Z» = (a, b) is the centre of Q(za);
© Q;“) /Z is elementary abelian.

Hence (v) follows. Finally, (vi) holds by (2.3.1 (vii)) since Q;a) /R3 is dual to
Ry/Z5. O

Lemma 2.3.5 Put N@ = an)M‘s. Then N'D /(b) is isomorphic to the unique
group in E(Mas, A(M24), qp).

Proof. By (2.3.4 (i), (v)), Q\/(b) is a normal subgroup in N@ /(b)
isomorphic to the extraspecial group 2f22, while by (2.3.3) we have

N@D/S = MP /Ry = My,

By (2.3.1 (vii)) and (2.3.4 (vi)), Q;a)/Zz (as an M%-module) is an extension of
C{, by C11. By (1.7.4), this implies that N@ /(b) is either the unique group in
E(May4, CY, ®C11, qq) or the unique group in £(Ma4, A(Ma4), qi). By (2.3.3),
M?/Z, does not split over Ry/Z,, and therefore the latter possibility holds. [J

Let p € P, and let g = g(p) be an element of Q1 such that

x(@ =\|3p— Z r| +2A.
reP\{p)

for some p € P. Then x(g) ¢ A and hence by (1.8.6 (iii)) g conjugates x
onto y. On the other hand, x (g) is isotropic with respect to g, therefore

Gio= (G5, g)and g* = 1.

Since Q1/Z; = A is the anti-permutation M-module, there are exactly 24 im-
ages of x(g) under M and if ® is the subspace in A spanned by these images,
then

0 =w(Sh), ON A" = u(S),
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and O is isomorphic to Ci‘z as a module for M (recall that w : Way — A is
the isomorphism of M-modules defined in (1.8.3)). Since M and M? act on A
in the same way, and since M $ contains Ry, = X_l(j_\(u)), we conclude that
g normalizes M® and centralizes M®/R,. This is recorded in the next lemma
where G2 = G2 /Z» and the bar convention is adopted for the images in e
of elements and subgroups of G13.

Lemma 2.3.6 Let g € Q1 be as in the paragraph preceding the lemma. Then:

(i) G2 = (G, 8);
(1) g is of order2;
(iii) g centralizes Q(Z) and acting by conjugation it establishes an
M?®-module isomorphism between Q(x) and Q(y ),
(iv) g normalzzes M? and centralizes M® /Ry = Moy,
(v) (M°, 8g) =CY, - Mag. O

2.4 G3/Z; and its automorphisms

In this section we continue to follow the bar convention for elements and
subgroups of G = Gn /Z> introduced before (2.3.6). It is worth empha-
sizing that G, is a section of G1/Z; and therefore its isomorphism type is
independent of the choice of G| between Ggs) and GY).

By (2.3.5), for every a € Zg there is an M®-module isomorphism

@ A(Mas) — Q(za)~

Lemma 2.4.1 The following assertions hold for all u,ui,uy; € Cy1, and
v, vl vy € Cfy:

(i) the restriction y of @ to 8§, = {(0, w*) | w* € C},} is independent of
the choice of a € Zg and Im(y) = R> (instead of ¥ ((0, w*)) we simply
write Y (w™));

(i) v, v O, v*) = ¥, 0);

i) [ @ @ur, v]), v O (ua, v))] = ¥ (1 Nuz)*).

Proof. Since Q(a) Q(b) R, by (2.3.4 (ii)) and Ryisa C;-submodule in
Q(”) by (2.3.1 (vii)), (i) follows. It is easy to see that 7 = lp(“)(u 0)y® (u, 0)
acts on R as a transvection with centre ¢, therefore 7w € Q(C) On the other
hand, 7 is centralized by the stabilizer of u in M?. By (1.1.1) this means that

7 is bound to be ¥ (u,0). If ¢ = z, then the commutator relation in (iii)
follows from the way E = Cj; acts on A(B)/A(l) = Q(Z) (cf. (1.8.6 (v))).
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Applying (ii) it is easy to expand the validity of the relation to the generic
a. Alternatively we can employ (1.1.1 (ii)) to show that the only non-trivial
M?-invariant commutator map

_ — _
Q;a) X Qé) - R
is the one in (iii). (Il

Lemma 2.4.2 The group G% possesses the following properties which specify
G up to isomorphism.:

@) (_;s Q(a) Q(b)Ma
(ii) Q(a) and Q( ) are normal in GS and M® = Cly - May;
(iif) Q(“) n Q(b) 02(M%) = Ry = Z(02);
(iv) Q(‘” 0Y) = 02 = 02(G);
(V) there are M®-module isomorphisms w(“) and w(b) of A(Myy) onto an)
and Q;b) where the restrictions to Sy are equal (and denoted by Vr);
(vi) foralluy,us € Cyy and vy, vj € Cy,, the equality

[ Dy, v}), ¥ O (ua, v5)] = ¥ (1 Nua)*)
holds.

Proof. The assertion (i) is by (2.3.1 (iv)) and (2.3.4 (ii)), while (ii) is by
(2.3.4 (1)) and (2.3.3). The assertions (iii) and (iv) hold by (2.3.4 (ii)) and by
the definition of M?. The assertion (v) holds by (2.3.5) and (2.4.1 (i)). Finally,
(vi) is (2.4.1 (i), (iii)). These properties determine GE up to isomorphism. In
fact, Q> can be obtained as a partial semidirect product of Q(“) and Q(b) (both
being copies of A(M>4)) over the common subgroup

v @S = v (Si) = Im®y),

with respect to the action described by the commutator relation in (vi). The
whole of G% is the partial semidirect product of 0> and M? over O>(M?)
identified with Q(”) Q(b) (both isomorphic to C{, as M 3_modules). The action
of M? on Qz is defined by the natural action on the anti-heart module A(M>4)
through the isomorphisms ¥ (© and v ®. O

It appears instructive to show explicitly how the conditions in (2.4.4 (v))
and (2.4.4 (vi)) imply the fact that the third ‘diagonal’ normal subgroup
of order 22? in G§ (which is the subgroup G;C) ) is also isomorphic to the
anti-heart module for G§ / Q2. The diagonal subgroup is generated by the prod-
ucts Y@ (u, 0)y® (u, 0) taken for all u € Cyy. If uy,us € Ciy, then the
commutator relation in (2.4.4 (vi)) gives the equality
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@Oy, 0Py, 0)y @ (uz, 00y P (2, 0) =
U@ uy, 0)Y @ (uz, 0)¥ P (uy, 00y (uz, 0)yr (1 Nuz)*).

Applying twice the addition rule in A(M»4) transfered into Q(a) and Q(b)
see that the latter expression is equal to

Dy + uz, 00 (uy + uz, Y (g Nuz)*)>.

Since the powers of elements from Im(y) should be read modulo 2, we
conclude that

v, v*) = D, 00y P, 0y (v

is indeed an M®-module isomorphism of A(M>4) onto the diagonal subgroup
in Q».

The characterization of G; in (2.4.2) immediately suggests some automor-
phisms of that group.

Lemma 2.4.3 Let w be a permutation of Zg and let u be an outer automor-
phism of M8 which centralizes both O2(M?®) and M‘S/Oz(M‘s). Then:

(i) the mapping which centralizes M® and sends @ (u, v*) onto
w(”(“))(u, v¥) foralla € Z¥ u ey, and v* € CTI extends to a unique
automorphism of G3;

(ii) the mapping which centralizes Q> and permutes the elements of M®
according to | extends to a unique automorphism of G;.

Proof. The assertion (i) follows from the total symmetry between a, b, and
cin (2.4.1). The group GS can be represented as a partial semidirect product
of 0> and M? over R». On the other hand, by (2.4.2) we have 0,(M?%) =
Z (Qz) = R,. Therefore, 02(M %) is the kernel of the homomorphism of M’
into Aut(Q>) involved in the definition of the partial semidirect product. Hence
wu can indeed be extended to a unique automorphism of C_};. O

The automorphisms of G; constructed in (2.4.2 (1)) and (2.4.2 (ii)) will be
denoted by 7 and u, respectively.

Lemma 2.4.4 The automorphisms constructed in (2.4.2) generate in Aut(G )
a subgroup

A= Sym(Z5) x Out(C}, - Mayg) = S3 x 2
which maps isomorphically onto Out(G ).

Proof. Every automorphism in (2.4.3 (i)) commutes with the automor-
phism p in (2.4.3 (ii)) which gives the isomorphism type of A. In order
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~

to justify the isomorphism A = Out(G‘%) it is sufficient to show that an
arbitrary automorphism « of G5 can be multiplied by inner automorphisms
and by automorphisms constructed in (2.4.3) to be reduced to the identity au-
tomorphism. First, multiplying « by a suitable automorphism 7 from (2.4.3
(1)) we can make o to normalize an) for every a € Zg. Second, since
Gé /Ry = (C11 x C11) : Mp4 contains a single class of Mp4-complements
(cf. 1.2.2 (iii)) and M?/R> is one of the complements, we can make « to nor-
malize M%. By (1.2.6 (i)) the outer automorphism group of M? is of order 2
generated by w. Therefore, adjusted by a power of 1 and by the inner automor-
phism induced by a suitable element of M?, « can be made to centralize M°.
Finally, by (1.3.6 (1))

CoLAMy)(M®) =1,

and this forces « to be the identity automorphism. [

By (2.3.2 (1)) and in view of the definition of the an)s in (2.3.4), the image
of G» in Out(C_}‘é) is isomorphic to S3 and acts faithfully on {an) | a € Zg}.
By (2.4.4 (i1)), Out(G‘E) contains two S3-subgroups which we have to distin-
guish. An outer automorphism of G will be called standard if its image in
Out(GE) coincides with that of an automorphism constructed in (2.4.3 (i)). The
remaining outer automorphisms will be called twisted. In these terms Out(G?)
contains a standard Sz-subgroup and a twisted Sz-subgroup.

Lemma 2.4.5 The image of G, in Out(é%) is the twisted S3-subgroup.

Proof. The assertion follows from (2.3.6 (v)) and the paragraph preceding
the lemma. u

2.5 Assembling G, from pieces

By (2.4.2) and (2.4.5) the quotient G2/ Z> is identified uniquely up to isomor-
phism as the subgroup in Aut(é%) generated by the inner and twisted automor-
phisms (notice that G being centreless maps bijectively into Aut(G%)). On the
other hand, G3 is Cg,(Z2) where G is either G%S) or GY). In this section we
bring these two pieces together to build the whole of G».

Our strategy can be outlined as follows. We consider a perfect central
extension 632 of G; (with centre 22) such that:

(A) every automorphism of G; can be lifted to an automorphism of 65
(B) Cg,(Z>) is a quotient of f}\; both for G; = Ggs) and for G| = GY).
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By (2.3.1 (i), (v)), G5 is perfect with centre Z5; therefore, 6; satisfying (A)
and (B) exists (for instance we can take the universal perfect central extension
of (_7‘5). _

The group G> must be the extension of G by (a lifting of) the twisted
S3-subgroup of automorphisms, which is factorized over the kernel of the
homomorphiim of 63 onto Cg,(Z7).

Although G7 can be taken to be the universal perfect central extension of
(_}3, we are not doing this in order to avoid unnecessary eliminations afterward.
Instead, we impose the following conditions (adopting the hat convention for

the preimages in 6§ of subgroups from G5 or G;):

© Ry isan elementary abelian 2-group;
(D) foreverya e Zg the following holds: if

(060 7

is the mapping induced by the squaring map, then Im(z “)) has order
2 and ¢@ is the image under ¥ ¥ of the quadratic form g;, on the
anti-heart module A(M»y4).

Lemma 2.5.1 Let g; be the largest perfect central extension of G% satisfying
(C) and (D). Then G also satisfies (A) and (B).

Proof. For (B) the claim is clear since Cg,(Z>) satisfies (C) and (D). In-
deed, (C) holds by (2.3.6), while (D) holds by (2.3.4 (iv), (v)) and (2.3.5).
In order to show that (A) holds, it is sufficient to show that the kernel K
of the homomorphism onto 63 of the universal perfect central extension of
G‘é is Aut(Gi)-stable. For (C) to hold, K must contain the squares of all
the preimages of elements from R,. By (2.4.2), Ry = Z (OQ(G‘;)), therefore
the set of squares are Aut(G‘E)-stable. Let my,m,n € A(Mp4) be such that
gn(my) = qp(mz) = 1, gp(n) = 0. Then for (D) to hold, K must contain
the square of every preimage of ¥ *)(n) and the product of the squares of the
preimages of ¥ (m1) and ¥ ¥ (m,). By (2.4.2), the set of these squares and
products is also Aut(GE)-stable. Therefore, (A) holds since 6; is defined to be
the largest perfect central extension subject to the conditions (C) and (D). [

Our next goal is to show that the order of Z» is 2% and to describe the way
Out(G?) acts on Z5.

Lemma 2.5.2 Fora € Zg, let @ denote the generator of Im(¢‘?) as in (D).
Then the following assertions hold:

(1) @, b, and ¢ are pairwise distinct and abc = 1;
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(ii) ?2 = [I’Q\Q, QZ] is elementary abelian of order 22 generated by a, b
and c;
(iii) |Z2] = 2%

Proof. By (C) and (D), I’Q\z is the kernel of the action of /Q\éa) on I’Q\z by
conjugation and the action is via transvections with centre @. It is easy to de-
duce from the equality in (2.4.1 (ii)) that ab = . Furthermore, @, b, and ¢ are
pairwise distinct since their images in G are such. Therefore, (i) holds. Since
éz = Q(a)Q(b) (11) holds. By the definition, R2 / Y2 is the centre of Qz/ Y2
and (as a module for Gz/ Q2 = Myy) the quotlent Rz / Y2 is an extension of the
trivial module Zz/Yg by Rz/Zz = Cf,. Since H' (Mg, Cll) is trivial by (1.2.2
(1)) and since C}, is dual to Cy1, there is an M M°-submodule X 2 in Rz containing
Yz such that

Ro/Y2 = 72/V2 @ X2/7>.
The quotient @52 / X 2 1s a perfect central extension of
G3/Ry = (C11 ®C11) : Mog.

By (1.1.3 (ii)) and (1.2.2), GS/XQ is a quotient of (C12 @ C12) : Ma4 which
gives the upper bound 22 for |22 / Y2| To show that this upper bound is attained
consider the subdirect product of G2 and (C12 @ C12) : M»4 with respect to the
natural homomorphisms onto (C1; @ C11) : Mag = G3/Rp (2.3.1 (viii), (ix)).
The constructed subdirect product is clearly a perfect central extension of G
which satisfies (C) and (D) and where the centre is of order 2*. This completes
the proof of (iii). O

When outlining our strategy of constructing G, it was implicit that every
automorphism of G2 possesses a unique lifting to an automorphlsm of G}i
This is indeed the case since every automorph1sm of G2 centralizing G2 / Zy
centralizes every subgroup of odd order in G2 and hence the whole of G2,
because the latter is a perfect group.

By (2.4.4 (iv)), (2.5.1) and the previous paragraph if weput A = Out(G2)
then Aut(G ) is the semidirect product of Inn(G2) = GY and A = §3 x 2 with
respect to the natural action. Therefore, 7, carries a Well defined structure of a
G F (2)-module for A. We are going to show that Z» is a faithful A-module. By
(2.5.2), it is immediate that the standard S3-subgroup acts faithfully. The fact
that the automorphism p from (2.4.3 (ii)) acts non-trivially is less obvious. To
establish this fact we have to introduce some further notation.

For B being a subgroup of A and X being a B-submodule in Z», let
GS(B X) denote the semidirect product of G} 5/ X and B with respect to the
natural action. Alternatively, this group is the quotient of GS(B, 0) over X.
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In what follows /G\E will be identified with the corresponding subgroup of
G;(B, 0), where B will be clear from the context.

Lemma 2.5.3 Let M® = ([M°, M°], ), O\ = [0, M?), and N@ =
(1\75, égl)) be subgroups of /G\é (A, Q). Then the following assertions hold:

() M®=C%, - Maa;
(i) O NZ,=2%
(i) N@ € £(Ma, Waa, qp);
(iv) w acts non-trivially on égl) N 22.

Proof. Since the Schur multiplier of M°% = CY| - My is trivial by (1.2.6
(iii)), we have

M® =7, x [M®, M°1 = Z, x M°

and (i) follows from the definition of . The assertion (ii) has been (implicitly)
established within the proof of (2.5.2). Since w centralizes M%/0,(M?) =
Moy, P = (Q2 ,M) is prec1sely Oz(N(“)) Since u is of order 2, the image
of the squaring map P — Zyis generated by a. We clalm that P /{a) and Wy
are isomorphic M M°-modules. In fact, the image of Q2 N7 Z» is a 1-dimensional
submodule, the image of Q2 is a submodule of codimension 1, and the cor-
responding quotient is Q(Z”) = A(Myy). Furthermore, by (i) the module P /{a)
possesses Cj, as a submodule and by the proof of (2.5.2) it possesses Ci2 as
a factor module Thus the claim follows from (1.3.5). Now to complete the
proof of (iii) it only remains to show that the quadratic form on P /{a) induced
by the squaring map on Pis precisely ¢,. To achieve this it is sufficient to
apply (1.3.7) and the fact that  has order 2 (this implies that the submodule
isomorphic to C7, is totally isotropic). Now (iv) is immediate from the obser-
vation that the image of u is not contained in Q(“) /{(a) which is the orthogonal
complement of (Q(“) N Zz) /(@) with respect to the bilinear form 8, associated
with g,. O

Thus 22 is indeed a faithful G F (2)-module for A = S3 x 2. Since A contains
a normal subgroup S of order 3 acting on Z> fixed-point freely, the image of
Ain GL(?Z) is determined uniquely up to conjugation. Identifying A with its
image we have

Ngrz,)(S) =TLy(4) =3: S5

and A is the semidirect product of S and an elementary abelian subgroup
of order 2% from S5 containing one even involution p (centralizing §) and
two odd involutions (inverting §). In particular, the actions on Z; of the
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standard and tw1sted S3-subgroups are isomorphic. Let 7 be the twisted S3-
subgroup. Then 22 contains exactly three proper T -submodules Y, ,i=0,1,2
of dimension 3 each, where Y2 = [Rz, Qg] was defined in (2.5.2 (ii)). The
element p centralizes Y, permuting Yoand Y;.If Disa subgroup of order 2 in
T, then D fixes in Z» exactly three 1-dimensional subspaces which are

Ui = C3.(D)
fori =0,1,2.
Lemma 2.5.4 G, = G3(T, Yo) = G5(T, Y1).

Proof. By (2.4.5), the image of G2 in Out(GS) is the twisted S3- subgroup
T.By (2 5.2 (iii)), G5 isa quotlent of GA over a subgroup X of order 22 in 22
Since X must be T- invariant, X = Y forz =0, 1, or 2. Since Z = [R2, Q2]
by (2.3.1 (viii)), i # 2. Finally, since the image of S in G, acts on Z; fixed-
point freely, by a Frattini argument G splits over G3. Since p permutes Yy
and Y1, both the remaining candidates for G, are isomorphic. |

Now we only have to specify the choice betweeni = 0 andi = 1 in (2.5.4).
In order to achieve this we turn back to the group G1. Let 51 be the universal
perfect central extension of G1, let Zz, 512, and 652 be the preimages in 51 of
the subgroups Z», G2, and G; in G| and let g be a preimage of the element
g € Q1 asin (2.3.6).

Lemma 2.5.5 The following assertions hold:

@) é; is a perfect central extension of GE by the centre Z> of order 23
satisfying conditions (C) and (D);
(ii) g can be taken to be of order 2 and its image in A = Out(G ) is an
involution from the twisted S3- subgroup,
(iii) G2 is a semidirect product of GS and (g) (assuming that g is of
order 2).

Proof. It follows from the realization of 51 as a subdirect product of G| and
Co that (~}12 is a subdirect product of G = 2£r+24.((311 : Mpy) and Cip - My
over their homomorphisms onto Cy : Ma4. From this viewpoint the assertions
are rather clear. ([l

By (2.5.5), we conclude that 512 is @S(D l7) where D is a twisted sub-
group of order 2 (generated by the 1mage of g) and U is a 1-dimensional
subspace in Z» centralized by D. Since 7> maps surjectlvely onto Z, and
so far we have maintained the complete symmetry between Yo and Y}, we can
assume without loss of generality that U= ﬁo. On the other hand, G, is
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the quotient of G2 over a subgroup of order 2 in Z, centralized by D. The
1-dimensional D-submodules in 22 -7 / Uo are the images of

Yo. (Uo, Uy) and (U, Us).

The latter subgroup is the commutator subgroup of O and it can’t possibly be
the kernel of the homomorphism of G| onto G . Therefore, we have

INgw (Z2). Ngo (Z2)} = {G3(D. Y0). G5(D. (Uo. U1))}.

Thus 6§(D, Yp) (isomorphic by (2.5.4) to an index 3 subgroup in G») is also
isomorphic to exactly one of the groups N G® (Z») and N G0 (Z7).
1 1

Proposition 2.5.6 The amalgam {G 1, G} satisfying (M1) and (M?2) exists
and is unique up to isomorphism. O

Proof. The paragraph before the proposition implies the existence of the
amalgam and it also specifies the choice of G| up to isomorphism. The iso-
morphism type of G, is specified by (2.5.4) and the paragraph preceding
that lemma. The subgroup G1; is uniquely specified in G1 and in G> up to
conjugation in these groups. To prove the uniqueness of the whole amalgam
using Goldschmidt’s theorem (cf. [Gol80] and (8.3.2) in [ISh02]) we need to
calculate the automorphism group of G12. By (2.4.4), we have

Aut(G2) = G5 : (T, )

although © maps i/\o (which is the kernel of the homomorphism of 7> onto Z3)
onto ?1 so there is no way p can be extended to an automorphism of Gi.
The only non-trivial automorphism of G2 which is identical on GE maps the
generator ¢ of T onto the product #z. Although this automorphism is the inner
one performed by y acting via conjugation. Thus all the automorphisms of G2
are inner and the amalgam is indeed unique by Goldschmidt’s theorem. O

2.6 Identifying {G1, G3}

In this section we accomplish the task left unfinished in the previous section
by showing that in the unique amalgam {G, G} satisfying (M1) and (M2)
the former of the group is in fact GY). We achieve this by showing that the
dimension of a faithful representation of the group G from the amalgam is at
least 24 - 2! and applying (2.2.3).

Let U be a real vector space and let

p:G; — GLU)
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be a faithful irreducible representation. Then the restriction of p to Q1 =
2?24 is a direct sum of some m copies of the unique faithful irreducible
representation

w: Q1 — GL(X)

of dimension 2'2, so that dim(U) = m - 2!2.

The representation @ can be obtained by inducing to Q; of a linear
(1-dimensional) representation of R, = 2!3 where the kernel is a hyperplane
in R, disjoint from Z;. If K denotes the set of all the 2! hyperplanes in R; dis-
joint from Z, then (since the action of Q; on K via conjugation is transitive)
we have

X = EB Cx(H).

HeK

Anelement r € Ry acts on Cx(H) as the identity operator if r € H and as the
(—1)-scalar operator in r ¢ H. A half of the hyperplanes in K contain y and
the other half contain z. Therefore, Cx (y) is 2'!-dimensional and hence

dim(Cy (y)) = %dim(U) =m-2'.

Since G} centralizes y, it acts on Cy(y) (and clearly y is in the kernel of

the action). By (2.3.4) this means that Q;y) acts on Cy(y) as an elementary

abelian group Qéy )/(y) of order 223, Consider the decomposition of U into

eigenspaces of Qéy)
U =cys") @ cu),

DeD

where D is the set of preimages in Q5" of the hyperplanes in 05"/ (y). Since

the action of Ry on Cx(y) is faithful, so is the action of R, on Cy(y). Hence
there exists D € D such that Ry £ D and Cy (D) # 0. This means that the
dimension of Cy (y) is at least the length of the G3-orbit containing D. Thus
all we need is the following:

Lemma 2.6.1 A shortest orbit of G5 on the set of index 2 subgroups in Q;y)

containing y and not containing R» is unique and its length is 24 - 2'1.

Proof. Since G contains G as a normal subgroup and permutes tran-

sitively the non-identity elements of Z, the actions of G on ng )/ (y) and

on Q;Z) /{(z) are isomorphic. In turn, the latter action is isomorphic to the

action of the monomial subgroup F = Ci; : Mas on A®D (cf. (2.3.1 (iii),
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(iv)) and (2.3.4 (iii))). Therefore, in order to complete the proof it suffices to
apply (1.8.7). O

Lemma 2.6.2 Let {G1, G2} be the unique amalgam satisfying (M1) and
(M2). Then G; = G\".

Proof. The result is by (2.2.3 (iii)), (2.6.1), and the discussions prior the
latter lemma. U

2.7 Conway’s realization of G,

In [C84], the group 6§(T, 0) has been realized as a group of permutations of
three copies of (the element set of) the Parker loop (L, o). In this section we
reproduce this realization and extend it to the whole of /G\E(A, 0). This will
bridge Conway’s work with the strategy we follow here.

Let (L, o) be the Parker loop as in Section 1.5. Let Z = {1, z} be the subloop
generated by the squares, so that the projection

n:L—>L=L)Z

is a loop homomorphism onto £ = Cj. The elements of £ are denoted by
where u € Cp» so that

TiU U

and 7~ '(u) = {if, % o z} so that % is determined up to multiplication by z.
Up to isomorphism the loop (£, o) is determined by the projection 7 together
with the squaring, commuting, and associating rules in (1.5.3 (iii)) which are
reproduced below

~_]

=Uo z% ‘”l;
HoV=7volo z%‘"ﬂ”‘;
FoDVow=10uo@ow) ozl
for u, v, w € Cyy (since z commutes with every element of the loop and as-
sociates with every pair of elements, we have saved a few brackets). By the
above equalities (compare (1.5.2)), the centre of (£, 0)is Y = {1, z, P, Poz},
which is an elementary abelian group of order 4.

The group D of diagonal automorphisms of (L, o) is the kernel of the ac-
tion on £ of the full automorphism group of (£, o) and it consists of the
automorphisms d(v*) taken for all v* € CY, and defined via
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d(*) 1 U > oz,

In terms of Sections 1.5 and 1.6, the automorphism d(v*) is performed by
the conjugation via the element k(v*) (compare the proof of (1.6.8)). The
code automorphism group A(®) is a subgroup in the automorphism group of
(L, o) characterized by the properties that it contains D and £, as a module for
A® /D = Moy is Ci» (rather than the direct sum of Cj; and a 1-dimensional
module). Then by (1.6.9) we have A®) = C{, - M24. An automorphism from
A® is said to be even if it centralizes Y. If

A© = C 0 (Y)

is the group of all even code automorphisms, then A is the commutator
subgroup of A(®) isomorphic to C 11 - M24. The subgroup

D@ :=DnA®

of even diagonal automorphisms consists of the elements d(v*) taken for all
evenv C P.

For & € L, the left and right translation (maps) induced by u are the
permutations of £ defined, respectively, by

Az(X) =" oX and pz(X) =Xou !,
where X € L. In the next lemma we summarize some basic properties of these
translations which are immediate consequence of the squaring, commuting,
and associating rules. Notice that the left and right translations induced by &
coincide if and only if ¥ € Y. If & € Y, then the corresponding translation (left
or right) will be denoted simply by .

Lemma 2.7.1 The following equalities hold for all u, w € Cy»:
(i) p2 =23 =23l
.. 1
(i) [ow. pwl = Az, Al = 2271,
(i) pupi = paomd ((u N w)*);
(V) Aaris = Agom)d ((u Nw)*);
V) Lo, Al = d((u N w)*). U

The following lemma deals with certain subgroups of the symmetric group
of L generated by right and/or left translations together with the (even) code
automorphisms. We follow notation from Sections 2.4 and 2.5.

Lemma 2.7.2 Put

00 =(pglierl), 0 =(pzlieL)and Q¥ = (Agpy | i € L).
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Then:

i 0P NA® =0 NA® = N AG = D@
(i) (Q(l) A(g)) and (Q(’) A(g)) are lsomorphzc to E(Maa, Waa, qp);
i) [0V, 0V =107, 0V =
(iv) QY is an elementary abelian of order 2°% isomorphic to A(Mas), as a
module for A®) /D = My and Q) is disjoint from Y ;
W) (0D, 01, A€y = Gy
vi) (0D, 00, A®) = G5 ((u), U) for an order 4 subgroup U in Z.

Proof. Assertions (i), (ii), and (iii) are direct consequences of the proof
of (1.7.1) and the obvious symmetry between right and left translations. Al-
ternatively, the assertions along with (vi) can be deduced directly from the
relations in (2.7.1). To establish (v) we apply the characterization in (2.4.2)
with 03 = 00y, 0 = 00y, M® = A©, Ry = D@, and with 3@
and w(”) being the mappings

(u, v*) = pgd(*)Y and (u, v*) > Ay d(v*)Y,

respectively. Then the key commutator relation in (2.4.2 (vi)) follows from
(2.7.1 (v)). Furthermore, Q¢ corresponds to oWy /Y. The subgroup in (vi)
is easily seem to be a perfect central extension of the group in (v) which
satisfies the condition (C) and (D) in Section 2.5 extended by the automor-
phism p. Therefore, the assertion (vi) follows from the structure of 65 and its
automorphism group. O

In terms of the notation introduced within the proof of the above lemma, we
can specify the assertion (vi) by saying that

Q(C) M(S

The above construction shows that if /Z\éc) [Q(C) M?], then the quotient
/G\E / /Z\éc) can be realized as a group of permutations of £ generated by the
left and right translations together with the even code automorphisms. In this
realization, the preimage of the ‘diagonal’ group G(C) is generated by the ‘two-
sided’ translations

(X)) =toXou !

(the associating rule in (£, o) enables us to drop the brackets). Since 22 =
Zéc) Zéa), the whole of G can be realized as a permutation group of two copies
of L. When we take three copies (as Conway did), the triality symmetry of G5
appears most vividly.
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Thus consider three copies of Parker’s loop (L%, o) where
ac{ab,cy=1274

and fix a cyclic ordering 0 = (a, b, ¢) of Zg. Then forevery 7 € Land o € Zg
define a permutation qé“) which acts on the set-theoretical union

T=Crurbluce

by the following rule
HoXou ! ifXe L
o &) = HoX if X e L7,
Fouw ! if¥eLo @,

The permutation group of 7 generated by all the qéa)s together with the even

code automorphisms of £ acting conformably on the three copies is pre-
cisely 63 The automorphisms of 65 can be obtained by adjoining all the
code automorphisms (still acting conformably) and the symmetric group of
Zg permuting the three copies of L.

One of the advantages of our treatment is that it does not require the explicit
formulas.

2.8 Introducing G3
According to (M3), Z3 is the preimage under
x:01— A
of the subgroup in A generated by

A= ZZp+2Aandﬁ=Z4q+2A,
peP qeT

where 7 is a 4-subset in P. In terms of (1.11.5), Z3 = x ~'(A?®), in particular
Z3 is elementary abelian of order 23. As suggested in (M3), we put

G13 = NG, (Z3), G23 = NG,(Z3), G123 = NG, (Z3).
Let
G4 = Cg,,(Z3) and Q3 = 02(G3).

Since Z3 contains both Z; and Z,, G§ coincides with the centralizers of Z3 in
G and G;. We start with the following:
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Lemma 2.8.1
(i) 103 = 2% and G3/Q3 = 3 - Sg is the hexacode group;
(i) Z3z = Z(Q3) = Z(G3);
(iii) G13/G5 = G23/G5 = 84, G123/ G5 = Dg;
(iv) the images of G13, G23, and G123 in GL(Z3) = L3(2) are the stabilizers
of the 1-subspace Z1, the 2-subspace Z, and the flag {Z1, Z3},
respectively.

Proof. It follows from the definition of Z3 that G13 is the preimage in G
of the three bases subgroup 7' = 2412 (3. 8¢ x 83) of Coy = G1/0;
(cf. Section 1.11). Furthermore, by (1.11.5), G5 N Q1 = x '(A®?) and
G5Q1/0Q1 = T . This gives (i) and the isomorphism G13/G% = S4. Since T™
acts faithfully on A and Z3 = Z(x 1 (A®?)), the assertion (ii) follows. In
terms of (2.4.2), Z3 is the preimage in R of ¥ (v*), in particular G23G) = G»
and Go3 induces S3 on Z,. This completes the proof of (iii) and (iv). O

Let us adopt the bar convention for the images in the automorphism group
of G5 of normal extensions of G3. By (2.8.1 (ii)), we have (_}§ = G3/Z3. Let
G5 denote the subgroup in Aut(Gg) generated by G 13 and Gas. Let

Cz = C;,(Z3).
As an immediate consequence of (2.8.1 (iii), (iv)) we have the following:
Lemma 2.8.2 G3/Cz = L3(2). O

Let Ry = x~'(A®), so that Rj is the preimage in R, of the subgroup in
R; generated by the elements v (w*) taken for the P-subsets w intersecting
evenly every tetrad in the sextet S(v). Let

Cr = Cg,(R3/Z3).
Lemma 2.8.3 G3/Cy = G5/ Q3 = 3 - Sg (the hexacode group).

Proof. By (1.11.5 (i1)), R3/Z3 is centralized by Q3 and it is isomorphic to
H® as a module for the hexacode group G%/Q3. On the one hand, this action
is clearly normalized by that of G3. The module H° is not stable under outer
automorphisms of G5/ Q3 and H® is an absolutely irreducible (3 - Sg)-module.
Therefore, the action of G5 on R3/Zj3 is self-normalizing in GL(R3/Z3) =
G Lg(2) and the result follows. O

Let
(_:3 = Cz QCR and 63 = G3/C3.

By (2.8.2), (2.8.3), and the homomorphism theorem, we have the following.
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Lemma 2.8.4 C; contains Q3 and G3 = L3(2) x 3 - Se. O

Lemma 2.8.5 Let T3 = Cg,(R3). Then Q3/ T3 is centralized by Cs and, as a
module for G, it is isomorphic to the tensor product

Z3 Q@ H.

Proof. Let S be the stabilizer of Z3 in GL(R3) = L9(2). Then on the one
hand G3/ T3 is a subgroup of S, on the other hand

S =(Z3® R3/Z3) : (GL(Z3) x GL(R3/Z3))

and O>(S) (which is the tensor product of Z3 and R3/Z3) is generated by the
transvections where the centres are contained in Z3 and axes contain Z3. Fur-
thermore, 0»(S) = Cs(Z3) N Cs(R3/Z3). The action of 63 on Rj3 is clearly
faithful and this action is easily seen to project (isomorphically) onto a sub-
group in S/ 0>(S) acting irreducibly on O»(S). By (1.11.5), x "'(A?®?) acts
on R3 by the tranvections with centre Z; where the axes contain Z3. Since 63
acts transitively on Z¥, we conclude that the image of Q3/T3 coincides with
the whole of O, (S) and the result follows. U

Notice that G3/ T3 splits over O3/ T3. This can be deduced either from the
proof of (2.8.5) or from the fact that O3 (53) acts on Q3/ T3 fixed-point freely.
It is also implicit in the proof of (2.8.5) that Cs3 / T3 splits over Q3 / T3 (since
the kernel of the action on R3 is a complement).

By (2.8.5) and its proof, Q3/ T3 (considered as a module for G5/ Q3 = 3-S¢)
contains exactly seven irreducible submodules (each isomorphic to H) indexed

by the non-identity elements of Z3. For a € Zg, let an) denote the preimage

in Q3 of the irreducible G‘g / Q3-submodule in Q3/73. Then an) acts on R3
(@ _

by transvections with centre a (and axes containing Z3) and Q5" = Q1N Q3.
Lemma 2.8.6 In the notation introduced in the paragraph before the lemma
both an) /R3 and T3/ Z3 are elementary abelian 2-groups.

Proqf. It appears easiest to prove the assertion in terms of Gi = G3/Z,.
Since G3 acts transitively on Z3, without loss of generality we assume that
a € Zp. In terms of Section 2.4, Z3/Z, is generated by ¥ (7*) (where 7 is
the 4-subset of P as in (M3)); R3/Z, is generated by the elements ¥ (w™)
taken for all P-subsets w intersecting evenly every tetrad in the sextet S(7).
Furthermore, it is easy to deduce from (1.10.5) that if B(7") denote the set of
(15) octads which are unions of pairs of tetrads in S(7°), and £(7") denote the
set of octads intersecting evenly every tetrad in S(7") (compare Lemma 2.14.1
in [Iv99]), then
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T3/Zy = (D (uy, w}), v P ua, wh) | ur, uy € B(T), wy, wp € P);

0817y = (W@ uy, wh), v @ (uz, wh) |
uy € E(7),uz € B(T), wy, wy S P).

Now the result follows from the commutator relation in (2.4.1 (iii)) and the
following two easy observations: (a) if u1, up € B(7), then u; N uy is either
an element of Cy, or a tetrad from S(7°) (so that ¥ ((u; N uz)*) € Z3/Z> in
any event); (b) if u; € £(7) and uy € B(7), then the set u; N uy intersects
evenly every tetrad in S(7°) (so that ¥ ((u; Nup)*) € R3/Z3). O

Lemma 2.8.7 T3/R3 is centralized by C3 and, as a module for Gz L3(2) x
3. S, it is isomorphic to the tensor product

Z; ® Uy.

Proof. Itis immediate from (1.10.6) and the proof of (2.8.6) that every com-
position factor of 73/R3 (considered as G35/ Q3-module) is isomorphic to the
natural 4-dimensional symplectic module U,. Furthermore, Ry /R3 is the only
irreducible submodule in 73/Rj3 stabilized by Ga3. Since @3 induces the full
linear group on the dual module Z3 of Z3 (whose non-zero vectors are the
2-subspaces in Z3), we get the structure of 73/ R3 as claimed. U

We summarize the essence of the results established in this section in the
following lemma:

Lemma 2.8.8 The action of G3 on Q3 preserves the chief series
Z3 < R3 < Tz < Q3,

where each chief factor is centralized by C3 and the following are isomor-
phisms of G3-modules

Ry = Z3®H®, T3/R3 = Z3 RUs, 03/T3=ZZ30H.

2.9 Complementing in G}

Aiming to calculate the automorphism group A3 of G35 and to specify G as
a subgroup in A3z we analyse in this section which extensions describing the
structure of G} split and enumerate the relevant classes of complements. We
start with the following:

Lemma 2.9.1 Gj splits over Q3.
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Proof. Let D be the normalizer of a Sylow 7-subgroup in Cz. Then D
projects onto a Frobenius subgroup of order 21 in G and by (2.8.8) and a
Frattini argument, C(;g (D) is an extension of R3/Z3 = H® by G5/ Q3 = 3-Se.
Since 03(G35/Q3) acts on H® fixed-point freely, the splitness follows. (]

Let Y = 3 - Sg be a complement to Q3 in G%, and let Yz = Y Z3. Then Y
is said to be a quasi-complement in G, since

Yz=7Y
is a complement to Q3 in G§ and Y7 is the full preimage of Y in G3. Let
Y}, = 3. Ag be the commutator subgroup of ¥z, and let y € Y \ Y’ be an
involution. Then for every a € Z3, the subgroup

Y, = (Y, ya)

is a complement to Z3 in Y. Since ¥, = Y, it is easy to see that the mapping
which centralizes Q3Y’ and permutes y with ya extends to a unique (outer)
automorphism &@ of G; called a central automorphism. The following result
is now rather clear.

Lemma 2.9.2 The group
E={7aczs)

of central isomorphisms is canonically isomorphic to Z3 and acts regularly on
the set of complements to Q3 in G5 contained in a given quasi-complement. [

Next we enumerate the classes of quasi-complements in G3.

Lemma 2.9.3 The group G§ contains precisely eight conjugacy classes of
complements to Q3 and G3 permutes these classes transitively.

Proof. As above by Y we denote a complemfnt to Q3 in G5 and let
X = 03(Y). Then Y project isomorphically into G3 and by (2.8.8) each ir-
reducible chief factor of Y inside Q3 is isomorphic either to H, or to H°, or
to Us. By (1.9.2), H and H® are dual and both H'(Y, H) and H'(Y, H®) are
trivial. Therefore, only the chief factors isomorphic to Us might contribute to
the number of classes of quasi-complements. Since Uy is a self-dual module
with first cohomology of order 2 (cf. (1.9.2 (ii))) and since there are precisely
three chief factors of ¥ isomorphic to Uy (all of them are inside 73/ R3), there
are at most eight classes of quasi-complements. In order to prove the lemma it
remains to show that the upper bound on the number of classes is attained and
that G3 permutes the eight classes transitively. We are going to justify both the
assertions simultaneously.
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By (2.8.8), T3/ R3 contains seven irreducible Y-factor modules isomorphic
to Uy and indexed by the non-identity elements of Z3. This means that pre-
cisely one of these factor modules is stabilized by G13 and in fact this factor
is T3/(T3 N Q1) (compare (1.11.2) and (1.11.5)). Since Y centralizes Z3, it is
contained in G N G5 and hence Y projects isomorphically onto a complement

to 02(G1 N G5)/01 =212 in (G N G3)/01 = 24712 3. 5.

By (1.11.4), T = G3/Q; permutes the two classes of the subgroup in T+ =
(G1 N G3)/ Q1 isomorphic to the hexacode group. Therefore, if g € G13 \ G3
and if g has even order, then YQ;/Q and Y$Q;/Q are not conjugate in
(G N G%) / Q1. Since Gs permutes transitively the non-identity elements in
Z3, every irreducible Y-factor module in 73/ R3 produces a new class of quasi-
complements and all the classes are permuted transitively by G3. So indeed
both the assertions hold. U

As a direct consequence of the above proof and a basis property of L3(2),
we obtain the following.

Lemma 2.9.4 The normalizer in G3/Cz = L3(2) of a class of complements
to Q3 in G is a Frobenius group of order 21. d

We are going we show that the action on the classes of complements to Q3
in G3 of the full automorphism group A3 of Gj coincides with that of G3.

Lemma 2.9.5 The stabilizer in A3 = Aut(G3) of the class on complements to
Q3 in G containing Y stabilizes a polarity of the projective plane of order 2
associated with Z3 which sends every point onto a line that is non-incident to
the point.

Proof. Let W be the preimage in 73 of a Y-irreducible submodule in
T3/ R3 and suppose that W corresponds to Z» (considered as an element of
Z%) in the sense of (2.8.8). Then W is the only such preimage stabilized by
G723 and it follows from (2.3.1 (vii)) and (the dual version of) (1.10.6) that
W = R,. This means that W is elementary abelian. Since R»/Z; and Cfl
are isomorphic M>4-modules, by the dual version of (1.10.6) Cy/,z, (X) is the
indecomposible extension of the trivial 1-dimensional module by Uy (that is
Cwyz,(X) = Vi\4). Since Uy is a self-dual module and HY(Y, Uy) is of order
2 by (1.9.2 (ii)), we conclude that

Y, Cw(X)IN Z3

is a 1-dimensional subspace disjoint from Z;. This proves the result. O
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Now comparing (2.9.4) and (2.9.5) we deduce the assertion stated in the
paragraph before (2.9.5) from the basic properties of the projective plane of
order 2 and its automorphism group.

2.10 Automorphisms of G}
We start by calculating the outer automorphism group of G3.

Lemma 2.10.1 The outer automorphism group of G35 is an extension of the
image of the central automorphisms (this image is isomorphic to Z3) by
GL(Z3) = L3(2).

Proof. By the results established in Section 2.9, we know that the subgroup
in Out(G3) generated by the images of the central automorphisms together
with the image of G5 induces an extension of Z3 by GL(Z3) on the set of
classes of complements to Q3 in G3. Furthermore, the action of the whole
automorphisms group A3 on the classes of complements does not get larger
and the kernel of the action of A3 centralizes Z3. A consideration of the chief
factors of Y inside Q3 shows that every automorphism of G5 normalizes each
of Z3, R3, and T3. In particular, such an automorphism cannot induce an outer
automorphism of G‘g /03 =Y = 3 - S6. Hence it suffices to show that the
identity is the only automorphism of G% which centralizes both ¥ and Z3. Let
o be such an automorphism. Since H, H® and U, are absolutely irreducible
Y-modules and since

K3 :=[R3, X] = H®

is a complement to Z3 in Rz, it is immediate from (2.8.8) that o centralizes
Z3, K3, T3/ R3, and Q3/T3. As in the paragraph before (2.8.6), put an) to be
the preimage in Q3 of the Y-irreducible submodule in Q3/73 corresponding
toa € Z’;. Then by (2.8.6), Q¥ /Rj3 is an elementary abelian and since X =
03(Y) acts trivially on 73/R3 and is fixed-point freely on Q(“)/ T3, we have
the following direct sum decomposition into Y -submodules

0¥ /Ry = L\ /Ry ® T3/ Rs,

where Léa) is a subgroup of order 215 in Q3 such that Lga) N T3 = R3. Since
Lga) /R3 = 'H is an absolutely irreducible Y-module, the above direct sum
decomposition shows that « centralizes an) /R3. Since Q3 is generated by the
Qé“) staken foralla € Zg, we conclude that o centralizes the whole of O3/ R3.
The triviality of the actions of o on Lg“) and on T3 will be proved separately.
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For the case of Lga), assuming that a is taken to be the generator z of Zj,
we reduce the calculations into G. In fact, Q;/Z; = A is the Leech lattice
modulo 2. By (1.8.6), A, considered as an M»4-module, contains two faithful
composition factors, isomorphic to C1; and to Cj,, respectively. By (1.10.6)
and its dual version, this implies that A, considered as a module for the hexa-
code group Y (the latter being a complement to O2(G123) in G123) besides the
trivial factors and the ones isomorphic to Uy, contains one irreducible factor
isomorphic to H and one isomorphic to . This shows that

0¥ = 01T

Put DgZ) = [X, O01]. Tt is easy to check using (1.8.4) or otherwise that

the restriction of the Coj-invariant quadratic form g5 to D;Z) /Z1 is non-
singular, therefore D3 is an extraspecial group of order 2'3. This and the order
consideration shows that

LY = 23D = 7y« DY

(where the latter expression stands for the central product of Z3 and D§Z) over
Z1). The automorphism « normalizes D;Z) and commutes with the action of Y
on D:,(;Z) . We claim that Y has trivial centralizer in the automorphism group of
D§Z) . Since Y acts fixed-point freely on DgZ) /Zy, it is sufficient to show that
COut(D§Z))
submodule (isomorphic to) H® such that the corresponding factor-module is

(isomorphic to) H. Since H° is not self-dual, it must be totally isotropic with

respect to ¢ 5 . This means that DéZ) is of plus type and that the stabilizer of H®

in Out(D{) = 07;(2) is isomorphic to

(Y) is trivial. The action of ¥ on D;Z)/ Z1 preserves an irreducible

(H® AH®) : GL(H®).

To prove the triviality of the centralizer it is now sufficient to show that Y acts
fixed-point freely on H® A H®. The vectors of the latter module are indexed by
the symplectic forms on the dual space H of H® (cf. lemma 1.4.3 in [Iv04]).
The action of Y on H is irreducible and H is not self-dual, therefore no such
form is stabilized by Y. Thus the triviality of the action of o on ng) has been
established.

Finally, let us turn to 73. As in the proof of (2.9.5) let W be the preimage in
T; of an irreducible Y-submodule in 73/ R3. Then

W =Cw(X)®I[X, W],
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and [X, W] = K3 is already known to be centralized by «. By the proof of
(2.9.5), Cw(X) is the direct sum of [Y, Cw(X)] and a 2-dimensional comple-
ment to [Y, Cw(X)]N Z3 in Z3. The complement is certainly centralized by «,
while [Y, Cw (X)] is isomorphic to Vi\4 and therefore Y has trivial centralizer
in GL([Y, Cw(X)]). This completes the proof. (Il

Corollary 2.10.2 Exactly one of the following two possibilities occur:

) Qg = Aut(G}) and G3/G4 = 23.L3(2);
(i) G3/G3 = L3(2).

Proof. The result is immediate from (2.8.2) and (2.10.2) since the action of
GL(Z3) on Zj3 is obviously irreducible. ([l

Notice that if the option (i) in (2.10.2) were to occur, a group G3 satisfy-
ing (M4) could not possibly exist. This option will be eliminated in the next
section.

2.11 Lj3(2)-amalgam
By (2.8.1), the pair of natural homomorphisms
Y1 : G13 — Out(G3) and ¥ : G2z — Out(G3)
define a faithful completion ¥ of the amalgam
{G13/G3, G213/ G3)

isomorphic to the amalgam £ of maximal parabilics in GL(Z3) = L3(2).
Therefore, G3/ G; is a generating completion of £. From (2.8.2) we know
that G3/G5 possesses L3(2) as a factor group. The condition (M4) requires
the isomorphism G3/ G‘§ = L3(2) and hence for G3 to exist, the quotient
Gs/ G‘§ must be precisely L3(2). By (2.10.2), the only other possibility for
this quotient is to be an extension of 23 by L3(2). In fact such an extension is
never a generating completion of £. This important property of completions
of £ (known as L3(2)-lemma) was originally proved by Sergey Shpectorov
in [Sh88] (see also Section 8.3 in [ISh02]). Here we suggest an alternative
proof of the L3(2)-lemma based on analysis of abelian covers of the incidence
graph of the order 2 projective plane.

Let L = GL(Z3) = L3(2), let Ly and L, be the stabilizers in L of Z; and
Z», respectively, and let L1y = L1 N Ly. Then
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Ly =Ly,=S84, Li2=Dsg,

and £ = {Ly, Lo} the amalgam of maximal parabolics in L3(2).
With a faithful generating completion

I//(X)I£—>X

we associate the coset graph ©X) whose vertex-set V (©X)) is formed by the
(left) cosets in X of 1//(X) (L) and of w(X)(Lz) and whose edge-set E(©X)
is formed by the pairs of cosets having non-empty intersections. Then ©X) is
bipartite of valency

3=[L;:Lip]l=[Ly: Ly2]

and X acts on ©X) by left translations with L1, being the stabilizer of an edge
and with Ly, L, being the stabilizers of the vertices incident to this edge.

The group L is of course a faithful generating completion of £, and ®%)
(denoted simply by ®) is the incidence graph of the projective plane of order
2 associated with Z3 (in particular |V (®)| = 14 and |E(®)| = 21).

Let

vy WL —u

be the universal completion of £. Then U is the free amalgamated product of
L and L, over L2, and OV is the cubic tree. If

DU — L

is the homomorphism of completion groups (defined via n® : @ (1)
(1) for every I € L), then the kernel K &) of 1) is the fundamental group
of ® which is a free group of rank 8, the latter being the number of fundamental
cycles in ®

8=[E©O)| - [V(©)+1

(cf. [Serr77], [Vi94], [Ve98]).
Consider two further generating completions

vA L5 Aandy P L > E

defined as follows. If K4 and K &) are the kernels of the completion homo-
morphisms of U onto A and E, respectively, then K4 is the commutator
subgroup of K, and K& is the subgroup in K& generated by all the
commutators and the squares. This means that

KD > gE) > K(A),
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K@ /K@ is the largest abelian factor group of K&, and K1) /K () is the
largest factor group of K& which is an elementary abelian 2-group. Since
K@) is a free group of rank 8, K /K 4 is a free abelian group of rank 8
and K /K (E) is an elementary abelian group of order 28. By definition, A is
the largest generating completion of £ which is an extension by L3(2) of an
abelian group, while E is the largest such completion which is an extension by
L3(2) of an elementary abelian 2-group.

Combining the above paragraph with the discussions at the beginning of the
section we have the following result:

Lemma 2.11.1 The quotient 63/(_}§ is isomorphic to a factor group of E =
28 13(2) and O»(E) = KD /K (), O

Since (_;3/(_?§ is a subgroup in Out(G“;) 2 23 13(2), in order to establish the
isomorphism G3/G5 = L3(2) all we need is the following proposition:

Proposition 2.11.2 The quotient K" /K ) is the 8-dimensional irreducible
Steinberg module ¥g for L = L3(2).

Proof. The Hurewicz homomorphism (Prop. 4.21 in [Vi94]) establishes an
isomorphism between K )/ K (4 and the first homology group H;(®) of the
graph ©. This isomorphism commutes with the action of U/K ) = L3(2).
The homology group H;(®) can be defined in the following way. Let E7, be
the free abelian group on the set of arcs (which are the ordered edges) of ®
modulo the identification (x, y) = —(y, x). Let V7 be the free abelian group
on the set of vertices of ®, and let

0:Ey — Vg

be the homomorphism defined by 0 : (x, y) = y — x. The following results
are standard:

(i) the kernel ker(d) of d is (isomorphic to) the homology group Hi(®);
(i1) the sum A7 of arcs over a cycle T in © is an element of ker(d);
(iii) the elements i taken for all fundamental cycles T freely generate
H(®) = ker(9).

By the above, K¥)/K®) is canonically isomorphic to the subspace 7 in
the space of G F(2)-valued functions on the edge-set of ® generated by the
cycles. We are going to identify 7" with the 8-dimension Steiberg module Xg
of GL(Z3). The module Xg is well known to be a direct summand of the tensor
product Z3 ® Z3 (where Z3 is the dual space of Z3). The tensor product is of
course 9-dimensional and its other direct summand is trivial 1-dimensional.
Since 7 is known to be 8-dimensional, in order to establish the identification
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it is sufficient to associate with every pair (a, b*) (where a € Z3 \ {0}, b* €
Z3\ {0}) acycle t(a, b*) from 7 and to justify the bilinearity of the resulting
mapping (a, b*) — t(a, b*). To simplify the notation we consider a and b*
as 1- and 2-dimensional subspaces in Z3 and also as 2- and 1-dimensional
subspaces in Z3. Define 7 (a, b*) to be the subgraph in ® induced by

(Z3\ (" Ua)) U (Z5\ (aUb")).

It is an easy combinatorial exercise to check that t(a, b*) is always a cycle,
whose length is 8 or 6 depending on whether or not a € b*, and also that the

mapping

(a,b*) — t(a, b")
is indeed bilinear. 0
Lemma 2.11.3 G3/G5 = L3(2).

Proof. This is a consequence of (2.11.1) and (2.11.2). O

2.12 Constructing G3

Let A3 = {G3, G23} be the subamalgam in {G, G;}, where the latter is as in
(2.6.2). Then by the definition, G3 is a faithful generating completion group of
Aj. In this section we construct G3 as a quotient of the G3 where

%:Ag—)ég

is the universal completion of .43. First we deduce necessary and suficient
conditions for the kernel of a homomorphism of G3 onto G3 and then prove
that subject to these conditions the kernel exists and is unique.

Lemma 2.12.1 Let us identify Az with its image in 53 under the universal
completion V3. Then the kernel Kz of the completion homomorphism n3 :
G3 — G3 is a complement to Z3 in CG3(G ).

Proof. By the definition, G3 is normal both in G13 and G73, so it is normal
in G3 Of course, K 3 is also normal in G3 and since w3 is faithful

K3QG§=1,

which shows that 1?3 < C53 (Gg) and that Eg is disjoint from Z3. On the other
hand

V3 A3 — Aut(G3)
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is a (non-faithful) completion of .4 having G as the completion group and Z3
as the kernel. The kernel of the completion homomorphism

N3 : 53 — 63
is CG (G ). The condition (M4) requires the equality Cg, (G ) = Z3, and

therefore n3 is the composition of 13 and the natural homomorphism of G3
onto Gz with kernel Z3. Therefore Ca}(G‘;) = K3Z3. (I

The next lemma shows that G3 exists and is unique.

Lemma 2.12.2 [n terms of (2.12.1) there exists a unique normal subgroup I?g
in G3 such that Cg;, (G3) = Z3 x K.

Proof. We claim that the quotient C(~;3(G§) /Z3 is isomorphic to the fun-
damental group of the incidence graph ® of the projective plane of order 2
associated with Z3. Consider the coset graph © associated with the comple-
tion {/7g Since Gj is the largest subgroup in the edge stabilizer G123 which is
normal in the stabilizers (G 13 and G73) of the vertices incident to the edge, we
conclude that GA is the kernel of the action of Gg on ©. Therefore, the image
G3 / G5 of this action is a completion of the amalgam

L ={G13/G3,G»/G3}

of maximal parabobolics in L3(2). Since the completion Jg is universal, © is
a tree. Since a completion is universal if and only if the corresponding coset
graph is a tree, we conclude that G3 / G35 is the universal completion group of
L and hence the kernel of the completion homomorphism

03 : G3/GS — L3(2) = G3/GY
is the fundamental group of ®. On the other hand, the natural homomorphism
3:G3 > G3/Gy = L3(2)

has G5Cg Gs (G ) as the kernel and @3 is the composition of the homomorphism
Gi — Aut(@) with kernel G and ¢3. Since G5 N CG3(G ) = Z3 the claim
follows.

The cohomological dimension of a free group is zero and therefore the above
paragraph implies that

C5,(G) =723 x K

(here KD is the fundamental group of ®, which is a free group of rank 8 by
the paragraph before (2.11.1)). Thus Z3 is indeed complemented in Cg, (G3),
but we still have to justify the existence of a G3-invariant complement.
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Let N be the smallest normal subgroup in Cg 3(G‘g) such that the corre-
sponding quotient is an elementary abelian 2-group. It is clear that N is normal
in G3 and because of the above direct product decomposition, the quotient

V= Cg,(G3)/N

is elementary abelian of order 2!'. The action of G CG (G3) on V is trivial
and therefore V is a module for G3 / (Gs CG;(G )) = L3(2). Furthermore,
by (2.11.2) U is an extension of Z3 by the 8-dimensional Steinberg module
3. Since the Steinberg module is projective, the extensions splits into a direct
sum. Thus, there exists a unique 53—invariant complement to Z3 in U and
hence there is a unique ég-normal complement to Z3 in C, Gy (Gg). O

Now we a ready to prove the main result of the chapter.

Theorem 2.12.3 The Monster amalgam M exists and is unique up to
isomorphism.

Proof. Let
Y3t Ay — G3

be the faithful completion of the amalgam A3 = {G13, G73} such that the
kernel K3 of the completion homomorphism 73 : G3 — Gj is the unique
G3 -normal complement to Z3 in CG (G3) asin (2.12.2). Then Cg4(G3) = Z3
and by (2.11.3) we have G3/G5 = L3(2). If Aj is identified with its image
under 13, then

G3N(G1UG2) =G13UGo3

and an amalgam M satisfying conditions (M1) to (M4) exists. The unique-
ness of M follows from (2.6.2) and (2.12.2). O

2.13 G3 contains L3(2)

In this section we analyse further the structure of G3 showing in particular that
it splits over G%. We follow the notation adopted in the previous sections. In
particular, ¥ denotes a complement to Q3 = 03(G3) in G5, so that Y = 3 - Sg
is the hexacode group.

Let DT be a Sylow 3-subgroup in Y and let D™~ be a subgroup of order
15in Y. Then for ¢ = + or —, the subgroup D? preserves on Uy a quadratic
form of type ¢ where the associated bilinear form is the one preserved by Y.
Furthermore, D¢ is a maximal odd order subgroup in Y subject to this property.
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Lemma 2.13.1 The following assertions hold:

(i) Cg5(D?®) = Z(D?) x L?, where L? is an extension of Z3 by L3(2);
(i1) L~ splits over Z3, so that L~ = 23 L3(2);
(iii) L™ does not split over Z3, so that LT = 23 . L3(2) (the unique non-split
extension by L3(2) of its natural module);
(iv) Gs splits over G3,.

Proof. First, Cp,(D®) = Z3 because of (2.8.8) and the fact that D® acts
fixed-point freely on each of Uy, H and H®. Second, Cy (D*) = Z(D¥?) by the
basic properties of S¢ and Cg,(D?)G% = G3 by Frattini argument. Finally, the
Schur multiplier of L3(2) has order 2, which gives the direct product structure
in (i). In view of Gaschiitz’s theorem, the assertions (ii) and (iii) can be de-
duced from the structure of Cp,,,(D?) and we suggest the reader to perform
the necessary calculations. Finally, (iv) is immediate from (ii). [

By the above lemma, G3 could have been constructed as a semidirect prod-
uct of Gg and an L3(2)-complement to Z3 in L™ . On the one hand, this would
save us from dealing with the universal completion of the amalgam {G 3, G23};
on the other hand, this would require the identification of

{C6;(D7)/D™, Cg,(D7)/ D™}

with the amalgam of maximal parabolics in the semidirect product 23 : L3(2).
I did not find an easy way to accomplish this identification. The fact that L~
splits over Z3 is not so crucial for the alternative approach. We could have used
L™ instead and construct G3 as a partial semidirect product over Z3.

2.14 Essentials

In this section we state a proposition which accumulates the essential prop-
erties of the Monster amalgam M established during its construction and
uniqueness proof. We follow the notation introduced prior and within the defin-
ing conditions of M in Section 2.1, in addition G} denotes C¢,(Z;) fori =2
and 3. Recall that in Section 1.3 the anti-permutation and anti-heart modules
were defined as Mp4-sets

Was = {(u, v*) | u € Ci2,v* € Cf,} and
A(Mas) = {(u, v*) | u € Ci1,v* € Cf 11

and subject to the notational convention the addition rule can be written as

(u1, v}) + (u2, v3) = (uy + uz, vi +v3 + (U1 Nuz)*)
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in both the cases. The unique non-trivial M»4-invariant quadratic form on
A(Mpy) is

1
gn = (u,v*) = (ZM + |u Nv]) mod 2.

If M(S) is the sextet stabilizer in Moy, then H = O»(M(S)) = 26 is the hexa-
code module for the hexacode group ¥ = 3 - S¢ (the latter being a complement

to H in M(S)).

Proposition 2.14.1 Let M = {G, G2, G3} be the unique Monster amalgam.
Then:

@ if G is the subdirect product of the standard holomorph

G(IS) ~ 2£r+24.C o1 and of Coqg over homomorphisms onto Coy, then G

is the twisted holomorph which is the quotient of G| over the central

order 2 subgroup which is contained in neither of the subdirect factors;

(a) the minimal complex representation of G1, considered as a
representation of G1, is the tensor product of the 2'2-dimensional
representation where the acting group is GES) and of the
24-dimensional representation on A @ C where the acting group is
Cop;

(b) G2 = Ng,(Z2), Q1 < G2 and G2/ Q1 is the monomial subgroup
F =2 Moy in G1/0Q1 = Coy and the quotient Q1/Z; is the
anti-permutation module for the Mas-complements in F;

(¢) G13 = NgG,(Z3), Q1 < G3 and G13/ Q1 is the three bases
subgroup T = 2%F12.(3. 86 x $3) in G1/ Q1 = Coy;

(II) Q> has order 235 with centre Z», the preimage Ry of Z(Q2/Z>) in Q>
has order 213, GE/QQ = Mo and G2/ Q2 = Mag X S3;

(d) Zy = Z(G?), Ra, as a module for G2/ Q», is the direct sum of Z;
and C,, while Q2 /Ry is isomorphic to the tensor product of Z» and
a module isomorphic to Cyy;

(e) Qa1 is a product of three subgroups Q(a) ac Z# of order 2** each
with pairwise intersection coinciding with the trlple intersection
which is Ry where Q(Z) Co,(Z);

(f) G, is a partial semidirect product over Ry of Q2 and a group M?
which is the direct product of Z, with the unique non-split extension
Cli - Moy,

(g) if (P, B) is the Steiner system of type S(5, 8, 24) on which M® acts
as the automorphism group with kernel R, then there are
M?®-module isomorphisms

@ AMay) — 032,
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such that @ (0, v*) is independent of a € Zg and is denoted
simply by ¥ (v*) and the following equalities hold for {a, b, ¢} = Z’;
and for all u, uy, us € Cyy, v*, v}, vy € Cy;

@, v YO (u, v*) = ¥, v*),
[ @ (uy, v7), v P (ua, v = ¥ (1 Nuz)*);

(h) for a permutation w of Zg let T denote the automorphism of G5/ Z>
which centralizes M® ] Z> and maps @ (u, v*) onto ¥ @) (u, v*)
for every possible a, u, and v*, and let ju be an automorphism
centralizing Q2/Z and inducing an outer automorphism of M°)Z
centralizing M°®/R;, then Aut(G3/Z) is the semidirect product of
G3/Z; and

A= (m, |7 eSym(Z5)) =S x2,
while G/ Z3 is the semidirect product of G,/ Z» and
S = {apu'™ | & € Sym(Z5)) = 53,

where t (r) = 0 if the permutation 1 is even and t () = 1
otherwise;

if G} is the largest peifict central extension of G such that (subject
to the hat convention) R; is elementary abelian and for a € Zg the

(i

~

squaring map an)/Zz — 7, is the image under ¥'? of the R
Myy-invariant non-singular quadratic form qy on A(Mas), then Z;
is of order 2* acted on faithfully by A with an element of order 3
acting fixed-point freely;
G}, is the quotient of 6; over a subgroup of order 2* which is the
minimal S;-invariant subgroup containing the order 2 kernel of the
homomorphism of 65 onto the preimage of G13 in Gi;
(k) all the automorphisms of G, are inner;
() define N° to be the semidirect product of the alternating group A
of degree four and the non-split extension Cy, - M4 which acts on
Ay as a transposition (with C}, - My being the kernel), then G is a
partial semidirect product over Ry = O2(N®) of Q> and N°, so that
M? is the kernel of the unique homomorphism of N° onto S3 and
Zy = 02(Ay);
(m) G2 = Cg,(Z1) = Ng,(Q), while Ga3 = Ng,(Z3) is the partial
semidirect product of Q> and the stabilizer in N° of the sextet S(T);
(ITI) G3 is the quotient of the universal completion group Gs of the amalgam
{G13, G23} over the unique normal complement to Z3 in C53 (Gg);

@

~
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(0) Q3 has order 2%, G35 is a semidirect product of Q3 and the
hexacode subgroup Y =3 - Sg; G3/ Q03 =3 - S¢ x L3(2) and Q3 is
not complemented in G3, although G3 does contain an
L3(2)-subgroup;

(p) Q3 possesses a unique G3-chief series

Z3 < Ry < T3 < Q3,

and the following are isomorphisms of Y -modules where H° is the
dual of the hexacode module H and Uy is a natural symplectic
module for Y/ 03(Y) = Spa(2)

R3 = Z; ® HC, T53/R3 = Z§®U4, 03/, =723 H,;

(q) the automorphism group of G is a semidirect product of G5/ Z3
and the affine group 23 : L3(2) of Z3; there are precisely 64 classes
of complements to Q3 in G5 which are transitively permuted by
Out(G3) with stabilizer isomorphic to the Frobenius group of order
21;

(1) if DT and D~ are subgroups in Y of order 33 and 3 - 5, respectively,
then Cg,(DT) = 23 . L3(2) (non-split) while
Cg,(D7) = 23 1 L3(2) (split extension).

Proof. The isomorphism type of G| as in (I) was established in (2.6.2),
while (a) follows from (2.6.1). The assertions (b) and (c) are direct conse-
quences of the definitions of M in Section 2.1, of the monomial subgroup in
Section 1.8 and of the three bases subgroup in Section 1.11. The assertions (II),
(d) and (e) are extractions from (2.3.1), (2.3.2), and (2.3.4). The structure of
M? is given in (2.3.3). Since G5 = Q>M® and Q> N M® = R;, the group G}
is indeed a partial semidirect product of Q> and M® over R, which is (f). The
assertion (g) is precisely (2.4.1). The information on automorphisms of G; /Z>
in (h) is taken from (2.4.4) and 92.4.5). The assertions (i), (j), (k), and (I) sum-
marize the results in Section 2.5, while (m) is a restatement of the definition of
M. Finally, (III) follow from the results in Section 2.12; (o) is (2.8.8); (p) is
(2.9.4); (@) and (r) are (2.13.1 (iv) and (iii)). O

It should be possible to produce a rather explicit description of G3 by (a)
presenting Q3 as a product of seven copies of Cp,(Z3) indexed by the ele-
ments of Zg, (b) exploring the commutator and product relations in (2.14.1
(g)), and (c) making use of the structure of the three bases subgroup revealed
in Section 1.11. Since there is no immediate need for such a description, we
will reserve this project for a later consideration.
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196 883-representation of M

In this chapter we show that the Monster amalgam M (whose existence and
uniqueness were established in the previous chapter) possesses a faithful com-
pletion into a general linear group of an m-dimensional real vector space,
where m is the famous number 196 883 known as the degree of the smallest
faithful representation of the Monster group and also as the linear coefficient
of the modular invariant J(g), reduced by one. First we construct a faithful
representation of the subamalgam {G |, G} in M of the required degree. Thus
we construct a pair ¢ = (¢1, ¢2) of representations

¢1:G1 = GL,(R), ¢2: G, - GL,(R)

which are conformal in the sense that their restrictions to G coincide. We
carry on the construction over complex numbers and as a byproduct we observe
that 196 883 is the smallest degree of a non-trivial representation in character-
istic zero of the universal completion group of {G1, G2} (which is the free
product of G and G, amalgamated over G12). The representations ¢; and ¢;
have three and four irreducible constituents, respectively, while their (equal)
restrictions to G2 have six such constituents. Since

344-6=1,

by Thompson’s criterion (which is a specialization of Goldschmidt’s theo-
rem), we conclude that ¢ is unique up to simultaneous conjugation by an
element of GL(C). More importantly, ¢ extends to a representation of the
whole amalgam M. The crucial property of ¢ which enables us to extend is the
equality

Clp(G13).0(G2)) (9(G3)) = ¢(Z3).

80
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By the defining properties of M this implies that

M) :={91(G1), 92(G2), (91(G13), 92(G23)) 6L, ()}

is isomorphic to M. Since ¢ (M) is a subamalgam in G L,,(C), this provides
us with a faithful completion of M. Eventually in this volume we show that
there exists a unique faithful generating completion of M where the comple-
tion group is the Monster. This means that the Monster can be redefined as
the image of the minimal non-trivial complex representation of the amalgam
{G1, G2}.

3.1 Representing {G |, G;}
The goal of this section is to construct a pair of monomorphisms
¢1:G1—> GL(I), ¢2: G2 — GL(ID)

(where IT is a complex vector space) such that ¢1(g) = ¢2(g) for every g €
G2 =G NGy

We build up the vector space IT and the pair (¢1, ¢2) inductively. On the ith
step we produce a triple

(1), @), (D)),

where [(i) € {1, 2} and (i) : G;3y — GL(I1(i)) is a faithful representation.
The restriction of ¢(i) to G2 will be denoted by ¢'%(i). We start by putting
[(1) = 1 and taking ¢(1) to be the minimal faithful representation of G. By
(2.2.3 (ii1)) and (2.6.2) we know that the degree of ¢(1) is 24 - 212 On the ith
step we put /(i) =3 —[(i — 1) and take

@(@) : Gigy — GL(I1())

to be a minimal representation of Gy;) whose restriction to Gy possesses
¢'2(i — 1) as a direct summand. As soon as we reach the equality I1(7) =
I1(i — 1) the construction is completed with ¢;;—1) = (@ — 1) and @) =
@(i). It might be helpful to consult the diagram presented before (3.1.22) to
understand the individual steps of the construction.

We may notice that our strategy is essentially the one adopted in [Iv04]
for constructing a 1333-dimensional representation of a rank 2 amalgam from
the fourth Janko group J4. For the rank 2 amalgam under consideration we
accomplish the construction in six steps ending up with a 196 883-dimensional
space. A closer look at the construction shows that in the considered situation
we obtain the minimal faithful complex representation of {G, G3}.
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By the universality property of the induced representations, ¢ (i) is always a
suitable constituent of the representation induced from o2 —1)to G- The
following easy observation might help to understand better our construction
procedure.

Lemma 3.1.1 In the above terms suppose that
92() =~ D@,

where 1 is an irreducible representation of G 2. Then
i+ =9l -D Y,

where r is an irreducible representation of Gy +1).

Proof. According to our strategy, the restriction of ¥ to G2 contains 7 as
an irreducible constituent. Since we are dealing with complex representations
of finite groups, all the modules are semi-simple, and therefore 7 appears as a
constituent of an irreducible constituent of ¢ (i + 1) restricted to G1». O

In order to make our notation more meaningful and construction indepen-
dent, for / € {1, 2, 12} and an integer n by I1, (or Hil) we will denote an
n-dimensional complex vector space on which G acts via a representation go,ﬂ.
The precise form of the representation and the relevant value of / will be clear
from the context.

3.1.1 () = Hyypn, H(2) = M3.4.,1

As has been announced, we start with the unique minimal faithful representa-
tion of G = G\ of degree 24 - 212

(1) =@y, : Gt = GL(Iyy ).

By the proof of (2.2.3), (pé 4,12 18 the tensor product of a 212_dimensional

representation of G (with the acting group G(ls)) and a 24-dimensional rep-
resentation of G| (where the acting group is Cop). We follow the notation for
elements and subgroups in G introduced in Section 2.3. In particular, x, y,
and z are the non-identity elements of Z> = Z(Q>2) = Z(G3), where z is the
generator of Z1 = Z(Gy).

Lemma 3.1.2 Let I1(1) = I,y 512. Then:

(1) TI(1) = Crnay(y) ® Criqry(x), where each of the two direct summands
is 24 - 21 _dimensional;
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(ii) G, stabilizes each of the direct summands in (i), while elements from
G12 \ G, permute them;

(iii) for a = x ory the representation of G5 on Cri(1)(a) is induced from a
non-trivial linear representation p of the normalizer N in G, of an index
2 subgroup S in Q;a) such that N/Q(a) M3,

(iv) the subgroup S in (iii) is unique up to conjugation in G3.

Proof. The result follows from (2.6.1) in view of the discussion prior to that
lemma. The uniqueness statement in (iv) is by (1.8.7). O

It appears appropriate to recall some notation introduced in Section 1.8:
= > ,ep2p+2Aisin A4 and stabilized by the subgroup F = Cyy : Mag of
Coi; 0= (Bp— dorepp )24, M=Gp+ > reP\(py ) +2A (for some
p € P) are elements from A, and Az, respectively, such that o+ M = .
For ji € A, put

T={rel (1L h)z =0}

which is the orthogonal complement of ji (or rather of (jz)) in A with respect
to the Coj-invariant bilinear form (, ).

Define a pair

S = x 7' and 8P = x 71,

of index 2 subgroups in Q7. Since the sum of )_\2, )_\z, and )14 is zero and since
Q;Z) x~'(0.7), the intersections S(Z) N Qg) and S(Z) N Q(Z) are the same
subgroup of index 2 in Qg) which we denote by §@.

Let N @ be the normalizer of $@ in G;; let NZ(Z) and N3(Z) be the normalizers
in G, of SSZ) and S;Z), respectively. By (1.8.7) the images in G2/ Q1 = F of
the above-defined three normalizers is the same M>3-subgroup. Therefore

(z)/S(z) N(Z)/S(Z) N(Z)/S(Z) Mo x 2.

Let w(Z), wz(Z), and 1//3(2) be representations of G5, G2, and G2 induced from
non-trivial linear presentations of N@, NZ(Z), and N3(Z), whose kernels contain
§@, SSZ), and S§Z), respectively. Since M»3 x 2 has a unique non-trivial cyclic
factor group (whose order is 2), each of the three representations is uniquely
determined. Finally, for ¢ = x or y define X“) to be the conjugate of X?
under an element of G, which conjugates z onto a (here X@ is one of the
above-defined subgroups and representations).

Lemma 3.1.3 The restriction of ¢(1) to G is v @ O, The restriction of
¢(1) to Gy is the representation induced from w(x) to Gi3.
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Proof. In terms introduced before the lemma, the subgroup S in (3.1.2 (iii))
is (a conjugate of) S® and the normalizer N in that lemma is N . This
observation immediately gives the result. (]

According to our strategy, we need to find a minimal representation ¢(2) of
G, where the restriction to G contains as a direct summand the restriction
to G2 of ¢(1). Because of (3.1.3) and the universality property of induced
representations, ¢ (2) must be a constituent of the representation induced from
w(“) to G, where a € Zg. Since the action of G, on Zg is transitive, the
choice of a is irrelevant.

Lemma 3.1.4 Let Y, and V3 be the representations of G induced from WZ(Z)
and K[f3(2), respectively. Then:

(1) Yo and 3 are non-isomorphic irreducible;
(ii) Vo @ V3 is the representation induced from ¥ to Gy;
(iii) for i = 2 and 3 the restriction of V; to G13 is the direct sum of 1//i(1) and
of the restriction of (1) to G1».

Proof. Since WéZ) and 1//:,52) are non-isomorphic, so are ¥, and y3. The
restriction to G, of either ¥, or v3 is the direct sum of Y@ @ and O,
Since each of the three summands is G?-irreducible and since G, permutes
them transitively, the irreducibility in (i) follows. Now (ii) follows from (i)
and its proof in view of the dimension comparison. By a standard property of
induced representations, the restriction of ¥; to G2 is the direct sum of wl@
and the representation induced from w(x) to G12. Hence (iii) follows from
(3.1.3). O

As an immediate consequence of the above lemma, we obtain the following:
Lemma 3.1.5 ¢(2) = fori =2 or 3. [

The choice for ¢(2) between ¥, and 3 will be finalized in the next
subsection.

32 N@) =N eMH;,

In view of (3.1.4) at this stage we need to find a minimal representation i of
G|, where the restriction to G contains as a direct summand wl@ fori =2
or3 and put ¢(3) = ¢(1)® . By (3.1.1), ¥ must be irreducible representation
of G1, since both I/JZ(Z) and 1113(1) are irreducible representations of G 3.

Lemma 3.1.6 Let W be a minimal representation of G, whose restriction to
G2 contains wi(Z) as a direct summand fori = 2 or 3. Then:
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(1) v is induced from a non-trivial linear representation p of the normalizer
in Gy of S; = x (M) with S; < ker(p);
(ii) for a giveni € {2, 3}, the representation s is uniquely determined;
(iii) the rank of V¥ is

|Az| = 98280 or |A3| = 189017000
fori =2 or 3, respectively.

Proof. In view of the remark prior to the lemma, we assume that V¥ is
irreducible. Since Z; is a normal subgroup of G| contained in (in fact equal to)
the kernel of wl@, we conclude that Z; is in the kernel of /. Since the whole
of Q1 is not in the kernel, ker(y) = Z; and ¥ (Q1) = A. Decomposing Im(/)
into the eigenspaces of Q1, immediately gives (i). In fact, the eigenspaces of
Q1 in Im(l/fl.(Z)) are 1-dimensional and S; is the kernel of one of them. The
normalizer of S; in Co; = G1/Q; is the ith Conway group Co; which is
known to be simple. Therefore, each of

NG,(8$2)/S2 = Coz x 2 and Ng,(S53)/53 = Coz x 2

contains a unique non-trivial cyclic factor group (of order 2), which gives
(i1). Now (iii) is a consequence of (i) and the known parameters of the Leech
lattice. O

According to our strategy to minimize the degree on every step, we put
— L
OESTOLT
where the latter summand is the representation of G| induced from the unique
non-trivial linear representation of Ng, (S2) = Q1.Co;. This forces ¢(2) to be
¢§,24,211 =1

so that the choice between the possibilities given by (3.1.4) has been finalized.
For further references we need the following statement:

Lemma 3.1.7 Let n € 1_\%, let TI() be the Q1-eigenspace of dimension 1 in
' corresponding to [i in the sense that

[As]
Co, (M) = x~ ' ().
Let g € x ' (ft) and let g be an element of G. Then:

(1) g normalizes T1() if and only if g stabilizes [i;
(i) if g normalizes T1(j1), then it centralizes T1(j1) whenever g centralizes
q and inverts T1(i1) otherwise.
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Proof. The assertion (i) follows directly from the definition of l'I| A, asan
induced module, while (ii) follows from the fact that Cp, (IT(j1)) = Cop x 2
has a unique subgroup of index 2, which is the kernel of the actions on (/)
and on x ~! (). O

3.1.3 H(4) - H(Z) @ H26,759 @ oo

By a general property of induced representations, the irreducible constituents
of (plll%z\ correspond to the orbits of G 15 on A». The orbits are well known and
can be deduced directly from (1.8.5).

Lemma 3.1.8 The group G acts on Ao with three orbits A3, 1_\%, and 1_\‘2‘,
where:

@) [\g contains Ay = (3p — ZreP\p r) + 2A and has length 24 - 21;
(ii) A% contains ZpeO 2p + 2A (where O is an octad) and has length
26.759;
(iii) [_\‘2t contains (4p + 4q) + 2A (where p and q are distinct elements of P)
and has length 2 - (%) = 2 - 276. O

Therefore
2 _ 12 12 12
Pia:1 = Y143 © 9133 @ 914y

and every direct summand is irreducible. The way we have produced (/)|]Z\ |
2

immediately shows that (p|1[%3| = Wz(Z)- Therefore, ¢(2) is the lifting of (p|11%3\
2 2

and our nearest goal is to ‘lift’ the other two direct summands to representation

of G», keeping the degree as small as possible.
We are going to show that (plll%zl can be lifted to a representation of G,
2

without increasing the degree.
It follows from the construction of IT 5 as an induced module that the Q-
eigenspaces in I, Az are 1-dimensional indexed by the elements of 1_\%. An

element of 1_\% is described by a pair (O, o), where O is an octad and
0:0=s1Us

is a partition of O into a pair of (disjoint) even subsets, so that

MO o)=Y "2p— > 2q+2A =) 2p— ) 2q+2A.

PES| qes PES2 qes
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This reconfirms that |[_\%| is 759 (the number of octads) times 2° (the number
of partitions of an 8-set into a pair of even subsets). If [1(b, o) is the egenspace
corresponding to )_»(O, o), then

Co,(I(0,0)) = x ' (RO, 0) ).

Since 1_\% C AP = )_Lj, the subgroup Z, centralizes every Q1-eigenspace in
H\f\%l and hence R, = X_I(A(lz)) acts on HV\%I as

Ry =Ry/Z, =Cj,

(compare (2.3.1 (vii))).

Before decomposing I, A into R»-eigenspaces recall a few basic facts
about the actions the octad stabilizer on the Golay code and Todd modules
(cf. Lemma 3.8.4 in [Iv99]).

Lemma 3.1.9 Let O be an octad, let M(QO) be the stabilizer of O in M =
Moy, let Qo = O02(M(O)) = 2% be the elementwise stabilizer of ©, and let
Ko=Z2A3=L4(2) = Qg‘(Z) be a complement to Qo in M(O). Then:

(i) if X is Cy1 or C{,, then X is a uniserial M(Q)-module with the
composition series

1 < Cx(Qo) < [X, Q0] < X;

(ii) CCTl(QO) =C11/[C11, Qo] = Qo A Q@ is the natural 6-dimensional
orthogonal module for K,

(ii) €}y, Qol/Ce;, (Q0) = Qo;

(iv) ifv C P, then v* € [C},, Qo] if and only if [v N O is even, in particular
the codimension of [CTl, Qolin Cikl is one;

(v) ifu € Cyy, thenu € [C11, Qo] if and only if u is the image of an octad
equal to or disjoint from O.

O

If U is the natural 6-dimensional orthogonal module of Ky and ¢, is the
non-singular invariant quadratic form on Ug with the associated bilinear form
fo, then the elements of Ug can be identified with the partitions of O into pairs
of even subsets, so that foro : O = sy Uspyand 7 : O =t U, we have

1
qolo) = §|s1| mod 2, f,(o,t)=|s1 Nt1| mod 2.

Lemma 3.1.10 (Ry N Cg, (T1(0, 0))/Z> = [R2, Qo]
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Proof. Let (u, v*) be an element of Woy4 such that w(u, v*) € A1 . Then
x N, v*) € Ry, u € {#, P} and v* € C};. By (1.3.3) and (1.8.4), the
equality

(@, v*), M0,0)); =0
holds if and only if |[vN O] is even. Hence the result follows from (3.1.9 (v)). J

The above lemma together with a dimension comparison gives the
following:

Lemma 3.1.11 The R,-eigenspaces in I, Ay are 2%-dimensinal indexed by the
octads. The eigenspace I1o corresponding to O is the sum of Q1-eigenspaces
[1(O, o) taken for all even partitions o of O. If G12(O) is the stabilizer of O
in G2, then (plll%él is the 2°-dimensional representation po of G12(O) on Tp

induced to G 3. O

By the last assertion in (3.1.11) in order to accomplish our current task of
lifting <p‘1[_32| preserving the degree, it suffices to show that pp is the restriction
2

to G12(0) of a G2 (O)-representation. Towards this end we calculate the kernel

and the image of G5(O) under po (denoting by M the quotient G5/Q> =
M>y).

Lemma 3.1.12 Let G5(O) be the stabilizer of O in G5 (so that Q> < G5(O)
and G5(0)/ Q2 = M(0)), and let Qv = 0,(M(0)) = 2* Put Cpo =
CG%(O)(HO) Then:

(i) Co contains Zy and (Co N R2)/Z> =[R2, Q0 );
(i) (CoN OS)Ry/Ry = [0S/ Ra, Qo for everya € Z8;
(iii) Qéx) permutes transitively the Q1-eigenspaces contained in T1p;
(iv) CoQ2/02 = Qo;
(v) Co is normal in G,(O).

Proof. The assertion (i) follows from (3.1.10). In terms of Section 2.4 (sub-
ject to the identification of O with its image in Cyy) if 0 : O = 51 U s7, then
the element ¥ (O, s7) generates the image of x 'O, 0)) in

Q(ZZ> = QEZ)/Zz =Co,(Z1)/2>.

Considering the (O, s7)s as elements of the anti-heart module A(M>4), we
obtain from (1.3.3) that for another element (u, v*) of this module the equality

ﬂh((ov ST)’ (M, U*)) = O
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holds if and only if « is the image in C1 of an octad equal to or disjoint from O.
By (3.1.9 (v)), this proves (ii) for case a = z. It is quite clear that for every even
subset 51 of O there exists a Golay set u (O, s1) such that O N u(O, s1) = ;.
By (2.4.1 (iii)), for such a set we have

YO w0, s7), 00y D0, 0y w0, s7),0) = 90, s7),

which proves both (ii) for the case a € {x, y} and (iii). We consider Gé as
a partial semidirect product over R, of Q> and of the stabilizer M?(Q0) of O
in M% = Cl} - Ma4. This viewpoint equips us with a well-defined action of
M(O) = M%(©)/R; on the set of Q1-eigenspaces contained in [1p. It is clear
that the action of Q¢ is trivial, while K» = Ag acts faithfully. Furthermore

Cay0)(x (0, 9)02/02 = Qo.

Since Q¢ centralizes Qéx) /R, because of the above inclusion the assertion
(iv) follows from (iii). Since

G2(0) = N, (G5(0)) = Ng, ([R2, Qo))

and since (ii) respects the full symmetry between the elements of Z¥, we have
G2(0)G5 = G, and (v) follows. O

Lemma 3.1.13 In terms of (3.1.12), put
1°© = G5(0)/Co, 0° = 02/(CoN Q2) and R® = R2/(Co N Ry).
Then:

(1) RY is of order 2 contained in the centre of 1o;
(i) 09 = 0,(1°), 09RO is elementary abelian of order 2'* and
[O/QO ~ KO;
(i) 9 =21H%
(iv) 1€ = 21712 Ag and G1(0)/Co = 21712 (A5 x S3).

Proof. Since R, is normal in G5, (i) follows from (3.1.12 (i)) and (3.1.9
(vi)). Since Q»/ R is elementary abelian by (2.3.4), (ii) follows from (3.1.12
(i), (iv)) and (3.1.9 (i1)). In order to prove (iv) it is sufficient to show that the
squaring map

mT:02/Ry — Iéz

induces on Q9 /R a non-singular quadratic form go of plus type taking val-
ues in RY = 2. Let Ug be the natural orthogonal module of Kp = [ o / 0%
whose elements are identified with the partitions of O into pairs of even
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subsets, and let g, be the non-singular Kp-invariant quadratic form on Us.
Fora € Z§ , put

0§ = 05"/ N CoIRy).
Then by (3.1.12 (ii)) and (3.1.9 (ii)) there is a IO/QO-isomorphism
@ Us > Q)

of vector spaces. Furthermore, if o : O = 51 U 52, then 77(“) (o) coincides with
the image in Q2/Ry of ¥ (u(O, s1), 0) (cf. Section 2.4), where u(O, s1) is
a Golay set which intersects O in s;. The commutator relation in (2.4.1 (iii))
shows that

7 ur, 09 (w2, 00) = (1 = 84,6) YO, (1 Nu2)*) Zs.
Therefore, the form on QO/ R induced by 7 is defined by

oM@ (@) (1)) = (1 — 84.) (Is1 N 1] mod 2),

for o as above and T : O = 11 U 1. It is easy to check that gp is indeed a
non-singular quadratic form of plus type with Q((fl)) being a maximal totally
isotropic subspace. Thus (iii) is proved. Finally, (iv) follows from (ii), (iii), and
(3.1.12 (v)). ([

By (3.1.13 (iv)), the image O of G5(O) under the representation pe is an
extraspecial extension from the class

E(As, Us @ Us, q0).

Since 2° = dim(I1p) is the degree of the minimal faithful representation of
09 = 2512, we conclude that

G12(0)/Co = 21112 (A5 x 2)

is a standard holomorph. Since G2(O) contains a Sylow 2-subgroup of
G»(0), this implies (by Gaschiitz’ theorem) that G2(0)/Cp is also a stan-
dard holomorph. Hence G»(0) possesses a 2°-dimensional representation
,oé whose kernel is Cp. Because of the uniqueness of the minimal faithful
representation of QO, the restriction of pé to G12(b) can be assumed to co-
incide with pp. By (3.1.11) this means that (plll%ﬁl indeed can be lifted without

increasing of the degree.

Lemma 3.1.14 There is a unique representation ‘p|2]\2 of G2 whose
2

_ 2
| = $26.759

restriction to G 1o coincides with ¢|11%2\' O
2
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314 II(4) =T1(2) & Hy6.759 ® 3.276
In the case of ¢|11%4\ we construct a lifting to a G-representation increasing the
2

degree by a half. The representation will be constructed by inducing from a
3-dimensional representation of the stabilizer in G, of a pair from P. Before
proceeding to the construction we introduce some notation.

As above (P, B) denotes the Steiner system of type S(5, 8,24) on which
G, induces the natural action of M»4 with kernel Cg, (Rz) = 0y : S3. Let
{p, q} be a pair, which is a 2-element subset of P. For a subgroup X of G2,
let X ({p, q}) denote the stabilizer of {p, ¢} in X. Since G2/G5 = S3, G, =
0>M?, where M® N Q> = Ry and M®/R> = M>y (cf. Sections 2.3, 2.4 and
2.5), we have the following

02({p, q}) = 02, M°({p, q})/Ra = M : 2,
G5({p, q)) = Q2M°({p, q)), G2({p, q}) = Ca,(ROM’({p, q}).

Leta € Zg . It is a standard property of Moy = M®/R; (cf. Section 2.15
in [Iv99]) that under the action of M 8 {p,q})/Ry = My, : 2 the irreducible
Golay code module Cj; = an) /R> is uniserial possessing a unique codimen-
sion 1 irreducible submodule formed by the images in C;; of the Golay sets
evenly intersecting the pair {p, g}. Therefore, Qéa) possesses a unique index 2
subgroup containing R, and normalized by M®({p, ¢}). We denote this unique

subgroup by QEZ) ) and put

A ) (z)
Qip.g) = Q{p,q}Q{p,q}Q{p,q}’

so that Q2/Q(p.q1 = 22 and Cg,(R2)/Q{p.qy = Sa. Asin (3.1.7) for i € A,
let TI(x) denote the Q1-eigenspace in Hll[\z\ such that
Co, (M) = x ' ().

A typical element of 1_\‘21 is described by a pair from P and a sign, so that

_ . P
A = (hdp.gh O 1 p.q) € (2> ¢ =41},
where
A({p.q}. 0) = LpAp + L4dq + 2A
for ¢p, ¢y = 1 with {8, = ¢.

Lemma 3.1.15 IfTI({p, ¢}) = I(A({p. q}. 1)) & I(.({p. q}, —1)), then the
following assertions hold:
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(i) Co,M{p.q}) = Qp.q);
(i) Cps(M({p,q}) = M°({p, q});

(iii) Qg) acts on T1({p, q}) by 1-scalar operators with kernel Q(Z)

{p.a)
@iv) ifa € Z# \{z}and q € Q(a) \ Qg?’q}, then q acts on T1({p, q})
with one eigenvalue 1 and one eigenvalue —1.

Proof. The assertions are easy to deduce from the known action of
F = Cy1 : My on A making use of (3.1.7). In fact, both A({p, ¢}, 1) and
r({p.q}, —1) are contained in A'?) = x (R»); by (2.3.3 (iii)), R», considered
as an M®-module, is isomorphic to the direct sum of CTI and a 2-dimensional
trivial module, while by (2.3.1 (viii)), Q;X) acts on R; via transvections with

centre x. O
Lemma 3.1.16 The following assertions hold:

) ¢|A4\ is induced from the representation of G12({p, q}), whose

dimension is 2 and the kernel is Q{p,q}M‘s({p, q});
(ii) under the action of G the module H\[\él splits into the direct sum

H\Agl —y® o E(y),

where @ = an (Q(a))
(iii) the representation & (X) of G5 on © ™) is induced from the linear

representation of G5({p, q}) with kernel Q(x) Q&)q M3 ({p, q}).

Proof. The assertions follow from (3.1.15) in view of the equality
2-276 = dim(Iz4) = dim(I1({p, ¢}) - [G} : G3({p, gD)]- O

Since 276 is the length of the shortest My4-orbit on the set of hyper-
planes in C;; = Q(x)/Rz, it is immediate from (3.1.16) that E(") is a

276-dimensional irreducible representation of G5 and that <p|124| is induced
2

from & ™) to Gypa. Let & be an 1rredu01ble representation of G, such that

the restriction of £ to G2 contains (p‘ 4| as an irreducible constituent. By

the above, & is a constituent of the representation induced from £ to the
whole of G;. The proof of the following lemma is analogous to that of (3.1.3)
and can be deduced from elementary properties of the representations of

54 = G2, gD/ Qip.y M ({p, g}).

Lemma 3.1.17 In terms of (3.1.16), let ¥ be the representation induced to G,
from the representation £ of G3. Then:
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(1) O =& @ & where & and & are irreducible of dimension 3 - 276 each;
(i) fori € {1, 2}, the restriction of §; to G 1> is the direct sum of(p‘ll-@l and
a 276-dimensional irreducible representation p;; ’
(i) p1 and py are not isomorphic and each of them is induced from a linear
representation of G12({p, q}) whose kernel contains
Op.q) Q;Z)M‘S({p, q}) and does not contain Q»;

(iv) the kernel of py contains Q1, while that of p> does not. O

By (3.1.17), according to our strategy we put

PA) = 0(2) ® Py 150 D &

for i = 1 or 2. In the next subsection we show that the choice i = 1 leads to
the minimal representation of the amalgam {G 1, G2}.

3.1.5 I(5) = I (3) & 299

By (3.1.1), (3.1.14), (3.1.17), and the paragraph at the end of the previous
subsection, IT1(5) = I1(3) ® ¥, where v is an irreducible representation of G,
whose restriction to G 1, contains p; fori € {1, 2} as an irreducible constituent.

By (3.1.17 (iv)) under the representation p, the subgroup Qi acts by
=+ 1-scalar operators with kernel Q(ZZ). Since the normalizer of Q;Z) in Gy is

precisely G2, the choice i = 2 requires v to have degree at least
276 - (G : Gi2]

which is much higher than our target of 196 883. On the other hand, Q is in
the kernel of p; and since Q1 is normal in G the choice i = 1 forces G to
act under ¢ via its factor group G1/Q1 = Cojp. Therefore, in this case we
should be able to find ¢ among the irreducible representations of Coj (whose
character table can be found in [CCNPW]).

Let @4 be the representation of the universal perfect central extension G 1
on G1 on A ® R with the acting group Cog. Then it can be deduced from the
character table of Coq that

D24 ® P24 = 91 D P76 D V1o,

where on the right-hand side we have the first, second, and third smallest de-
gree representations of Coj. Furthermore, 9";76 and <p11 &) g0599 are the exterior
and symmetric squares of @n4, respectively.

Given a representation of G with kernel Q1, in order to restrict it to G2
it is sufficient to describe the action of F = E : M = (Ci; : My on
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the corresponding module. The following result follows from the known ac-
tion of Fy = Cip : M4 on A and the decomposition of @24 ® @4 into
Coj-irreducibles.

Lemma 3.1.18 Let (pé76 and (p%99 be the second and third minimal represen-
tations of Co1. Let {p, q} be a pair from P, let F({p, q}) and M({p, q}) be
the stabilizers of {p, q} in F and M, respectively (so that F({p,q}) = E :
M({p,q}) and M({p, q}) = M>; : 2), and let E{}, 4\ be the unique hyperplane
in E stabilized by M({p, q}). Then:

@) <p2176 restricted to F is induced from a linear representation of F ({p, q})
whose kernel does not contain M ({p, q});
(i1) @599 restricted to F is the direct sum gog @ 9021%6;
(iii) gog has E in the kernel and its restriction to M = My is the faithful
irreducible constituent of the permutation module on P;
@iv) goé% is induced from the linear representation of F ({p, q}) with kernel
EpgM{p,g}). O

Comparing (3.1.17) and (3.1.18) we have the following lemma:

Lemma 3.1.19 [n terms of (3.1.18) the representation py is isomorphic to (p21%6
and not isomorphic to the restriction of (p%% to F. O

By the above lemma we put ¥ = ‘P599‘

316 IM6) =N(5) =4) & ;3

The final step in our construction can be reduced to the following elementary
lemma.

Lemma 3.1.20 Let (p§3 be the representation of G, whose kernel is CGZ(RZ)
and with respect to which M®/Ry = Moy acts as on the faithful irreducible
constituent of the permutation module on P. Then the restriction of (p%3 to G2
is the representation (/3532 as in (3.1.18 (iii)). O

Since cpg can be lifted to the representation g0§3 of G, without any increase
of the degree, the construction of a pair of conformal representations of G| and
G is completed and the resulting degree is

24212 4 |As| 4+ 299 = 196 883

(recall that |A,| = 98 280).
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3.1.7 Rounding up

In this subsection we summarize the results of the construction accomplished
in the previous subsections. The first proposition addresses the existence of the
196 883-dimensional representation of {G1, G»} and specifies the irreducible
constituents of the individual representations of G| and G».

Proposition 3.1.21 Letr {G, G2} be the subamalgam formed by the first two
members in the Monster amalgam M. Let T1 be a complex vector space of
dimension 196 883. Then there are representations

¢1: Gy — GL(IT) and ¢y : G, — GL(IT)
such that ¢1(g) = @2(g) for every g € Ga. Furthermore

1 1 1
¥ = (P24,212 2] (p‘l_\2| 52 $299>
) 2 2 2
V2 = Q354011 D P6.759 D ¥3.076 D ¥33,

where the direct summands are irreducible representations defined as follows
(where (P, B) is the Steiner system of type S(5,8,24) acted on by Mys =
G2/Cq,(R2), p € P, b € Band{p, q} is a pair):

@) (p; 4012 18 faithful and when considered as a representation of the
universal perfect central extension G of G, it is the tensor product of
the 24-dimensional representation @14 of G on A ® R with acting
group Cog and of the 2'2-dimensional representation of G where the
acting group is the standard holomorph Gis);

(i1) (pll/_\zl has kernel Z1 and it is induced from the unique non-trivial linear
representation of the preimage in G of the Co>-subgroup of
G1/01 = Coy;

(iii) (p2199 has kernel Q1 with G1/Q1 = Coy acting as on the faithful
irreducible constituent of the symmetric square of A @ R;

(iv) (piz 4ol 1S faithful and it is induced from the unique non-trivial linear
representation of the normalizer in G13 of x ™! (XzL) whose kernel
contains X_l()_d-) (where hy = QGBp — ZrE'P\{p} r)+2A);

) (p§6.759 has kernel Z> and it is induced from a 26-dimensional
representation of the stabilizer of b in G, (Where the acting group is a
standard holomorph 2},_+12.(A3 X 83));

(vi) (p§_276 has kernel Ry and it is induced from a linear representation of the
stabilizer of {p, q} in_G2 with kernel Q1 Q{p,q}M‘S({p, q});

(vii) go%3 has kernel Cg,(R>) and it is the irreducible faithful constituent of
the permutation module of G2/ Cg,(R2) = M4 on P.



96 196 883-representation of M

Proof. The validity of the proposition is justified by the success of the con-
struction we have just accomplished. Thus it only remains to compare the
descriptions of the irreducibles in (i) to (vii) with their original definitions.
For (i) check the first paragraph in Subsection 3.1.1; for (ii) check (3.1.6) and
its proof; for (iii) check the discussion at the beginning of Subsection 3.1.5;
for (iv) check (3.1.4) and the paragraph before (3.1.3); for (v) check (3.1.10)
and (3.1.12); for (vi) check (3.1.17) and (3.1.19); finally for (vii) it is just
(3.1.20). (]

The way the irreducible constituents of ¢ and ¢, behave when restricted to
G 17 are shown on the following diagram which can also serve as an illustration
for the above construction.

Sﬁémlz SD|1[\2\ 99599
1 v LN v 1

Sﬂéﬁ.zlz Sﬂﬁ.zn @%5.759 ’5052276 99%6 99%%
T T S| T

‘P%.zmn </7§ﬁ.759 90%.276 80%3

The next proposition deals with the minimality and uniqueness matters.
Although they are not crucial for the mainstream of our construction and
uniqueness proof for the Monster group, we believe the explicit statement is
appropriate.

Proposition 3.1.22 For a complex vector space 11 let  be a homomorphism
into G L(I1) of the universal completion group of the amalgam {G 1, G2} whose
image is a non-identity group, and let yr1 and vy be the restrictions of V¥ to G
and G», respectively. Then:

(1) 1 and > are both faithful and
V1(G1) NY2(Gr) = Y1(Gi2) = ¥2(Gi2)

so that the pair (Y1, Yr) defines a faithful completion of {G1, G2} in
GL(IT);

(i) dim(IT) > 196 883,

(iii) if the equality is attained in (i1), then there exists | € G L(I1) such that

Yi(g1) =1 p1(g)l and ¥a(g2) = 1™ 2 (g2)l

forall g1 € G1, g2 € Ga, where @1 and ¢ are as in (3.1.21).
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Proof. Let N; be a proper normal subgroup of G (that is Z; or Q1) and
let N> be a proper normal subgroup of G (that is Z3, Ra, O, G;, CGZ(RZ),
Cg,(Ry)', or G%). Then it is easy to check that for {i, j} = {1, 2} the normal
closer of N; N G; in G| intersected with G; contains N; N G as a proper
subgroup. Since the whole of G; is also the normal closure of G in G;, this
means that whenever the kernel of i bites a non-identity element of the amal-
gam {G1, G,} it swallows the whole amalgam. So to say, {G|, G2} possesses
no proper factor amalgams, which gives the faithfulness assertion in (i). The
second assertion in (i) follows from the obvious fact that G, is not isomorphic
to a subgroup in G . The assertion (ii) can be deduced by a somewhat careful
analysis of our construction. In fact, if on any of the steps we were to go for a
non-minimal lifting, the degree of the resulting representation would be greater
than 196 883 (we leave this analysis to a dedicated reader). It also follows
from our construction that in the minimal case the individual representations
¢1 and ¢, along with their (equal) restrictions to G are determined uniquely
up to the obvious equivalence. Since ¢ and ¢, have three and four irreducible
constituents respectively, while the restriction has six such constituents, the as-
sertion (iii) follows from the main result of [Th81] (which can be viewed as a
version of Goldschmidt’s theorem). Notice that the amalgam {G, G»} along
with the Jy-amalgam {2'0 : Ls(2),26742.(L4(2) x 2)} employed in [Iv04]
were the motivation examples for [Th81]. O

3.2 Incorporating G3

Let ¢ : G UGy — GL(IT) be the completion of {G, G2} such that the
restrictions ¢ and ¢, of ¢ to G| and G are representations from (3.1.21). We
are going to extend ¢ to the whole of M by putting

GY = (9(G13), 9(G23)) L

and showing that G? is in fact isomorphic to G3. Since ¢ is a faithful comple-
tion, by the proof of (2.12.3) in order to establish the isomorphism it suffices
to check the crucial equality

Cge(9(G3)) = ¢(Z3).

Towards this end we calculate the irreducible constituents of ¢ restricted to G
and describe how the corresponding irreducible submodules in IT are permuted
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by ¢(G12) and ¢(G23). These data are given in the following proposition
whose proof will be achieved in the next two sections:

Proposition 3.2.1 The following assertions hold:

(i) the restriction of ¢ to G5 is the sum of 23 pairwise distinct irreducible
representations;
(ii) the degrees of the irreducibles are 5, 25 - 360, 18, 240, and 24 - 21°;
(iii) each of the former two degrees appears once, while each of the latter
three appears T times;
(iv) the irreducible G5-submodules in I1 of any given dimension are
transitively permuted by Gg.

3.3 Restricting to G

We calculate the restriction of ¢ to G‘§ in three stages. First we restrict to G‘E,
then to G, N G3, and finally to G3. In this way we will also see the way ¢(G23)
permutes the ¢(G?%)-irreducible submodules in 1. We start by restricting to
Gé, which is rather straightforward.

Lemma 3.3.1 The following assertions hold:

(1) the representations <p§3 and (p§6'759 restricted to G, are irreducible;
.s 2 . s , . (a) #
(i) @35, 5m restricted to G is the sum of three irreducibles ¢, .\, a € Z3,
where the kernel of ‘P;Z?zu is (a);

(iii) g0§_276 restricted to G is the sum of three irreducibles <p§';)6, ae Zg,
where the kernel of (pg;)ﬁ is Qéa);
(iv) the subgroup ¢(G2) permutes transitively the ¢(G?)-irreducible

submodules in T1 of any given dimension.

Proof. The result is immediate from the definitions of the irreducible
constituents of ¢, (compare either (3.1.21) or the original definitions). O

Next we study the restriction to G5 N G3 and to G of the representations
(p§3, <p§6'759, (p;?z” , and (pg%. By (3.3.1 (iv)), it is sufficient to consider the
case a = z, so that we have just four representations to restrict. The following
lemma is an easy application of Clifford’s theory and the fact that G5 N G3

contains the subgroup Q> which is normal in G3.

Lemma 3.3.2 Let v be a representation of G5 and suppose that \ restricted
to Qa is the sum of pairwise distinct irreducibles indexed by a set T acted
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on by Go/Qr = Myy. Then the irreducible constituents of ' restricted to
G5 N G3 are pairwise distinct indexed by the orbits on T of the sextet stabilizer
(G5NG3)/Qr =2°:3-S;. O

Since G§ is a normal subgroup of index four in G5 N G3, we have the
following lemma (which is another easy consequence of Clifford’s theory):

Lemma 3.3.3 Let  be an irreducible representation of G% N G3 and let n be
the restriction of ¥ to G35. Then n has k irreducible constituents of the same
degree, where k = 1, 2, or 4. O

It is appropriate to refresh some notations related to G3 (cf. Section 2.8).
Let 7 be a4-subset in P and S = S(7') be the sextet in (P, B) determined by
7. Let

A=) 2p+2Aandfi= ) 4q+2A
peP qeT

be elements of A such that Z3 = x ' ((X, jz)). For a subgroup X whose action
on P is defined we denote by X (S) the stabilizer of S in X, so that G»(S)
contains Cg,(R2) and G2(S)/Cq,(Ry) = M°(S)/Ry = 26 : 3. Sg. For
ace Zg put

0§ = Cow (Z3) and 05 = 05’03’ 0F.

Then Qfsa) /R> is the unique hyperplane in an) /Ry = (i) stabilized by
M?3(S), while

G5NG3 = 0oM°(S) and G = QsM*(S).

Lemma 3.3.4 The restriction of <p§3 to either G, N G3 or GY is the sum of two
irreducibles of degrees 5 and 18.

Proof. Under <p%3 the subgroup G, acts by G5/Q> = M>4. Hence result
follows from (3.3.2) and elementary properties of the permutation module of
My on P. O

Lemma 3.3.5 The restriction of (pé% to G5 N G3 is the sum of two irreducibles
of degrees 36 and 240. When further restricted to G5 the 36-constituent splits
into two distinct irreducibles of degree 18 while the 240-constituent stays
irreducible.

Proof. By (3.1.17 (iv)) the kernel of (p;% is Q1 and G acts under this
representation via its factor group F = EM = Cyj : Ma4. Furthermore, the
action is induced from the linear representation of F (;r) with kernel E, M (;r)
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where 7 is a pair. Let Eg be the hyperplane in E stabilized by M (S) = 2° :
3 - S¢. Then G N G3 acts under (p21%6 via EM(S), while G5 acts via EsM(S).
Since M (S) acts on the pairs with two orbits of lengths 36 (the pairs inside
tetrads) and 240 (the pairs across the tetrads), the irreducibles of G5 N G3
can be deduced from (3.3.2). To calculate the irreducibles of G35 notice that
whenever 1 and m, are pairs, the equality

Em + Enz =Eg

holds if and only if 7r; and 7, partitions of a tetrad from S. This shows that
the irreducibles of Egs inside the 240-constituent of G5 N G3 are pairwise
distinct and hence this constituent stays irreducible under G3. On the other
hand, the E g-eigenspaces in the 36-submodule are 2-dimensional indexed by
the partitions of the tetrads into pairs. Therefore, the 36-constituent restricted
to G is induced from a 2-dimensional representation 7 of the stabilizer in
EsM(S) of such a partition. The acting group of 1 is an elementary abelian of
order 4 and hence 7 is the direct sum of two distinct linear representations and
the result follows. (]

Lemma 3.3.6 The representation go(Z)

Haott Stays irreducible under its restriction
to G5 N G3, although being restricted to G the representation splits into two

distinct irreducibles of equal degrees.

Proof. It can be seen from the consideration of ‘pgi).zll as a constituent of
1 : s
- restricted to G that

14, 2

(01NGY/Z1 = 05)7) = A% =3

acts under <p§?_2”

]\g, so that A1 N 23 (where 1, = 3p — > reP\(p) ) is one of the kernels.
The group

with 1-dimensional eigenspaces indexed by the elements of

GAz/QéZ) = G12/Ql =F=EM ;C“ T Moy

permutes these eigenspaces as it does the elements of A3, that is acting on the
cosets of

M(p) = M.

Since the sextet stabilizer acts transitively on P, the irreducibility under the
restriction to G5 N G3 follows from (3.3.2). Turning to the restriction to G35
notice that

(Q1NGy =r"Njt.
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We claim that the kernels of the linear representations of (Q1 N G3) involved
in (p2 4,1 are still pairwise distinct. The claim is immediate from the fact that
X7 is the only element of A3 contained in (A, ft, A2). On the other hand

3/(Q1NGy) = Eg: M(S)

is easily seen to act on 1_\2 intransitively with two orbits of equal lengths.
Therefore, under G5 we have two distinct irreducibles of equal degrees. (]

In order to restrict g0§6.759 we require the following:

Lemma 3.3.7 Let O be an octad, let S be a sextet with tetrads w;, 1 <
i <6, let

v = max |0 Nw;|,
1<i<6

let M(O) and M(S) be the stabilizers of O and S in M = M»4, and let Ko =
02(M(©)) = 2* Let Eg be the unique hyperplane in E = Cy; stabilized by
M(S), and let Ep = [E, Kp) = 2°. Then the following assertions hold:

(i) v € {4, 3,2} and v determines the M-orbit containing the pair (O, S);
(i) if v =4, then [M(S) : M(S)NM(O)] = 15and Ep < Eg;
(iii) if v =3, then [M(S) : M(S) N M(O)] =384 and E» £ Es;
(iv) if v =2, then [M(S) : M(S) N M(O)] =360 and Ep % Egs.

Proof. The assertion (i) and the length of the M-orbit of (O, S) as a func-
tion of v are well known (cf. Lemma 2.14.1 in [Iv99]). The hyperplane Eg is
formed by the images in E of the Golay sets evenly intersecting every tetrad
in S, while E is formed by the images of the Golay sets disjoint from O.
These Golay sets include ¢, P \ B and the cosets of the hyperplanes in the
4-dimensional G F (2)-space 6 defined on P\ O. If v = 4, then we can assume
that O = w; Uw; in which case the tetrads w; for 3 < i < 6 are the cosets of a
2-subspace ¢ in 6. Since ¢ intersects evenly every hyperplane in 6, in this case
Eo is indeed contained in Es. To show that Ep is not contained in Es when
v = 3 or 2 we apply the following construction. Let O be an octad disjoint
from O (so that O is a hyperplane in 6). Let u be a (4 — v)-subset in P \ O
intersecting (J; in a single element, let v be a v-subset in O, let w = u U v,
and let S be the sextet determined by w. Then by the construction, the image
of Oy in E belongs to Ep but not to Es. O

Lemma 3.3.8 The following assertions hold:

(i) the representation (p§6.759 restricted to G5 N G3 is the sum of three
irreducibles of degrees 2° - 15 = 960, 2° - 360 and 2° - 384 = 24 . 210;
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(ii) the (2° - 360)- and (2° - 384)-constituents restricted to Gj stay
irreducible;

(iii) the (2° - 15)-constituents when restricted to G35 does one of the following:
(a) stays irreducible of degree 960;
(b) splits into two irreducibles of degree 480;
(c) splits into four irreducibles of degree 240.

Proof. It follows from the definition of <p§6_759 (cf. Subsection 3.1.3) that
its restriction to Q is the sum of 759 irreducibles np of degree 2°, each in-
dexed by the octads in B. These irreducibles are pairwise distinct (as they have
different kernels) and G3/Q> = Mp4 permutes them as it permutes the oc-
tads. The assertion (i) follows from (3.3.2) together with the description the
M (S)-orbits on B given in (3.3.7). If Co N Q5 is the kernel of np and a € Z#,
then by (3.1.12 (ii)) (CoRa N Q5)/Ry is the 5-dimensional subspace Eo in
Q;“)/Rz = E = (Cq1. On the other hand, (G§ N Q(Za))/Rz is the hyperplane
Es in E. Suppose first that v = 3 or 2. Then by (3.3.7 (iii), (iv)), Ep is not
contained in Eg and hence for every a € Zg we have the equality

(G5N 05)/(Con 05)) = 05 /(Co N 5.

Therefore, for v = 3 and 2 the acting group of np does not change after
restricting to G§ N Q»; in particular, the restricted representation is still irre-
ducible and (ii) follows. If v = 4, then the situation is different (compare (3.3.7
(i1))); the above argument does not work and in (iii) we just list the possibilities
given in (3.3.3). It should be possible to stretch the efforts here and to show
that in fact the possibility (iii) (c) occurs. But in the next section this will be
deduced with no effort at all. [l

3.4 Permuting the ¢ (G})-irreducibles

For an irreducible constituent goly of the restriction of ¢ to a group H (which
will be clear from the context) by l'[;’ we denote a ¢ (H )-irreducible submodule
in IT on which the constituent <ply is realized (in all the cases to be considered
the submodule will be uniquely determined by the degree / together with the
superscript ).

Lemma 3.4.1 Let l'Il2 be a ¢(Gy)-irreducible submodule in Tl and let g €
G1\ G12. Then 1'[12 is not normalized by ¢(g).
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Proof. The subgroup G, is maximal in G| (since G contains Q1 and
G12/0Q1 = Cy1 : My is maximal in Co; [CCNPW]). Hence the result follows
from the irreducibility the image of ¢. O

Lemma 3.4.2 The following assertions hold:

(1) for every ¢(G»y)-irreducible submodule I12, the subgroup ¢(G23)
permutes transitively the ¢(G?)-irreducibles of any given dimension
contained in 1'[12;

(ii) if g € G13 \ G123, then (g) maps a (24 - 2'°)-dimensional irreducible
submodule from l'[3 5411 ONt0 such a submodule contained in 1'[26 7597
(iii) if g € G13 \ G123, then ¢(g) maps a 240-dimensional irreducible
submodule from l'I3 276 ONt0 such a submodule contained in 2
@iv) (3.2.1) holds.

26. 759’

Proof. By (3.3.4), (3.3.5), (3.3.6), (3.3.8), and their proofs the group
(p(Gs N G3) permutes transitively the <p(G )-irreducibles of any given dimen-
sion inside every irreducible submodule of ¢(G?) in IT (except possibly for
Hiﬁ 759 24.211 ’s.
Since G, = G5G»3, (i) follows (except for the case | = 29.759 to be proved
later). If g € G113\ G123, then ¢(g) normalizes go(G ) and it maps every
@(G%)-irreducible submodule in IT onto a similar submodule preserving the
dimension. On the other hand, by (3.4.1) in every le there is at least one
¢(G%)-irreducible submodule which is mapped by ¢(g) onto a submodule out-
side le. In order to establish (ii) and (iii) it suffices to compare the dimensions
(notice that ¢(g) must map the 18-dimensional irreducible contained in I'I%3
onto a similar submodule in H%m)‘ Thus (3.3.7 (iii) (c)) must hold and ¢ re-
stricted to G5 has seven irreducible constituents of degree 240. Three of them
involved in ¢§_276 are easily seen to have pairwise different kernels. Hence all
the seven of the 240-constituents must be pairwise distinct (since seven is a
prime number). In particular, those four from ¢§6.759 are distinct and (i) holds
for I = 2°.759 as well. Thus the proof of (3.2.1) is completed and (iii) is
established. O

). Furthermore, ¢ (G;) permutes transitively 1'[;(;)6’5 as well as l'I(

Now we are ready to describe the irreducible constituents of the representa-
tion of Gf in GL(IT) (cf. (3.4.3) below).

The diagram below shows the fusions patten between the irreducible
constituents of the representations ¢, and ¢3 and their restrictions to G»3.
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2 2
P3.24.211 ¥26.759
1 'Y l N
23 23 23 23
P6:24.210 ¥24.210 ¥26.360 P4:240
T 7 1
3 3
$7.24.210 ¥26.360
2 2
$3.276 ¥23
2] 7 |
23 23 23 23 23
P4.240 $3:240 P6-18 P18 Ps
< T T/ 1
3 3 3
$7.240 Y718 Ps

Lemma 3.4.3 Let @3 be the natural representation of

GY = (9(G13), 9(G23)) gL

in GL(T1). Then:

(1) @3 is the sum of five irreducibles g013 forl=17-24. 21026 . 360, 7 - 240,
7 - 18, 5 and their restrictions to G‘§ have kernels 1, Z3, R3, T3, and
023(GY), respectively;

n) ifl = . or ), then @; stays irreducible wnen restricted to G5,

(i) if1 = 25360 or 5, then ¢} irreducible wh icted to G,
i) ifl =7 -k wherek =24 -2'7, , or 18, then @; restricted to G5 is the
(iii) ifl =7 -k where k = 24 - 219,240, or 18, then ¢} icted to G is th
sum of seven distinct irreducibles of degree k;
iv induces on the set of irreducible constituents of the restriction of ¢ to
G5 an action of GL(Z3) = L3(2), furthermore:
(a) Gf permutes the constituents in (p%240 as 1-subspaces in Z3;
(b) Gf permutes the constituents in (p%,k fork =24-2'0 and 18 as
2-subspaces in Z3.

Proof. The degrees of the irreducibilities in (i) as well as (ii) and (iii) fol-
low from (3.4.2) and its proof, while the kernels in (i) are easy to calculate
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from those of ¢2s considering intersections and/or normal closures. Since the
amalgams {¢(G13), (G23)} and {G 3, G23} are isomorphic

G5/9(G3)Cge(9(G3)) = GL(Z3) = L3(2)

by (2.11.3). The latter group possesses only two transitive actions of degree 7
which are the actions on 1- and 2-subspaces in Z3 and hence (iii) follows. [

3.5 Gg is isomorphic to G3

It has been already mentioned that Gg /<p(G§)CG<§ (p(G3)) is isomorphic to

Gs / G = L3(2) by (2.11.3). Therefore, in order to achieve the objection of
the section it suffices to check the crucial equality

Cge(9(GY)) = 9(Z3).

The equality will be deduced from the fact that CG§’ (G3) does not involve the
Steinberg module of L3(2). The argument runs as follows.

Let CEg be the centralizer of ¢(G3) in the endomorphism ring of IT and let
C7 be the centralizer of ¢(G%) in G L(IT) (so that C; consists of the invertible
elements of Crg). By (3.2.1) and Schur’s lemma, Cg is 23-dimensional natu-
rally identified with the space of R-valued functions on the set of irreducible
constituents of (p(Gg) and C; consists of such functions with the full support
(of size 23). The subgroup ¢(Z3) is certainly contained in C; and it consists of
the (£1)-valued functions whose (—1)-values are on a complement of a line in
the set of ¢(G3)-irreducible constituents inside go%z 1510 (this set is identified
with the set of non-zero vectors in the dual of Z3 via (3.4.3 (iv) (b))).

The group G? / (p(Gf) is a faithful completion of the amalgam

{0(G13)/9(G3), 9(G23)/9(G3)}

of maximal parabolics in L := GL(Z3) and it possesses a homomorphism
onto L whose kernel

Cg(G3)/9(Z3) < C1/9(Z3)

is an abelian group. Arguing as in Section 2.11 we conclude that there is an
L-homomorphism

v: H(®) > Ci/e(Z3)
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whose image is CG‘; (G3)/9(Z3). Here H (®) is the homology group of the
incidence graph ® of the projective plane of Z3. The crucial equality is a
consequence of the following:

Lemma 3.5.1 Every L-homomorphism v : H (®) — Cy/@(Z3) has a trivial
image.

Proof. The homology group H(®) is spanned by a set of 28 infinite cyclic
subgroups indexed by the minimal (length 6 undirected) cycles in ®. Let X
be such a cycle, let /(%) be the corresponding infinite cyclic subgroup in
H(®), let N(X) be the setwise stabilizer of ¥ in L = L3(2), and let O(X)
be the subgroup in N (X) preserving an orientation of ¥). Then N(X) = Deg,
O(X) = 3 and by the definition O(X) centralizes 7 (X) while every element
from N (X)\ O(X) inverts I (X). It follows from the description of Cg as a sum
of certain permutation modules of L that whenever an element of C;/¢(Z3)
is centralized by O(ZX) it is centralized by the whole of N(X) (due to the fact
that O (%) and N (X) have the same orbits on the set of subspaces in Z3). This
means that the image of 7(X) under v is inverted and centralized by every
element from N(X) \ O(X) simultaneously. Hence Im(v) is of (multiplica-
tive) exponent 2 and it is an L-submodule in the largest G F(2)-submodule Cp
in Cy. The structure of Cg as a permutation module immediately shows that
Cp does not involve the (8-dimensional irreducible) Steinberg module which
implies the triviality of the image of v by (2.11.2) and its proof. O

Thus Gif and G3 are indeed isomorphic and we have proved the principal
result of the chapter.

Proposition 3.5.2 There exists a faithful completion
¢ : M — GL(II)

where M is the Monster amalgam and 11 is a real vector space of dimension
196 883. The restriction ¢; of ¢ to G; fori = 1, 2, and 3 are as described in
(3.1.21) and (3.4.3). ]
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2-local geometries

Let G be the Monster group which, according to our definition, is the univer-
sal completion of the unique Monster amalgam M. From the previous chapter
we know that G is a faithful completion of M and that it possesses a 196 883-
dimensional complex representation. In what follows M will be identified with
the corresponding subamalgam in G, so that G, G2, and G3 are subgroups in
G. In this chapter we start enlarging M by adjoining subgroups which are
universal completions of the subamalgams formed by their intersections with
the subamalgam already available. The well-known simple connectedness re-
sults for the geometries of spherical buildings will enable us to reconstruct all
the maximal constrained 2-local subgroups of the Monster along with the sub-
group 2% - (?E4(2)) : S3. After a retour to the 196 883-dimensional G-module
IT in the next chapter we continue the enlarging process making use of more
recent simple connectedness results for geometries of the sporadic groups.
This allows us to bring about the subgroups related to the Fischer groups
culminating in reconstructing the non-split central extension of the Baby
Monster group.

4.1 Singular subgroups

It seems appropriate to start by giving the names to a pair of conjugacy classes
of involutions in G consistent with the standard notation for the Monster invo-
lutions adopted in [CCNPW]. Let  be an involution in Q1 such that x () € A,.
The involutions in G conjugate to t will be called 2 A-involutions, while those
conjugate to the generator z of Z; = Z(G) will be called 2 B-involutions.

Lemma 4.1.1 2A- and 2 B-involutions are not conjugate in G.

107
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Proof. It is sufficient to show that

tr(p(2)) # tr(p(1)),

where ¢ : G — GL(I1) is the representation constructed in Chapter 3. Since
z is a central involution of G| contained in Q1, it is immediate from (3.1.21)
that

(@ (2) = (), 1 () + trlg; () + r(9399(2))
= —24.2"2 4 |Ay| +299 = 275.

On the other hand, tr(go; 4002 (t)) = 0 since both z and ¢z are 2A-involutions
whose product is a 2 B-involution. It follows from the definition of (p|l[\2| (com-

pare (3.1.7)) that ¢ centralizes IT(n) if x () € [LJ- and negates I1(t) otherwise.
Since both /i and x (¢) are elements from A5, some standard calculations in the
Leech lattice taken modulo 2 show that

tr((pllAzl (1)) = 4072

(cf. Section 4.11 in [Iv99]). Finally, since ¢ acts on Ilg9 by the identity op-
erator, tr(e(t)) is 4371 (which is a very important number in the Monster
numerology). (]

The subgroups Z;, Z>, and Z3 are 2B-pure in the sense that all their non-
identity elements are 2 B-involutions. We are going to construct a further triple
of 2B-pure subgroups and to identify the subgroups in G generated by their
respective normalizers in G1, G2, and G3.

As above, (P, B) denotes the Steiner system of type S(5, 8, 24) on which
G induces the natural action of M = M4 with kernel Cg, (R») and 7 denotes
the 4-subset in P such that G»3 is the stabilizer in G, of the sextet in which 7°
is one of the tetrads. Let

p:Cf — Ry

be the M-isomorphism of modules whose existence is guaranteed by (2.3.1
(vii)) and recall that M acts on the non-zero elements in C i"l with two orbits:
276 pairs and 1771 sextets.

Lemma 4.1.2 For a non-zero element w* in Cy,, let Z(w*) denote the preim-

age in Ry of the subgroup of order 2 in Ry generated by p(w*). Then
either:

(1) w* is a sextet, Z(w*) is a Gy-conjugate of Z3, in particular Z(w*) is
2B-pure, or
(ii) w™ is a pair and Z(w*) contains 2 A-involutions.
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Proof. The assertion (i) follows from the definition of Z3 (in fact Z3 is pre-
cisely Z(v*)), while (ii) follows from (1.8.3), (1.8.7), and the defining property
of 2A-involutions in Q. O

By the above lemma, the image in R, of a 2B-pure subgroup containing
Z5 and contained in Rj is a sextet-pure subspace in C{,. An important class
of such subspaces is characterized by Lemma 3.3.8 in [Iv99] restated below.
Notice, that whenever S| and S; are sextets refining the partition

P=0UP\O)

for an octad O, the sum of S; and S, in Cj is again a sextet if and only if every
tetrad in S intersects evenly with every tetrad in Ss.

Lemma 4.1.3 Let U be a proper sextet-pure subspace in C{, such that all the
sextets in U* refine the partition of P into an octad O and its complement.
Then one of the following holds:

(i) dim(U) = 1;
(i) dim(U) = 3 and U* is formed by the sextets refining a trio containing O;
(iii) dim(U) = 3 and U* is formed by
the sextets S such that T € O2(M(S)) for an involution T € O2(M(O));
(iv) dim(U) = 2 and
U is the intersection of a subspace from (i) and a subspace from (iii);

In any event, U is contained in the subspace CCTI (O2(M(O)) (of dimension 6)
and Ny (U)/Cy(U) = GL(U). A subspace in (iv) is contained in the three
subspace from (iii) and in a unique subspace from (ii). O

It is implicit in the above lemma that the subspaces in each of (i) to (iv) form
a single M-orbit. The stabilizers in M of a clique from (ii) is the trio stabilizer
20 . (L3(2) x S3) while the stabilizer of a clique from (iii) is the involution
centralizer 2}:“6 1 L3(2).

Let Z4, th), and Zgl) be the preimages in R, of the subgroups p(U) for
sextet-pure subspaces corresponding to the cases (iv), (ii), and (iii) in (4.1.3),
respectively. If the octad O contains the tetrad 7 defining Z3, then Z3 < Z4
and we can further assume that

_ 7 O]
Zy =25 NZg .
Lemma 4.1.4 Let Y be one of the subgroups Z4, Zg), and Zgl). Then:

(i) Y is 2B-pure of order 2*, 23, and 23, respectively;
(i) G; = G{Ng,(Y) fori =2 and 3.
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Proof. The assertion (i) follows from (4.1.2). Since G acts on the set Z» X
R; as the direct product of GL(Z>) and My4, the assertion (ii) for i = 2 fol-
lows. In order to prove this assertion for i = 3 notice that Y is contained in R3.
This can be seen by comparing of the remark after (4.1.3) and the definition of
R3 in the paragraph prior to (2.8.3). Next, Y is clearly the full preimage in R3 of
Y/Z3 < R, while G3 induces on Z3 x R3 the direct product GL(Z3)x3-S¢. U

ForY = Z4, Zét ), and Zgl), define G(Y) to be the subgroup in G generated
by the normalizers N, (¥) taken for i = 1, 2, 3; put

Gi=G(Zy), GP =G6(z")and G = Gz,
and let C(Y) denote Cg,; (Y).

Lemma 4.1.5 In terms introduced in the paragraph prior to the lemma the
following assertions hold for each of the three choices for Y and for every
ie{l,2,3}:

(1) Cg,(Y) =C(Y) and Ng,(Y)/C(Y) is the stabilizer of Z; in GL(Y);
(i) Cor(¥Y)=C(Y)and G(Y)/C(Y) = GL(Y);
(iii) GY)NG; = Ng;(Y) = Ng)(Z)).

Proof. Since Z| < Zp < Zj, the first assertion in (i) is immediate. The
second assertion we first justify for i = 1. Since Q is extraspecial, it induces
on Y the group generated by the transvections with centre z. It follows from
the description of the maximal subgroups in Co; = G1/Q; (cf. [CCNPW]
and referencies therein) that Ng, (Z él)) is the maximal subgroup of the shape

22712 (Ag x S3)

which induces on the 4-dimensional G F'(2)-space Zg) /Z its full automor-
phism group L4(2) = Ag. Therefore, the assertion holds for ¥ = th). Since
Z4 < Zgl), it holds for ¥ = Z4 as well. It is easy to deduce from the last
assertion in (4.1.3) together with (4.1.4 (ii)) that Ng, (Zgl)) does not stabilize
Z4 and the proof of (i) is completed for i = 1. Now in order to extend (i) for
the cases i = 2 and i = 3 it is sufficient to apply (4.1.4 (ii)). Put

AY) = {Ng,(Y)/C(Y) | 1 =i <log,(IYD}.

Then by (i) and induction on the order of Y we observe that A(Y) is the
amalgam of maximal parabolic subgroups in GL(Y) associated with the
natural projective geometry of Y. Since the projective geometry is simply
connected, G(Y)/C(Y) is the universal and the only completion of A(Y)
isomorphic to GL(Y), and (ii) holds. The assertion (iii) is a direct consequence
of (i) and (ii). O



4.2 Tilde geometry 111

The subgroups Z1, Z2, Z3, Za, Z;t), and Zgl) are singular in the sense that
if Y is one of them, then Y is contained in Q(lu) for every u € Y where Q(lu)
denotes Q1 conjugated by an element from Ng(Y) which conjugates z onto
u. This terminology was used in [MSh02] with attribution of its introducing
to J. Thompson. When knowing that G is the centralizer of z in G, we can
redefine Qi“) simply as O,(Cg(u)). The above six subgroups in fact represent
up to conjugation all the singular subgroups in the Monster. The subgroups
G, Go, G3,and Gg) are maximal 2-locals in the Monster and

th) ~ 25+10+20.(S3 X L5(2))

The subgroup G4 is the normalizer of Z4 in th) (having index 31), while Ggl)
is contained in a 210+16.QT()(2)-subgroup to be constructed in Section 4.3.

4.2 Tilde geometry
Define G(G) to be the coset geometry of G associated with the subamalgam
AG) ={G; | 1 =i =5},

in G, where G5 stays for Gg). This means that the elements of type i in G(G)
are the right cosets of G; and two elements of type i and j are incident if their
intersection is a coset of G; N G j. The geometry G(G) possesses the diagram

O O 0
2 2 2 2 2

b

that is to say, G(G) is a tilde geometry of rank 5. The rightmost edge on the
diagram symbolizes the triple cover of the generalized quadrangle of order
(2, 2) (the automorphism group of the triple cover is the hexacode group 3- Sg).
The group G acting on G(G) by right translations induces a flag-transitive
action (which in fact is the full automorphism group of the geometry).

The classification of the flag-transitive tilde geometries are given in [[v99]
and [ISh02]. Besides G(G) there is only one further flag-transitive tilde ge-
ometry of rank 5, whose automorphism group is the non-split extension
333 . $p1o(2). Within the simple connectedness proof for the tilde geometry
of the Monster in [Iv99], we referred to certain properties of a graph associ-
ated with the Monster and some of these properties are still unpublished. One
of the purposes of the present volume is to present a self-contained treatment
of Monster and of its tilde geometry.
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The Monster amalgam M is formed by the parabolics of the truncation of
G(G) by the elements of types 4 and 5. The content of the previous section
amounts to reconstruction of the complete set of maximal parabolics from the
truncation. An alternative reconstruction in terms of the collinearity graph of
G(G) (the points and lines are the cosets of G| and G respectively) can be
found in Section 5.2 in [Iv99].

4.3 210+16, @7 (2)-subgroup

In this section we locate in G an elementary abelian subgroup Zjo of or-
der 2!°. By declaring the 2B- and 2A-involutions in Zjq to be singular and
non-singular, respectively, we define on Zjp a non-singular orthogonal form
k, whose Witt index is 5 (that is « is of plus type). The subgroups Zg') and
Zgl) are maximal totally isotropic subspaces in Zjo with respect to « (it goes
without saying that « is preserved by the normalizer of Z;o in G.) If we put

Y ={G1,G», G3,GY, GV},

then Cy(Z1¢) is independent of the choice of ¥ € ). This independent cen-
tralizer (contained in G1»3 and denoted below by Q1¢) will be proved to be a
special group of the shape 2'0+16. The amalgam

A(G1o) = {Ny(Z10)/ Q10 | Y € V}

is that of maximal parabolics in the simple commutator subgroup of the au-
tomorphism group of the orthogonal space (Z19, k). Since the corresponding
orthogonal polar space is simply connected, we conclude that the subgroup
G 1o in G generated by the normalizers Ny (Zo) taken for all Y € ) satisfies
G10/Gy = QB(Z). Itis a classical and well-known fact (cf. Proposition 12.49
in [Pa94]) that the latter group is the universal and the only faithful completion
of the amalgam .A(G o). This gives us the desired 2-local subgroup

Gio ~2'°710.Q1 ).

We start by reviewing some known facts about the centralizer in Coy of a
central involution and its action on A. Let ¢ be a involution of G1/Q1 = Coy
contained in £ = O, (F), where

F=G12/Q1=Ci1: My

is the monomial subgroup, and suppose that o corresponds to an octad O of
(P, B). This means that o is contained in the 759-orbit of M = M4 on E =
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C11. The following lemma is a standard result from the Conway—Leech theory
(cf. Lemma 4.8.6 in [Iv99]).

Lemma 4.3.1 In the above terms, the following assertions hold, where D =
Cg,/0,(0) and D = D/O2(D):

@) D= Q¥ (2), D is 2-constrained, O»(D) = 248 and D does not split
8 +
over O(D);
(i) A possesses a unique D-composition series

1 <[o,A]l < Cj(0) < A;

>iii)) O2(D)/{o), [o, Al, and Ci(o)/lo, Al are pairwise non-isomorphic
self-dual faithful 8-dimensional G F (2)-modules for D= Q; (2) (they
are permuted by the triality outer automorphism of 5);

@(iv) [0, Aland A/ C A (0) are isomorphic D-modules;

Gv) ifU = X_l([a, A, then U is an elementary abelian (of order 2%y and
the image in Aut(U) of the preimage of D in G1 is an extension of
A/Cj(0) =28 by D = Q4 (2). O

The subgroup Zjo we are after satisfies the following

Z\ < Zi0, x(ZioN Q1) = [0, Aland Z1901/Q1 = (o).

In order to show that such Zj( exists and to deduce its properties it appears
convenient to adopt the G,-viewpoint.

For O being the octad in (P, B), let S be the subgroup in Q2 = 02/7Z»
generated by the elements ¥ (O, 0) taken for all ¢ € Z‘; and let ¥ be the
preimage of ¥ in Q. The element (O, 0) is isotropic with respect the the M-
invariant quadratic form ¢, on A(Mp4) which determines the squaring map
on Qé‘l) (cf. (2.14.1 (g) and (i))), hence ¥ is the elementary abelian of or-
der 2. Since the automorphisms of G; from S, permute @ (O, 0)s among
themselves (cf. (3.1.14 (h)), ¥ is normalized by

NY(O)/Ry =2 : Ag x S3

(where N% is a subgroup of G, as in (2.14.1 (1)) such that O, N N® = R,
Q2N‘S = G, and N‘S/M‘3 =~ §3, and 2% : Ag is the stabilizer of @ in M =
M? /R> = M>4). Since a preimage of w(”) (O, 0) acts on R as the transvection
whose centre is a and whose axis is [R», 02(N5((’)))], we conclude that ¥ is
normalized by N°(©) and centralized by M?(O).

Lemma 4.3.2 Put Zp = Cg, (O2(N®(O)))S. Then Z 1 is elementary abelian
of order 2'° normal in G»(O).
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Proof. The subgroup Cg,(O2(N 3(0))) is the preimage in R; of
C RZ(OQ (M(0O))), and by (3.1.9) the latter is generated by the elements
¥ (0, v*) taken for all even subsets v of O. The commutator relation in (2.14.1
(g)) shows that

[ @0, 0), @ (u, w*] =¥ (0, (ONu*)

and since the Golay sets intersect evenly, the element on the right-hand side is
contained in Cj L, (02(M (0))). Therefore

[Z, Q2] < Cr,(02(N°(0)))

and Z1o is normal in Q5. Since N®(©) is proved to normalize ¥ and since
it obviously normalizes CRZ(OZ(NS(O))), the normality of Zig in G2(O) =
0, N*(O) follows. If r € Zjo \ Z, then rZy = ¥ @ (O, v*) for some a € Z§
and for some even subset v of O. Since ¢, (O, v*) = 0 and since g, determines
the squaring map on Qé“), the element r is an involution and hence Zjg is
elementary abelian as claimed. Finally

Z10l = 122 - |C, (02(M(O))| - |Z| = 2% 202> =217
([l

Lemma 4.3.3 Let k be a G F (2)-valued form on Z1y which is zero on the 2B-
involutions and one on the 2 A-involutions. Then k is a non-singular quadratic

form of plus type.
Proof. By the proof of (4.3.2) we have

Z10/Zy = Y. v*) |a € Z§, ue{0.0},v SO, v =0mod 2}.

Let us calculate the numbers of 2A- and 2 B-involutions in Zjo. The subgroup
Z, is 2B-pure; the four preimages of ¥ (0, v*) in Zj¢ all have the same type
which is 2B or 2A depending on whether or not |v| is divisible by 4. Let
us discuss the preimages of 1//<Z)((’), 0). If r is one of the preimages, then
the remaining three are rz, rx, and ry = rxz. Since the preimages are con-
tained in Q1 which is extraspecial with centre (z), the elements r and rz
are conjugate. Since x(x) = Zpe'P 2p + 2A by (1.8.3), up to renaming,
we have

X(r) =Y 2p+2A, x(rx)= ) 2p+2A,
peO pgO

which means that r is of type 2A, while rx is of type 2B. If v is an even subset
of O, then ¥ (0O, 0) and ¥ @ (O, v*) are conjugate via an element ¥ * (u, 0)
where u is a Golay set intersecting O either in v or in O \ v. Since the action
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of G, on Zg is also transitive, among the four preimages of any () (O, v*)
two are of type 2A and two are of type 2B. Thus the numbers of 2B- and
2A-elements in Zjq are respectively

34+35-4+43.2"=527and28-4+3-27 = 496,

which are the familiar numbers of non-zero singular and non-singular vectors
in a 10-dimensional non-singular orthogonal space of plus type.

The verification that « is in fact a quadratic form can be achieved by more
or less direct calculations in the Leech lattice modulo two (or rather in the anti-
permutation module for M»4) making use of (2.14.1 (g)). We believe that this
can be left to the reader who might prefer a more conceptional proof anyway.
One possibility is to consider the octad sublattice in A formed by the vec-
tors whose support is contained in O (cf. Section 25 in [A94]). Alternatively,
we are just about to see that Ng,(Z10) and Ng,(Z10) induce on Zj( actions
isomorphic to

24121 (Ag x S3) and 28 : QF (2),

respectively. It is not be difficult to show that x being a non-trivial function
invariant under both the actions must be of the required type. (]

Lemma 4.3.4 The following assertions hold:

1) th) and Zél) are contained in Z1¢ and they are maximal totally isotropic
subspaces with respect to Kk,

(ii) fori =1 and 2, the action on Zyq induced by the normalizer Ng,(Z1¢) is
contained in the simple commutator subgroup

Q(Z10, k) = Q[ (2)

of the automorphism group of the orthogonal space (Z, k).

Proof. Since th) and Zgl) are contained in C RZ(OQ(N(S(O))) by the
penultimate sentence in (4.1.3), they are contained in Zjo by (4.3.2). Since
these subgroups are 2B-pure of order 2° each, (i) follows. By the last sen-
tence in (4.1.3), th) and Zél) are conjugate neither in G| nor in G3. Since
Z;’) N Zg) = Z4, and Z4 is 4-dimensional, Zg) and Zél) represent differ-
ent types in the D5(2)-geometry associated with (Zjo, ). Hence the action of
Ng,;(Z1p) is contained in the automorphism group of that geometry which is
precisely 2(Z19, k). O
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Lemma 4.3.5 The following assertions hold:

(1) Ng,(Z10) = G2(0) and Cg,(Z10) is the centralizer in G, of the
subspace T1o (the subgroup Cp in (3.1.12));
(i1) Cg,(Z10) is a special group 210416 43y which Zyq is both the centre and
the commutator subgroup;
(iii) Ng,(Z10)/Cag,(Z10) = 21712 1 (Ag x $3) is the stabilizer of Z5 in
Q(Zy9, k).

Proof. Since M (O) is the stabilizer of
2= (y0,0) |acZ})

in M = Mp4 and since Zjg is normalized by G,(O) by (4.3.2), the first as-
sertion in (i) follows. Since a preimage of /(4 (0, 0) in Q7 acts on R5 as the
transvection with centre ¢ and with axis [R2, O»>(N%(©))], this axis is pre-
cisely the intersection of Cg,(Z19) with Ry. If b € Zg \ {a} and O’ is an
octad, then @ (0, 0) and ¢ (', 0) commute if and only if O’ is either
equal to or disjoint from O. Since for every such 0’ the element ¥ ?) (O, 0)
also commutes with (0, v*) for every even subset v of O, in view of (3.1.9)
we conclude that

C6,(Z10) 0% /Ry = [02(N?(0)), 0%/ Ry).

Finally, since Oy (M 3(0)) and R, induce on Z;( the same action

C:,(Z10) 02/ 02 = 02(M(0))

which proves (i) and (ii). Now (iii) is by the order considerations and the fact
that in a Lie type group, parabolic subgroups split over their radicals. (]

Lemma 4.3.6 Let G be an element from (ng) N Z10) \ Zo such that 6Z, =
w(")(O, 0) and let o be the image of & in G1/ Q1 = Coy. Then:

(1) o is a central involution in G/ Q1 contained in E = O,(F), where
F = E : M is the monomial subgroup and Cy;(c) = M(O);
(i) x(ZioN Q1) =lo, Al;
(i) Ng,(Z10)/Cq,(Z10) =28 : QF (2) is the stabilizer of Z).

Proof. Since E the image of ng) in the monomial subgroup and M is the
image of M?, (i) follows. The second assertion is easy to deduce from the proof
of (4.3.2). Now (iii) follows from (i) and (4.3.1 (v)). (Il

Proposition 4.3.7 Let G be generated by Ng,(Z10) and Ng,(Z10). Then
Gio ~2'710.Q1 ).
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Proof. If Qi denotes Cg,,(Z10), then Q19 = Cg,(Z19) fori = 1 and 2.
By (4.3.5 (ii)) Q1o is a special group of the shape 2!9+16 normal in G19. We
claim that the quotient G19/ Q19 is a completion of the amalgam of maximal
parabolics in Q(Z1g, k) = Q%(Z). By (4.3.5 (iii)) and (4.3.6 (iii))

G10/C:,0(Z10) = Q(Z10. k) = Q((2).

Since the Ds(2)-geometry is residually connected, the following assertion
holds: for every Y € {Z3, th), Zgl)} the subgroup

(NG, (Y) N NG,(Z10), NG,(Y) N Ng,(Z10))

contains Q19 and induces on Zg the stabilizer of Y in 2(Z19, «). This implies
that G19/ Q10 is a completion of

AG1o) = (N (Z10)/ Q10 | H € {G1, G2, G3, G, GV))

which is the amalgam of maximal parabolics in Q(Zjp, k) = SZTO(2). Since
the latter group is the universal and only faithful completion of A(G1g), the
result follows. O

The coset geometry corresponding to the subamalgam
H(G) = {G1, G2, G3, GY, G1o)

corresponds to the maximal 2-local parabolic geometry introduced by M. Ro-
nan and St. Smith in [RSm8&0].

4.4 22. (2E4(2)) : S3-subgroup

For 7 being the 4-subset in P whose sextet is stabilized by Gz, let Q be a
3-subset in 7 . Put

Y)=(4p—49+2A | p,q e Q,p #q},

so that ¥, is an order four subgroup in A. The stabilizer of Y5 in Coy is the
222-triangle stabilizer isomorphic to Ug(2) : S3 (cf. Lemma 4.8.10 in [Iv99]).
Let ¥, be a subgroup in Q which maps isomorphically onto ¥> under the
homomorphism x : Q1 — A. The following result is a direct implication of
the definitions.

Lemma 4.4.1 The subgroup Y» is 2A-pure of order 2* contained in Z1o and
perpendicular to Z3 with respect to the bilinear form on Zyy associated with
the form k. O
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In this section we show that the subgroup in G generated by
Ng, (Y2) and Ng,,(Y2)
has the shape 22. 2E¢(2) : S3.
Lemma 4.4.2 The following assertions hold:
() Ng,,(Y2) contains Q19 = 2'9+16 and
NG,y (Y2)/ Q10 = (3 x £24(2)) : 2

is the stabilizer in Q2(Z10, k) of a minus line in Q(Z19, k),
(ii) Cz-geometry with the diagram

O—— Q00— O0
2 2 4

on which Ng,,(Y2) acts as Og (2) is realized by the conjugates of Z\, Z»,
and Z3 contained in the orthogonal complement of Y» in Zy, so that
{NG,,(Y2) N NG,,(Z;) | 1 <i < 3}is the amalgam of maximal
parabolics associated with this action.

Proof. The subgroup Y, being 2A-pure is a minus line in the orthogonal
space (Zj9, k). By the construction, Y> is perpendicular to Z3, therefore the
latter is a maximal totally isotropic subspace in Y;-, which is an orthogonal
8-dimensional subspace of minus type in (Zjo, k). U

Lemma 4.4.3 The following assertions hold:

(i) (Ng,(Y2) N Q1)/ Y2 = 2170 NG, (Y2)01/01 = Us(2) : S3;
(i1) Cz-geometry with the diagram

O————O0——O0
2 4 4

on which Ng,(Y2) induces the action of Ug(2) : S3 is realized by the
conjugates of Z», Z3, and Zy which are contained in Q1, contain Z
and commute with Y>, so that {Ng,(Y2) N Ng,(Z;) | i =2, 3,10} is the
amalgam of maximal parabolics associated with this action.

Proof. The result follows from the structure of the 222-triangle stabilizer in
the Conway group and its action on A. This is a standard part of the Conway—
Leech theory (cf. Section 4.10 in [Iv99]). Alternatively, we can just compare
the orders of the parabolics in the amalgam in (ii) against the orders of the
parabolic subgroups in Ug(2) : S3. (I
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Lemma 4.4.4 The following assertions hold:
(i) the normalizer Ng,(Y2) intersects Q2 in a subgroup of index 4 in Q and
N, (Y2)02/02 = N%(Q)02/02 = PEL3(4) x S3;

(ii) the amalgam {Ng,(Y>2) N Ng,(Z;) | i =1, 3, 10} is the amalgam of
maximal parabolics associated with the action of Ng,(Y2) on the direct
sum of the 3-element geometry and the projective plane of order 4.

Proof. It is sufficient to notice that the octads containing Q together with
the sextets containing Q in one tetrad form the projective plane of order 4. This
is a very basic property of the S(5, 8, 24)-Steiner system. O

It follows from (4.4.2), (4.4.3), and (4.4.4) that the amalgam
ACGy) :={Nu(Y2) | H = G\, G2, G3, G0}

has kernel Y5 and corresponds to the Fy-diagram
o——  o—7——0——  ©
2 2 4 4

and the C3-residues are buildings. By Tits’ characterization [Tit82a] and the
spherical buildings classification [Tit74], we have the following:

Proposition 4.4.5 The subgroup >G» in G, generated by the subamalgam
ACG»), is isomorphic to 2*.(*E¢(2)) : S. O

4.5 Acting on the 196 883-module

To define an algebra on the 196 883-dimensional G-module IT we require some
information about the action of G ¢ and G4 on that module.

Lemma4.5.1 Let Q190 = 02(Gg) = 210416 ynd let O be the octad such that
GioN Gy = G1(0). Then:

(i) Crn(Qi0) N3, .1 =0;

@i1) Cn(Qi0) N H§6_759 = Mo (the 2°-dimensional G»(O)-submodule in
2 .

1_126-759)’

(iii) if {p,q} C P and a € Z%, then the 1-dimensional subspace Hg‘;)’q}from

M2, is contained in Cri(Q10) if and only if {p, q} C O, in particular

8
dim(Cri(Q10) N H§.276) =3. <2> = 84,
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@iv) Cn(Qi0) N 1'[%3 = CH%3(02(M(O)) is 8-dimensional isomorphic to the
permutation module of M(O)/0,(M(0)) = Ag;

(v) Cr(Q1o) is the direct sum H}O ® H}(S)S of a 1-dimensional trivial and a
155-dimensional irreducible submodule for G 19/ Q10 = QTO(Z), where
H}O is contained in H%S.

Proof. Since Zjo contains Z, and the latter acts on ng 4,1 fixed-point

freely, (i) follows. By (4.3.5 (i)), Q10 = Cp centralizes [1. On the other

hand, the Q»-irreducibles in 1'[%6_7 5o are indexed by the octads in B, while

02(M(0)) = 01002/ 0, = 2*

acts fixed-point freely on B\ O, hence (ii) follows. The subspace mn'

{p.q
(iii) can be defined as the centralizer in H§'276 of Qpq le) (compare (3.1.17
(ii1))). Since Q;b,)q /R> is generated by the images of ¥ ® (u, v*) taken for all
the Golay sets evenly intersecting {p, g}, while (Q19 N Qéb) )R2/ Ry is gen-
erated by the images of the elements ) (w, v*) taken for all Golay sets w
which are either disjoint from O or contained in O, (iii) follows. Since G»
acts on 1'[%3 via its factor group M = Mo4, and Q¢ acts on this module
via 02(M(0)) = 0,(2* : Ag) = 2* we have (iv). Acting on P the lat-
ter group has nine orbits which are the elements of O together with P \ O.
Since H%:,; is the quotient of the permutation module of M on P over the 1-
dimensional trivial submodule, (iv) follows. The assertions (i) to (iv) and easy
counting show that the dimension of Crj(Q10) is 156. Since the latter number
is one plus the dimension of the minimal non-trivial irreducible representation
of G19/Q10 = SZTO(Z) [CCNPWT] (and since Cr(Q1p) is not centralized by
the whole of Gg), (v) follows. (I

}in

Lemma 4.5.2 The following assertions hold:

() Cn(Zs) < Cn(Z3);
(11) [I1, Z4] is the direct sum of 15 subspaces

Cn(Y) NI, Z4]

of dimension 24 - 2° each, taken for all the hyperplanes Y in Z4 and
G4/Cg,(Z4) = GL(Z4) permutes the direct summands doubly
transitively.

Proof. The result follows from the inclusion Z3 < Z4 and the fact that the
intersection

[T1, Z3]1 N Cn(Z>)

has dimension 24 - 2! (compare the diagram at the end of Section 3.4). (I
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Griess algebra

Let G be the Monster group which, according to our definition, is the universal
completion of the Monster amalgam M. In Chapter 3 we have constructed
a 196 883-dimensional G-module IT over the field R of real numbers such
that the universal completion of M factorized through the representation ¢ :
G — GL(IT) remains faithful. In this chapter we show that G preserves on
IT a commutative non-associative multiplication famously known as Griess’
algebra. We start with the space A of G-invariant algebras on

Cr(Zy) = My &5

(where G| ~ 21++24.C 01). It is not hard to deduce a rather explicit description
of A from the known properties of the Conway group Co;. Let A be the
space formed by the restrictions to

Cri(Zy) = M35 @ M3.576 © H§6.759

of the algebras from A; and let A, be the space of G;-invariant algebras on
Cn(Zy) (where Gy ~ 22T11+22 (Myy x §3)). We show that A projects bi-
jectively onto A and that A intersects A; in a 1-dimensional subspace. Let
A@ denote the 1-dimensional subspace in A; formed by the algebras whose
restrictions to Crj(Z;) are Go-invariant. Alternatively A®@ can be defined as
the set of algebras in A; whose restrictions to Crj(Q19) are Gip-invariant
(where G g ~ 210+16.S21+0(2) and Q19 = 03(G1p)). Next we make use of the
subgroups G3 ~ (23T0+12+18 (3. 63 % [.3(2)) and G4 ~ [239].(S3 x L4(2)).
Since G; = (G1 NG, G2 NG;) fori =3 andi = 4, every algebra from A®
is G;-invariant when restricted to Cj(Z;). On the other hand, IT possesses the
following decomposition into a sum of G;-submodules

n=cnz) @ Cn)NIm, ),
YeZF\(0)

121
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where Z7 \ {0} is identified with the set of hyperplanes in Z; and
dim (C(Y) N[I1, Z;]) = 24 - 21371

for Y € Z7\ {0}. The action of G; on Z7 is the natural doubly transitive action
of GL(Z;) = GL;(2) of degree 2! — 1. This means that whenever

uy € Crn(Y1) and up € Cr(Y2) for Y1, Y2 € Z1 \ {0}

there is an element g; € G; such that g; (Y1) N g;(Y2) > Z; (equivalently,
such that g; (u1), g;(u2) € Cr1(Zy1)). This observation enables us to expand an
algebra multiplication from A onto the whole of IT so that the expanded mul-
tiplication is G;-invariant. Since the required element g; can always be found
inside G3 N Gy, the expansion is invariant under the whole of G = (G3, G4).
This shows that the space of G-invariant algebras on II is 1-dimensional.
In this way we achieve a compromise between the abstraction of Norton’s
observation and the explicitness of Griess’ construction.

5.1 Norton’s observation

In early stages of studying the Monster, when the existence of the 196 883-
dimensional representation ¢ was still a conjecture, Simon Norton calculating
with the hypothetical character of degree 196 883 had observed that (¢(G), IT)
is a Norton pair according to the following definition:

Definition 5.1.1 Let H be a group and let U be an irreducible H-module over
the field R of real numbers. Then (H, U) is a Norton pair if-

(i) the trivial irreducible H-module appears in the symmetric part S>(U) of
the tensor square of U, and

(1) U appears with multiplicity one in its tensor square and is contained in
S2(U).

If (H, U) is a Norton pair, then by (5.1.1 (i)) H preserves on U a non-zero
symmetric inner product (, )y, while by (5.1.1 (ii)) it preserves a non-zero
commutative algebra product x. Since U is absolutely irreducible, ( , )y is
unique up to rescaling and so is x because of the ‘multiplicity one’ condition
in (5.1.1 (ii)).

Lemma 5.1.2 Let (H, U) be a group-representation pair and suppose that
(5.1.1 (1)) holds. Then (H, U) is a Norton pair if and only if the trivial irre-
ducible H-module appears with multiplicity one in the tensor cube of U and is
contained in the symmetric part S3(U) of the tensor cube.
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Proof. The condition in the lemma is equivalent to the assertion that H
preserves on H aunique (up to rescaling) trilinear form. The dimension of the
space Ty (U) of H-invariant trilinear forms on U is equal to the multiplicity
of the trivial irreducible character in the tensor cube of U. By (5.1.1 (1)), U is
isomorphic to its dual module U* and therefore

UUU=UU)U".

Since U is irreducible, the multiplicity of the trivial irreducible module on
the right-hand side is equal to the multiplicity of U in its tensor square U.
The latter multiplicity is by definition the dimension of the space Ay (U)
of H-invariant algebra products on U. Therefore, Ty (U) and Ay (U) are
isomorphic. An explicit isomorphism assigns to x € Ay (U) the form

(u,v,w) > (uxv), wy.

In any event, Ay (U) is 1-dimensional if and only if Ty (U) is such. Suppose
now that dim(A g (7)) = dim(7y (U)) = 1. Then the symmetric group S3 per-
muting the factors of the tensor cube acts on Ty (U) by scalar multiplications.
Therefore, the forms in 7 (U) are either all symmetric or all antisymmetric.
The above correspondence between Ay (7T) and Ty (U) immediately shows
that in the respective cases the products in Ay (U) are commutative and
anti-commutative. This completes the proof. O

In [Gri82a] the (Monster-invariant to be) multiplication * (nowadays com-
monly known as Griess algebra) was selected among the algebras invariant
under ¢(G1). After that an additional automorphism of this algebra (the fa-
mous element o) was constructed which together with ¢(G) generates the
Monster.

When constructing ¢ in Chapter 3, we did not use any invariant form or
algebra. On the other hand, having ¢ constructed, we can recover the inner
product ( , )7 and the algebra multiplication x via their ¢(G)-invariance.
The original construction of * in [Gri82a] was rather involved (as Paul
Erdos once pointed out ‘the first proof can be as complicated as it likes’).
Later on, Griess’ construction was modified by J. Conway [C84], J. Tits
[Tit82b], [Tit83], [Tit84] and M. Aschbacher [A94]. We are hoping to ex-
pose a new angle from which the construction and its modifications can be
viewed.
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5.2 3-dimensional S4-algebras

Let S = S4 be the symmetric group of degree 4, let V3 be a real vector space
of dimension 3, and let

6:8— GL(V3)

be a faithful irreducible representation. Decomposing V3 into O3(S)-
eigenspaces we observe that 6 is induced from a non-trivial linear represen-
tation o of a Sylow 2-subgroup D = Dg of S. The kernel of o must be one
of the two subgroups of index 2 in D which are not normal in the whole of
S. One of these subgroups (denoted by D) is elementary abelian generated
by a pair of commuting transpositions, while the other one (denoted by D7)
is cyclic of order 4. For € € {+, —}, let o€ be the linear representation of D
whose kernel is D€, let 6¢ denote the S-representation induced from o€, and
let V5 be the 3-dimensional complex vector space affording 6€. Let a, b and
c€ be eigenvectors of 0>(S) forming a basis of V5 stable under an element
t of order 3 in § inducing the cycle (a€ b€ ¢€). A non-identity element from
0,(8) centralizes one of the basis vectors negating the remaining two. There
is a transposition s in S which normalizes the subgroup (¢) and permutes a¢
and b€. Then s centralizes ¢ and negates ¢ ™.

We are interested in the S-invariant bilinear multiplications xc on V5. The
product a€ % b€ is centralized by the element ¢ € O»(S) which negates both a¢
and b¢. Since Cy,(e) = {Ac® | A € R}, assuming that the product is non-zero
and properly scaled we may assume that

a x¢ b€ = €.
Acting by ¢ and by s we obtain

b xc€ =af, ¢ xa® =>b and b€ x. a€ = ec®.

The multiplication thus defined and expanded on the whole of V5 via distribu-
tivity is clearly S-invariant and in fact it is the only such S-invariant up to
rescaling.

The difference between the algebras
(V5" %) and (V37 %)

can be demonstrated by calculating the idempotents. Let v¢ = aa® + Bb¢ +
yc® be a vector in V5 where o, f, and y are parameters. The condition
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€

for v€ to be an idempotent is the equality v¢ ¢ v¢ = v€ which reduces to

the following system of equations

By + €y =a, ay +eay =B, aff +eaf =y.

If e = —, then « = B = y = 0 is the only solution, while for € = + there are
four non-zero solutions

tlat Lyt lc+,
2 2 2

where the number of minus signs must be even. Now it is easily seen that S is

in fact the full automorphism group of A *4). On the other hand, (V; , x_)

has an infinite automorphism group, because it is in fact isomorphic to the 3-

dimensional simple Lie algebra si> (C) of traceless 2 x 2 matrices with respect

to the commutator product. An identification can be achieved by assigning

N I N N T W A
@ =5\ 0 = )0? T3\t 0 )¢ =200 o)

where i = +/—1. Conjugating by elements of GL,(C) we clearly obtain
infinitely many automorphisms.

Proposition 5.2.1 Let S = Sy be the symmetric group of degree 4, let D = Dg
be a Sylow 2-subgroup of S, let DT = 22 and D~ = 4 be the index 2 subgroups
in D different from O(S). Let 6 € be the linear representation of D with kernel
D€ and let

0¢: S — GL(Vy)
be the representation of S induced from o €. Then:

(i) every 3-dimensional faithful S-module over R is isomorphic to V5 for
ec{+, —}
(i1) V; is a permutation module for an S3-subgroup in S, while V5~ is
strictly monomial for that subgroup;
(iii) there is an S-invariant non-zero algebra multiplication x. on V;, which
is unique up to rescaling, and:
(a) x4 is commutative, there are exactly four non-zero idempotents and
S is the full automorphism group of x4,
(b) x_ is anti-commutative isomorphic to the Lie algebra sly(C) and its
automorphism group is infinite;
@) (S, V3+) is a Norton pair.
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Proof. The assertions (i) to (iii) were established above in this section.
The inner product with respect to which (a€, b€, ¢€) is an orthonormal basis
is manifestly Ss-invariant (hence it is the unique one up to rescaling). If 7 is a
non-zero S-invariant trilinear form on V3+, then

U t(cﬁ, b, u)

is a linear form stabilized by O2(S) and centralized by Co,(s)(c™). Applying
the self-duality of V;r performed by the invariant inner product and rescaling
7 if necessary, we observe that

@, bt,at) =@, b, bT) =0and t(at,bT,cT) = 1.

Since {at,bt,cT} is stabilized and permuted naturally by the subgroup
(t, s) = S3, the form t is symmetric. O

5.3 Krein algebras

An important class of commutative algebras can be constructed from
multiplicity-free permutation modules (cf. [Sc77], [CGS78] and Section 2.8
in [BI84]). Let 2 be a set transitively permuted by a group H and let V
be the corresponding R-permutation module. Considering V' as the space of
real-valued functions on 2 and identifying the elements of Q2 with their char-
acteristic functions we turn €2 into a basis of V. Then H preserves an inner
product and an algebra multiplication on V with respect to which €2 is a basis
consisting of pairwise orthogonal idempotents of norm 1

(a,b) =84 pandaxb = ypa fora, b € Q.

Suppose that the permutation module is multiplicity-free. This means that V
possesses an orthogonal decomposition

VZVO@VI@-n@Vr—l

into pairwise non-isomorphic irreducible H-modules, where r is the permuta-
tion rank, which is the number of H-orbits on 2 x €. It is common to assume
that Vj is the trivial 1-dimensional module formed by the constant functions.
Let 7; denote the (orthogonal) projection of V into V;, so that ; (v) € V; and

v=mo(v) + 71 (v) + ... +71,-1(v)

foreveryv € V.
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The multiplication x; on V; defined by
uxiw=m;(uxw)foru,weV

is clearly H-invariant and the following assertion is proved in Section 2.8 of
[BI84].

Lemma 5.3.1 The algebra (V;, ;) is non-zero if and only if the diagonal Krein
parameter q;i is non-zero. O

We call (V;, ;) the ith Krein algebra of (H, €2).

Lemma 5.3.2 Let (H, 2) be a multiplicity-free permutation representation
H, and let (V;, ;) be the associated ith Krein algebra. Then for every o € Q
(considered as a vector from V) the element mw;(«) is either nilpotent or a
scalar multiple of an idempotent.

Proof. Let K be the stabilizer of « in H. Then the multiplicity-freeness
condition together with the Frobenius reciprocity imply that

Cy,(K) = {Ami(o) | 2 € R}.
Since m; (o) *; i (o) is centralized by K, we have
mi(a) *; i (@) = Ami(e)

for some A. If A = 0, then m;(«x) is nilpotent, otherwise %m (o) is an
idempotent. (]

The algebra (V3+, *4 ) is a Krein algebra of the natural degree four permuta-
tion representation of Ss, and the non-zero idempotents are projections of the
elements of the 4-set. Both (V5" *4) and (V; , x_) are Krein algebras of the
permutation representation of S4 on the cosets of a cyclic subgroup of order 3.

Let us mention some less trivial examples of Krein algebras. First, let W be
a 10-dimensional G F'(2)-space equipped with a non-singular quadratic form
q of plus type. Let E be a graph whose vertices are the vectors in W which
are non-isotropic with respect to ¢, and let two such vectors be adjacent if they
are not perpendicular with respect to the bilinear form associated with ¢. It is
well known and easy to check (cf. Lemma 5.12.3 in [Iv99]) that Z is strongly
regular on n = 496 vertices of valency k = 240 with A = 120 and . = 112 (in
the theory of distance-regular graphs the parameters A and u are better known
under the names a; and c;, respectively). The orthogonal group O;; (2) is the
automorphism group of E and we can define E as a graph on the class of 3-
transpositions in 0%(2) with two transpositions being adjacent whenever they
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do not commute. Calculating by the formulas on p. 170 in [Bi93] we deduce
the following:

Lemma 5.3.3 The adjacency matrix of a strongly regular graph with
parameters

(n, k, », 1) = (496, 240, 120, 112)

has three eigenvalues po = 240, p1 = 16, and p> = —17 with multiplicities
mo = 1, my = 155, and my = 340, respectively. The Krein parameter qlll is
non-zero, equal to 1 — (2* — 1)72. O

In view of the above discussions and since QTO(2) possesses a unique
155-dimensional irreducible complex representation which can be lifted to a
representation of 0;; (2), (5.3.3) implies that the module H%(s)s for the group
G10/Q10 = QTO(Z) as in (4.5.1) carries an invariant algebra multiplication.
Because of the uniqueness the module is clearly self-dual. In Section 5.5 we
will show that (;(2), IT1{%) is in fact a Norton pair.

The 196 883-dimensional representation of the Monster appears as an irre-
ducible constituent of the multiplicity-free rank 9 permutation representation
of the Monster acting by conjugation on its class of 2A-involutions. Realiza-
tion of the Griess algebra as the Krein algebra coming from this permutation
representation explains through (5.3.2) the origin of the famous idempotents
indexed by the 2 A-involutions of the Monster.

5.4 Elementary induced modules

In this section we discuss certain generalizations of the 3-dimensional repre-
sentations of S4 from Section 5.2. Throughout the section, H is a finite group,
V is a finite dimensional H-module, and

v :H— GL(V)

is the corresponding representation. The H-module V and the representation
Y are said to be monomial if H stabilizes a direct sum decomposition

v=@o.

iel
where each summand is 1-dimensional. Taking a non-zero vector from every
direct summand D; we obtain a monomial basis of V in which ¥ (H) is real-

ized by monomial matrices which means having one non-zero entry in every
column and in every row.
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Lemma 5.4.1 In each of the following cases the action of H on 'V is monomial.:

(1) V is a permutation module of H;
(1) ¥ is induced from a linear representation of a subgroup of H;
(iii)) H contains an abelian normal subgroup E such that every
E-eigenspace in 'V is 1-dimensional;
(iv) V is a direct sum of monomial modules.

Proof. The assertion (ii) is a standard property of induced modules, while
(i) is a special case of (ii) corresponding to the trivial linear representation.
Since H preserves the set of eigenspaces of a normal subgroup, (iii) follows.
Finally (iv) is also quite clear. O

If ¢ is induced from a linear representation, then the 1-dimensional sum-
mands in the corresponding decomposition are transitively permuted by H. In
fact this property characterizes such representations in the class of all mono-
mial representations. We will deal with an even further specialized class of
monomial induced representations.

Definition 5.4.2 Let H be a finite group, let V be an H-module, and let
v+ H — GL(V) be the corresponding representation. Let E be a normal
subgroup in H which is elementary abelian of exponent 2. Then V and  are
said to be elementary induced or more specifically E-induced if

(1) there is a subgroup K of H and a linear representation ¢ of K such that
|¢(K)| =2 and ¥ is ¢ induced from K to H;

(i) E acts on'V fixed-point freely and every E-eigenspace in 'V is
1-dimensional.

The E-eigenspaces, their centralizers in E, and the E-eigenvectors in V are
called weight spaces, roots, and weight vectors, respectively.

The 3-dimensional irreducible S;-modules discussed in Section 5.2 are
(elementary) O2(S4)-induced.

Lemma 5.4.3 IfV is E-induced, then V is irreducible self-dual.

Proof. It follows from the elementary part of Clifford’s theory that V
possesses the direct sum decomposition

V=@ cvED,
E;e&

where £ is the set of roots. The direct summands afford pairwise distinct ir-
reducible linear representations of £ and H acting by conjugation permutes
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the roots transitively. This means that H permutes transitively the summands
in the above decomposition of V, in particular V is irreducible. The subgroup
K in (5.4.2 (1)) is the normalizer in H of one of the roots, say of the root Ej.
Therefore, E < K and E Nker(¢) = Eyp. Let dy be a non-zero weight vector
centralized by Eg. Then the image of dp under an element from K is either
do or —dy. This implies that the H-orbit of d intersects every weigh space
Cy (E;) in precisely two vectors; if d; is one of the vectors in the intersection,
then the other one is —d;. Subject to this notation the union D of d;s taken for
all the weight spaces is a monomial basis of V in which v (H) is represented
by £1-monomial matrices. By declaring D to be orthonormal, we define on V
an H-invariant inner product. (]

If E is considered in the usual manner as a G F'(2)-vector space, then the
roots are precisely those hyperplanes in £ whose centralizers in V are non-
zero. The centralizers of roots are the weight spaces. Two roots can be added
as elements of the dual space of E. If E; and E are distinct roots, then E; + E
is the third hyperplane (different from E; and E;) containing the codimension
2 subspace E; N E; in E. This third hyperplane might or might not be a root,
and if it is a root, then the triple B = (E;, E;, E; + E;} will be called a
bunch (of roots). The 3-dimensional subspace R spanned by the weight spaces
corresponding to the roots in a bunch B will be called reper. The intersection
F of (any two or all three) roots in a bunch will be called the core of the bunch.
Notice that R = Cy (F).

Definition 5.4.4 Let V be an E-induced H-module, and let W be the corre-
sponding representation. Let B = {E;, Ej, Ex} be a bunch of roots with core
F and let R = Cy (F) be the corresponding reper. Then B and R are called
symmetric of type € € {+, —} if:

() Nu(E/F)/Cu(E/F) = GL(E/F) = S3;
(i) Nu(R)/CH(R) = S4;
(iii) R affords a representation of Ng (R)/C g (R) isomorphic to 6€.

Since E induces on the reper R, the elementary abelian group E/F of order
4 whose non-zero elements are indexed by the roots in the bunch B and since
Ny (R)/Cq(R) splits over E/F by Frattini argument, (5.4.4 (i)) implies (5.4.4
@iD) .

In the case of a 3-dimensional S4-representation, the roots are the order 2
subgroups in O>(S4) and all three of them constitute the unique bunch whose
core is the identity subgroup; the whole of V3 is the only reper.
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Lemma 5.4.5 Let V be an E-induced H-module, and let
*: (U, v) > uxv

be an H-invariant algebra multiplication on V. Let d; € Cy(E;) and dj €
Cy (E}) be non-zero weight vectors, and put d = d; x d;. Then:

(i) whenever E; = Ej we have d = 0, in particular all the weight vectors
are nilpotent;
(ii) if E; # Ej, thend € Cy(E; + E}), therefore d = 0 unless

{Ei, Ej, E; + E}}
is a bunch of roots.

Proof. In hypothesis (i), the vector d is centralized by E;, which implies the
inclusion d € Cy(E;). On the other hand, e € E \ E; negates both d; and d;,
therefore (because of the bilinearity) it centralizes d. This forces d to be the
zero vector. In the hypothesis of (ii) for e € E, let d° be the image of d under
e. Then again because of the bilinearity we have

e
d° = Sié‘jd,

where ¢; is plus or minus 1 depending on whether or not e is contained in E;
and similarly for ¢;. This shows that d is an E-eigenvector, whose centralizer
in E is E; + E; and (ii) follows. O

By (5.4.5), a non-zero H-invariant algebra multiplication on an E-induced
H-module can only exist if there are repers, and every reper is closed under
such a multiplication.

Proposition 5.4.6 Let V be an E-induced H-module and suppose that every
reper in 'V is symmetric. Then:

(1) the space of H-invariant bilinear multiplications on V has dimension
equal to the number of H-orbits on the set of repers; if all the repers are
of the same type € € {4+, —}, then every invariant algebra is symmetric or
alternating depending on whether € is plus or minus;

(i1) the assertion (i) holds with trilinear forms in place of bilinear
multiplication.

Proof. Let x be an H-invariant algebra multiplication, and let R be a reper.
Then by (5.4.5 (ii)), R is x-closed, while by (5.2.1) and since R is symmetric,
*|p must be x¢ properly rescaled (where € is the type of R). In particular, on
every reper R there is a non-zero Ny (R)-invariant algebra multiplication. On
the other hand, as soon as we specify the subalgebra (R, %|g), the product of



132 Griess algebra

any two vectors contained in the image of R under an element of H is spec-
ified because of the H-invariance. Since any two repers are either disjoint or
share a single weight space and all the weight vectors are nilpotent in both the
reper-subalgebras, the subalgebras induced on repers from different orbits can
be rescaled independently. Finally, the product of any two weight vectors not
contained in a common reper is always zero by (5.4.5) and the result follows
in view of the fact that whenever the products of all the pairs of weight vec-
tors are specified, the multiplication expands uniquely on the whole of V via
the distributivity law. This completes the proof of (i). The proof of (ii) almost
literally repeats the above argument (compare the proof of (iv) in (5.2.1)). U

As an immediate consequence of (5.4.3) and (5.4.6), we obtain the
following:

Lemma 5.4.7 Let V be an E-induced H-module. Suppose that the set of repers
is non-empty forming a single H-orbit and suppose further that every reper is
symmetric of plus type. Then (H, V) is a Norton pair. U

5.5 (SZ (2) ! 5) is a Norton pair

We follow notation introduced in Sections 4.3 and 4.5. Put G19 = G /Q10 =
(2) and adopt the bar convention for the images in G o of subgroups of
Glo. For1 <i <5, put

G, =GioNG;

and (when it matters) expand the superscripts (¢) and (/) from G5 to Go,5. By
(4.3.7) and its proof

= = = = =
{G10.1, G102, G103, GY&S, GES,S}

is the amalgam of maximal parabolics corresponding to the action of G1o on
the Ds-geometry associated with the orthogonal space (Z19, k), and we have
the following

Gio1 =2°:Qf (), Giop =277 (A5 x 83),
Gios =221 (L3(2) x QF ), Gios =2': Ls(2).
The above isomorphisms and further information on the structure of the

parabolics G 10.; to be used in this section are rather standard and can be found
for instance in Section 2.1 of [Iv04].
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Lemma 5.5.1 Under the action of G10 s the module T119 155 s elementary
02(G10,5) -induced. The weight spaces are indexed by the 3-dimensional sub-
spaces of Zs. There is a single orbit on the set of repers and every reper is
symmetric of plus type.

Proof. Let E = 02(G1o5) and L = Ls(2) be a Levi complement to E in
(_;10’5. Then E is the exterior square of Zs so that the dual E* of E is the exte-
rior square of the dual Z;‘ of Zs. Therefore, the shortest orbit of (_;10’5 on the
set of hyperplanes in E has length 155 and it is indexed by the 3-dimensional
subspaces in Zs. Smce 155 is precisely the dimension of l'I 155 (and since the
action of G10, 50n o 155 is faithful), the module in question must be £-induced.
The sum of two hyperplanes from the 155-orbit is again a hyperplane from the
same orbit if and only if the corresponding 3-subspaces intersect in a 2-space
(and/or are contained in a 4-space). Hence, there is a single reper-orbit. In order
to show that the repers are symmetric of plus type, it is sufficient to produce
an S3-subgroup which stabilizes a reper and induces on it the natural permu-
tation representation. Let L(Z4) = 24 . L4(2) be the stabilizer of Z4 in L
and let K = L4(2) be a Levi complement in L(Z4). The subspace E in H}ss
spanned by the weight spaces indexed by the 3-subspaces contained in Z4 is
15-dimensional and the stabilizer in K of a weight space from E is isomorphic
to 23 : L3(2). Since the latter group does not contain index 2 subgroups, we
conclude that the action of K on E is permutation. If R is a reper contained in
E (so that R corresponds to a 2-space contained in Z4), then the stabilizer of
R in K clearly induces S3 on the triple of weight spaces contained in R and its
action on R is permutation since the whole action of K on E is permutation.
This completes the proof of the assertion. O

It might be Worth mentioning that in terms of the above proof the action of
L = Ls(2)on o 155 18 strictly monomial (not permutation) This can be seen by
comparing the 155-dimensional characters of Q 0(2) and L5(2) in [CCNPW].

Lemma 5.5.2 (G, 1'1}25) is a Norton pair.

Proof. By (5.5.1) and (5.4.7), (G1o,5, T1}2) is a Norton pair, while by
(5.3.3), we know that IT 55 carries a Go-invariant inner product B and an in-
variant multiplication x. Therefore, 1'[155 also carries a G1o invariant trilinear
form

(u, v, w) — Bu*xv,w).

Thus the unique (up to rescaling) G 10,5-invariant inner product, multiplication,
and trilinear form are G jp-invariant and the assertion is established. [
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In order to accomplish our proof that (G, IT) is a Norton pair, we need some
information on the action on 1'[%25 of (_?10,1 and of (_}10,2. For the latter case,
the information is already available in (4.5.1) and we start by restating it in the
terms convenient for the future usage.

Lemma 5.5.3 For 610,2 = 2?‘12 : (Ag x 83), let S denote the largest solvable
normal subgroup in 610,2 so that 610,2/5’ = Ag. Then H}gs possesses the

following decomposition into irreducible G 10 »-submodules
MY = I7 @ 3.8 @ Ty,
where:

(i) the kernel of T17 is S, Tl7 is the faithful irreducible constituent of the
natural permutation module ofélo,z/g = Agand 17 = H}(S)S N H%y’

(ii) the kernel of T13.28 is Z(G10,2) (of order 2), T13.23 is elementary
induced for 02(G10,2)/Z(G10,2) = 2'% and T30 = M2 N 113,65

(iii) Ilse is faithful and it is the intersection ofl'[ig5 with Hgﬁqsg. O
The next lemma is easy to deduce combining (5.5.3), the fusion patterns of
the G12-submodules in IT into G- and G,-submodules given in the paragraph

after (3.1.21) and the structure of Glo,l.

Lemma 5.5.4 The module H}(s)s possesses the following decomposition into
irreducible submodules of G191 = 28 . Q; 2)

MM} = M35 @ Mo,

where:
(i) the kernel of T35 is 02(G1o,1) and Tzs = ]2 N Mg
(i1) Iy is faithful, elementary O(Go,1)-induced and it is the intersection
10 - 1
of T 55 with H\I_\zl' O

5.6 Allowances for subalgebras

According to the plan set up the beginning of the chapter, our next objection is
to produce a one-parametric family A@ of G -invariant algebras on Crj(Z1)
whose restrictions to Crj(Z;) are G-invariant. Towards this end we calculate
with the spaces A; and A, of G- and G»-invariant algebras on C1(Z;) and
Cr(Zy), respectively. Constructing A@ amounts to showing that the space
A1, formed by the restrictions to Crj(Z>) of the algebras from Aj intersects
Aj in a I-dimensional subspace. This does not seem to be achievable by a mere
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dimension comparison. On the other hand, since in (5.5.2) (G, Higs) was
proved to be a Norton pair, the restrictions of A| and A, to Crj(Q10) projected
onto Hig5 share the 1-dimensional space of Gig-invariant algebras on Hi(S)S'
So we recover A through a careful analysis of the way the algebras from A
and A restrict to Crj(Q10) and how the restrictions project onto H}gS.

Let H be a finite group, let V, W, and U be finite dimensional H-
modules. Let Ay (V, W; U) denote the space of H-invariant (bilinear) algebra
multiplications

VxW-—U.

For the sake of simplicity, we write Ay (V; U) instead of Ay (V, V; U) and
Apg (V) instead of Ag(V, V; V). We start by stating a standard result.

Lemma 5.6.1 In the above notation suppose that U is irreducible. Then the di-
mension of Ay (V, W; U) is equal to the multiplicity of U in the decomposition
into H-irreducibles of the tensor product V.® W. O

Lemma 5.6.2 Let U, V and W be irreducible self-dual H-modules and let o
be a permutation of {U, V, W}. Then the dimension of

Ag(oU),0(V);0(W))
does not depend on o.

Proof. By (5.6.1), since the modules are self-dual, the dimension of
Ag (U, V; W) is precisely the multiplicity of the trivial character of H in the
tensor product 7 = U ® V ® W. Hence, dim(Ag (U, V; W)) = dim(Cr (H)).
Since the isomorphism of 7 onto o (T) = o(U) ® (V) ® o (W) induced by
o maps C7 (H) onto Cy,(1)(H), the result follows. O

If V is an H-module which is a direct sum
V=@
iel
of non-isomorphic self-dual irreducible submodules, then Ay (V) is the direct

sum of the subspaces Ay (V;, V;; Vi) (called ingredients of Ay (V)) taken over
all the ordered triples (i, j, k) of elements from /. If we put

ARV Vi V) =Y Ae (V). o (V)i o (Vi)

oceSs

then in view of (5.6.2) the sum can be rearranged into AS_SI) Vi, Vi Vi)s.
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Lemma 5.6.3 Let V be an E-induced module for H and let U be an irre-
ducible self-dual H-module which is centralized by E and which appears once
in the permutation module of H on the set of weight spaces in V. Then

Ag(U; V) =0, whiledim(Ag(V;U)) = 1.

Proof. Since E centralizes the tensor product U ® U while acting faithfully
on V, the first equality is obvious. Let K be the stabilizer in H of a weight
space D from V,letd € D be anon-zero weight vector, andletx : UxV — V
be an H-invariant multiplication. Then for every u € U, the product u x d is
centralized by Cg (D) and hence it is contained in D. Therefore

u xd = M(u)d for some scalar A(u)

and u +— A(u) is a K-invariant homomorphism of U. Applying the Frobenius
reciprocity, we conclude from the hypothesis of the lemma that Cy (K) is 1-
dimensional and so is Ay (V, U; V). Because of (5.6.2), the second equality
follows. O

Lemma 5.6.4 Let (H, U) be one of the following group-representation pairs
(G1/Q1 = Coy, M), (G2/Cq,(Ro) = Moy, TI3y),
(G10,1/02(G10,1) = QF (2), TI3s), (Gio2/S = Ag, ).

Then (H, U) is a Norton pair, in particular dim(Ag (U)) = 1.
Proof. In view of (5.1.2) the result can be achieved by calculating with

the relevant irreducible characters of Coy, Mpy4, Q;(Z), and Ag found in
[CCNPW] (the modules I35 and ITy are defined in (5.5.4)). U

In terms of the above lemma if X is one of Il3s, H%3, and Iy, then
is an H-submodule in 1'[;99 for a suitable subgroup H of G and hence the
multiplication with respect to an algebra from Ay (X) is the restriction to X of
a multiplication contained in Ag, (IT}g).

5.7 Gi-invariant algebras on C(Z1)

In this section we calculate with the space Ay := Ag,(Cn(Zy)) of Gi-
. . _ ! 1

invariant algebras on Cri(Z;) = [,99 ® H\f\zl'

Lemma 5.7.1 The following assertions hold:

(1) the module Hlll_\z\ is Q1/Z1-induced;
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(i) there is a single reper-orbit of G1 in Hlll_\z\ and every reper is
symmetric of plus type;
(i) (G1/7Z;, Hlll_\zl) is a Norton pair;

(iv) Ag, (Hlll_\zl; Hégg) is 1-dimensional.

Proof. Directly from the definition of I'I‘IA2| (cf. (3.1.21 (i1)) and (3.1.6)),

we obtain (i). Identifying Q/Z; with A through the isomorphism induced by
x : Q1 — A, we see by (3.1.7) that the weight spaces and the roots are

{TI(R) | & € Az} and {ii* | i € As},

respectively. Since A is self-dual, a triple of distinct elements of A, forms a
bunch of roots if and only if their sum is zero. This means that the repers are
indexed by the so-called 222-triangles in A. By a standard result (cf. Lemma
4.10 in [Iv99]), there is a single Coj-orbit on the set of such triangles with
stabilizer isomorphic to Ug(2) : S3. The fact that every reper is symmetric of
plus type can be justified as follows. Let T = {p, ¢, r} be a 3-element subset
of P. Then the Leech vectors

w=4p —4q, v=4r —4pand u +v =4r —4q
are contained in A», therefore
R = (I1(w), I1(v), IT(x + v))

is a reper. The stabilizer of T in the permutation complement M = My4 con-
tained the monomial subgroup of Co is isomorphic to P X L3(4) and it induces
Sz on {it, v, it + v}. By (3.1.7), the subgroup M (T') induces S3 on R. Hence,
(i1) follows by (5.2.1 (iii)). Now (iii) is a consequence of (i), (ii), and (5.4.7).
The permutation module of Co; on A, is known to involve a single copy of
Hégg (cf. Lemma 2.22.1 (i) in [ILLSS]), therefore (iv) follows from (5.6.3). I

Lemma 5.7.2 Let w110 be the restrictions map of the algebras from A to

Cn(Q10) projected onto H%gs. Then w10 is an isomorphism of A onto
10

AGlo,l(HISS)'

Proof. Since every multiplication from A is closed on Crj(Q1p) and since
MY is Gyp-invariant, the map 71—, 1o is well defined. By (5.5.4 (ii)), the mod-
ule IT1p9 = H}gs N Hlll_\zl is 02(@10,1)-induced. Since 02(@10,1) is a natural
8-dimensional G F(2)-module for

G10,1/02(G1o,1) = QF (2),
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it follows from the order consideration that the weight spaces correspond to

non-isotropic vectors, while the repers correspond to the minus-lines. Since

01010 = 02(G10,1), the repers in 1129 are also repers in l'[‘ll-\ - Hence m1_10
2

maps Ag, (Tl ) bijectively onto Ag,,, (I1120). The permutation module of

[Az]
Q;(Z) on the set of non-isotropic vectors involves a single copy of a 35-
dimensional irreducible module (cf. [CCNPW]), therefore 1_, 19 establishes

an isomorphism between the 1-dimensional subspaces Ag, (l'I| Jat ; TThg9) and
AG o, (IT120; T135). Now in order to complete the proof it is sufﬁc1ent to refer
to (5.6.2) and (5.6.4). (I

Although (5.7.2) is basically all we need to know about A1, for the sake of
completeness we include the following:

Lemma 5.7.3 dim(A;) = 5.

Proof. The number of irreducible constituents is 2, hence the number of
ingredients is 23 = 8. By (5.6.2) and (5.6.3), AGl(Hzgg, ‘A |) and two its
symmetric relatives are zero, while each of the remaining five ingredients is
I-dimensional by (5.7.1 (iii), (iv)) and (5.6.2). U

5.8 Gj-invariant algebras on C(Z3)

In this section we describe the G3-invariant algebras on Crj(Z>) and distin-
guish those of them which are G13- and G,-invariant. We start by reviewing
some basic facts on the structure of G from Section 2.3 and on the action of
G5 on Cri(Z>) from Section 3.1.

The group G, acts on

Cri(Z2) = M3 & 11576 @ 1'[26 759

via G% = G3/Z> and the latter quotlent is a partial semidirect product of Q0
and M° over R5. In their turn, Q2 is the product of three elementary abelian
groups Q2 of order 2%? each intersecting in R, and indexed by the elements
a e Zg, while M?% = Ci‘l - M>4. In particular, R, and Qéa)/léz are isomorphic
to Ci‘l and Cy1, respectively (as the modules for M° / Ry = May4). Thus

G5/ Ry = (05 x O) - (M®/Ry) = (Ciy x C1y) = Maa.

The module 1'[%3 is the faithful irreducible constituent of the permutation
module of G5/ Q2 = M4 on P.
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The module H§.276 is the direct sum the irreducible 276-dimensional G3-
modules

M7 = Cpz,, (05"

3.276

taken for all three a € Zg. Furthermore, l'[;a7)6, considered as a module for

G5/0Y) = Ciy : Moy, is E-induced for E = /0" = 0V /R, = Cyy,
where b € Zg \ {a}. The weight spaces Hg;)’ g} are indexed by the pairs from P

and, if x € Z§ \ {z}, then

Coo (M) = 17 (4p =4 +201 N (Y 2r +20)").
reP

2
The module IT5, -,

the corresponding weight spaces IT(O, o) are indexed by the A>-elements

i(O,o):ZZp—ZZq—i—ZA,

PES] qes

is Q(a)-lnduced for every a € Zg and, if a = z, then

where O is an octad and ¢ : O = s1 U s, is a partition of O into two even
subsets.

Lemma 5.8.1 The following assertions hold:

@) dlm(AGs (12
(11) AG]Q(H

26. 759)) 2;

) and AGZ(H ) are equal and 1-dimensional.

26.759 260.759

Proof. For each a € Zg, the G2-m0dule 1'126 759 is a Q2 )/Zz—induced,
while considered as a G1;-module it is Q1/Z>-induced. Hence we have to
classify the relevant reper-orbits and apply (5.4.6). Without loss of generality,
we assume that @ = z. The weight spaces with respect to both Q/Z>- and
Q(Z) / Z>-induced structures are the subspaces

M0, 0)=Cpz (x 'O, 0)h),
26.759
where
MO0 =) 2p— ) 29 +2A,
PES] qes

with O being an octad and o : O = s1 U s being a partition of O into two
even subsets.

A triple {ji1, ji2, j13} of A(O, o)s corresponds to a frame with respect to
0%/, if and only if

Q1+ o+ i3 = s,
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where A4 = ZpeP 2p + 2A is the generator of x(Z>) and ¢ € {0, 1}. The
parameter ¢ will be called the level of the frame. The flames of level O corre-

spond to the Q/Z>-induced structure of Hgﬁq so- In other terms, the frames of

level O are the frames of “,k with respect to Q1/Z1 which are contained in
2

2,
26.759°

It is a standard result from the Conway—Leech theory (which can be checked
by elementary calculations) that G, permutes transitively the frames in 1'[%6_7 o
of a given level 0 or 1. The orbit on the frames of level O is represented by

{AM(O1, 01), MOz, 02), M(03, 03)},
where
O3 = (01U \ (01 NOy)

so that S := O1N O, is a 4-set; while o1 and o> are trivial partitions (involving
the empty set) and

03: 03 = (01 \ S U(O2\ ).
The orbit on the frames of level 1 is represented by
{M(O1, 01), M(O2, 02), 1(O3, 03)},

where {O1, Oy, O3} is a trio and all the partitions involved are trivial.
Therefore, (i) follows from (5.4.6).

For X = AGE(H§6.759) and a € Zg, let X(()a) and Xia) be the subspaces of

X corresponding to level 0 and 1 frames with respect to the Q;a)/ Z>-induced

structure of 1'156.7 so° This means that a non-zero G -invariant multiplication *,

is contained in X g“) if the following holds: given two non-zero weight vectors
u and v, the product u *, u is non-zero if and only if # and v are contained in
a common Qé“)/Zz—frame of level €. By (5.4.6) and (i), we have

@ g @
X =x ®x.

We claim that the above decomposition is G»-stable, which means that X éa) is
a-independent for ¢ = 0 and for ¢ = 1. First of all, since G, normalizes both
G5 and 1'[%6_759, the action of G on X is well defined. The Q;-irreducible
submodules inside H§6_759 are 2%-dimensional indexed by the octads and G,
induces on the set of these irreducible submodules the natural action of M»4. In
terms of the Qg) /Z»-induced structure of 1'156.759, the Q»-irreducible corre-
sponding to O is the sum of the weight spaces IT(O, o) taken for all the 2° even

partitions of O. By the proof of (i), the weight spaces of every Q;”) / Zy-frame
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are contained in pairwise different Q»-irreducibles. If a and b are distinct ele-
ments of Zg, then an element of G, which conjugates a onto b maps every
Q9 Z,-frame onto a Q;b) / Z»-frame. On the other hand, the frames of levels
0 and 1 correspond, respectively, to triple octads with pairwise intersections of
sizes 4 and 0, respectively. The group G» inducing M»4 on the set of octads
preserves the intersection sizes. Hence the claim follows and we can drop the
superscripts (a) and write simply X¢ and X;.

Since the frames of level 1 are not frames with respect to the Q1/Z>-
induced structure and those of level O are still frames, we conclude that
G12/G% = 2 negates X and centralizes Xo. Since G2/G5 = S3 and since
X,s are proved to be Gr-invariant, we conclude that the whole of G,/ G‘E
centralizes X and induces on X an action of order 2. O

Let us now turn to the remaining ingredients of AGE (Cn(Zy)) correspond-
ing to the following decomposition of Crj(Z>) into G3-irreducibles

Cri(Zy) = M, @ Hé‘% 36 750-

aGZ#

Lemma 5.8.2 Let U be either 1'[%3 or Hg’% for some a € Zg. Then

dim(Ags (M3, 1591 U)) = 1.

26.759°

Proof. Since 1'[26 250 18 Q(“)/Zz induced while U is centralized by Q(a)
and because of (5. 6 3) all we have to show is that U appears once in the per-
mutation module of G5/Q> on the set of weight spaces in 1'[26 759° Without

loss of generality we assume that @ = z and identify G,/ Q(Z) = G2/ 01 with
the monomial subgroup F = EM = Cy| : M»4 of Coy. Subject to this iden-
tification, the stabilizer K of a weight space is a subgroup of index 2° in the
octad stabilizer

F(O) = EM(O) =2'1:2%: Aq.

This condition specifies K up conjugation in F, particularly K = 21+8 :

Ag. Since H(27)6 is induced from the linear representation of F with kernel
EpgyM{p,q}) (cf. (3.1.18 (vi)) and (3.1.19)), it is straightforward to invoke
the Frobenius reciprocity and to prove the assertion by showing that Cy/ (K) is
1-dimensional. ]

As a direct consequence of (5.8.2) and its proof we obtain the following:

Lemma 5.8.3 Every algebra from Ag; s (12 33) is Go-invariant. U

26. 759’
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Lemma 5.84 Each of Ags(Tlyy: To3) and Ag, (113 56, To3) has dimen-
sional 1.

Proof. Since the stabilizer in M»4 of a pair from P has 1-dimensional
centralizer in I1»3, the first assertion follows from (5.6.3). Thus the space
AGE (H§.276) is 3-dimensional and G,/G? = S3 induces on this space the nat-
ural permutation action. Since the centralizer of the action is 1-dimensional,
the second assertion follows. (I

Lemma 5.8.5 The following assertions hold:

(i) the Go-module H%,”ﬁ is Qz-induced;
(i1) there are precisely two Gy-orbits on the set of repers in I'I%b276 with
representatives R® and R such that R® < H;‘% for some a € Zg
and R("') N I'Ig;)ﬁ #0foralla € 7%;
(iii) both R and R are symmetric of plus type.

Proof. Notice that Qz, as a module for G» / Q> = Mba x S3, is the tensor
product of C1; and of the natural 2-dimensional module for S3 = GL,(2). By
the definition of H§_276 in (3.1.21 (vi)), a root p({p, g}, a) is determined by
{p.q} € Pandbya € Zg . The following are the only two cases where the
sum of two roots is again a root

e({p.q},a) +p(p.r},a) = p(q.r},a),
p(p,q}. @)+ p{p,q},b) = p({p,q}, 0.

These cases correspond to the repers R® and R?), respectively. This proves
(1) and (ii). The assertion (iii) is easy to prove making use of the fact that G,
splits over Q». (]

Lemma 5.8.6 The spaces Ag,(Cri(Z2)) and Ag,,(Cri(Z2)) have dimensions
13 and 22, respectively.

Proof. The dimensions in question can be calculated as sums of dimensions
of the relevant ingredients and the data and organized in the table below. A row
in the table corresponds to pair (V;, V;) of Gz-irreducibles in Crj(Z2) and a
column (except for the last one) corresponds to a further such irreducible Vi
so that the corresponding entry is the pair

(dim(Ag, (Vi, Vj; Vi), dim(Ag, (Vi, Vj: Vi))).

The last column indicates the total contribution of the ingredients correspond-
ing to the triples (V;, V;, Vi) and (V;, Vi, Vi) of Go-irreducibles (here V; and
V; are determined by the row, while Vj runs through the three irreducibles).
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The pair at the bottom right gives the resulting dimensions and it is the
componentwise sum of the pairs above it.

By (5.6.2), the triples (V;, V;, Vi) and (Vg, Vi, V;) make equal contributions
to the dimensions, therefore some information in the table is redundant.

Let us explain how the dimensions in the table come about. Since

]_[%3 = CH(QZ) and H%3 (&) H%.276 = C]'[(R2),

every G3-invariant multiplication is closed on 1'[%3 and on 1'[%3 @ H§.276, which
explains all the zeros in the table. The non-zero entries in the rows one to
six follow from (5.8.1 (iii)), (5.8.2), (5.8.4), (5.8.5), (5.8.4), and (5.6.4), res-
pectively. The second entry in the fourth row deserves a few further lines of

explanations. Recall that 1'[%6_759 and H% stay irreducible when restricted to

G12, while H%-276 splits into H%% = H§Z7)6 and Hé~2276 = I'IS% @ H(2y7)6. Under
the action of G 17, the G,-orbit of the reper R® splits into two orbits: the repers
contained in H%%6 and those contained in H%_2276; the reper R") stays symmet-
ric. Therefore, by (5.4.6) the G;-orbit of R® contributes 2 to the dimension
of Ag,,(Cri(Z2)). On the other hand, the action of G1; on the G,-orbit of the
reper R is transitive but the reper itself is no longer symmetric: its stabilizer
on G132 induces only the dihedral group Ds. It is easy to deduce from the dis-
cussions in Section 5.2 that the space of Dg-invariant multiplications on R(®)
is 3-dimensional. Hence the corresponding entry is in fact (2,5).

H§6.759 Hg-zm H%3 (dG,,da,,)
M0 Miose (LD (1,2)  (1,1) (3.4)
M 1500 M376 (1,2) 0,00 (0,0 (2,4)
M350 T3 (1,1 0,00 (0,0 (2,2)
M3 06 557 (0,0 25 (1,2 3.,7)
M3, I3 (0,0) (1,2) (0,0 (2.4)
n, n, (0,0) 0,00 (1,1 (1,1)

(13,22)

O

For H being G17 or G let By (Cr1(Z2)) be the sum of all the ingredients of

Ap(Cri(Z»)) except for Ay (Hééqsg) and for those involved in

() 2 2 2 2 . 2
A]—; (H26‘7597 H26.759a H23) = Z AH(U(H26,759)s 0(“26.759)a U(H23))~

(7683
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Lemma 5.8.7 For H being G 1> or Ga, let my— 1 be the restriction map of the
algebras from Ay (Cr(Z3)) to Hi(S)S' Then:

(i) ker(ma—10) = Ay (I3 ) ® A (I3 T2 T135);

(i) the restriction of my— 10 to By (Cri(Z2)) is an isomorphism onto
AG]QHH(H}(S)S)'

Proof. Recall that [Ty is the Q-orbit on I12 which corresponds to an

26.759
octad O. On the other hand, a Q>-reper in H§6.7 59 intersects three such orbits

(compare the proof of (5.8.1)). Therefore, A H(H§64759) is in fact contained in

the kernel of the projection map m2_,19. To prove (ii) we explore an analogy
between the pairs (G2/Z>, Cri(Z2)) and (G 1,2, I1}2).

HZ() H3.28 H7 (dG10,2’ dGlo,lﬂGlo.z)

Ty, I, (0,0) (1,2) (0,0) (1,2)
s, 308 (1,2) 0,0) 0,0) 2,4)
ITye, Iy 0,0) 0,0) 0,0) (0,0)
328, I328 (0,00 (2,5 (1,2) 3,7
3.8, II7 0,00 (1,2) (0,0 2.4
I7, I, 0,00 (00 (1,1 (L,1)

9,18)

Let G‘io’z and P be the images in GIO,Z of G5 N Gp and Q», respectively.
Then P = 21%!? with Z(P) being the image of Ry and if P is the im-
age of an) fora € Zg, then P@ is elementary abelian of order 27 p@
is normal in Gio,z’ and Gio,z/p(u) =~ 20 . Ag. The module [Ty affords a
faithful irreducible representation of the extra-special group P. It can be de-
duced from the basic properties of this representation that the C_ﬁ 0.2-module
My is P@_induced for every a € Zg. The roots are all the hyperplanes
disjoint from Z(P), in particular there are no repers. The stabilizer of a
weight space is an Ag-complement to P in Gio,z' The permutation module of
6‘10’2 /P@ =26 . Ag on the cosets of an Ag-complement has three irreducible
constituents of degree 1, 28, and 35. In particular, it does not involve IT7.
Therefore, Ag,ynu (I156, I17) = 0, and hence the kernel of 75_ ¢ is as stated.

If we put Hé’é) = H;‘% NI} for a € Z3, then the G{O’z—module Hg‘é) is
P® /7 (P)-induced for b € Zg \ {a} with weight spaces indexed by the 2-
element subsets of the octad O. It is easy to deduce from this description that
there is a single reper-orbit of Gio,z inside l'[gé). The G 10.2-module IT3.28 is
P /Z(P)-induced with two reper-orbits as in (5.8.5). With this information in
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hand, it is rather straightforward to make use of (5.5.3) and (5.6.4) to calculate
the dimensions of the ingredients of AG10 ) (H 5) and AGm NG, 2(1'[155) The
dimensions are organized into the above table. O

5.9 Producing A®

In this section we show that the space A®@ of G-invariant algebras on Cr1(Z1)
whose restrictions to Crj(Z,) are Gp-invariant has dimension 1. The most
important tool is the following consequence of the results established in the
previous section.

Lemma 5.9.1 Let x be a Gy-invariant product on Cri(Z,) whose restriction
to Cr1(Q10) projected onto H}(S)S is G1o2-invariant. Then x is Gy-invariant.

Proof. Let us represent x as the sum of a multiplication x4 from ker(2—, 10)
and a multiplication xp from the sum Bg,,(Cri(Z2)) of the ingredients not
involved in ker(n2_>10) This means that the product u %4 v is always con-
56,759 and it is non-zero only if u, v € 1'126 759, while the product
u *p v is contained in 1'[3 2765 D l'I23 whenever u, v € 1'[26 759° By (5.8.1 (i1))
and (5.8.3), the multiplication x4 is Gp-invariant (since it is Gz-invariant).
By (5.8.7), the mapping m>_, 1 establishes an isomorphism of Bg,,(Cri(Z2))
onto AGlo 106102(1'1125) and m>_.10 maps the subspace Bg,(Cri(Z2)) onto

tained in I12

AG. N 2(l'I 55) isomorphically. Therefore, xp is G,-invariant (since it is G12-
invariant by the hypothesis of the lemma). This implies that = itself is
Go-invariant and the result follows. O

By (5.5.2), AGIO(HISS) is 1-dimensional, and by (5.7.2) the mapping 110
is an isomorphism of A; onto Ag, (H%gs). Since AGIO(H%gs) is a subspace
of Ag,y, (IT}25), we put

AW = 771_>10(A610(H155))

Lemma 5.9.2 If x is a multiplication from A9, then the restriction of x to
Cn(Z») is Go-invariant.

Proof. Since A® is G-invariant, the restriction x> of x to Cpj(Z») is clearly
G 1z-invariant. On the other hand, the equality

T1—10(%) = M2~ 10(*2)

holds. Therefore, the restriction of %, to Cn(Qlo) projected onto l'I] 55 18
G10,2 invariant, since 7y, 19(*) € AGm(Hlss) by the definition of A® Now
the result is immediate from (5.9.1). [
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The main result of the construction accomplished so far is the following:

Proposition 5.9.3 The set of G1-invariant multiplications on Cri(Z1) whose
restrictions to C1i(Z,) are G-invariant coincides with A®, O

5.10 Expanding A@

By the result of the previous section, we have a 1-dimensional family A®
of G-invariant algebras on Cr(Z;) whose restrictions to Crj(Z;) are Gj-
invariant.

Let », be a multiplication from A@, let a be a 2B-involution in G, and let
g be an element of G which conjugates z onto a, so that Crj(a) = {g(u) | u €
Cri(z)}. Define a multiplication x5 on Cry(a) by the following rule

uxg v =g(g” (u)*; g~ (W),
where u, v € Cry(a).

Lemma 5.10.1 In the above terms, 5 is (gG gi1 )-invariant multiplication on
Cri(a) and %5 does not depend of the choice of g within the same left G1-coset.

Proof. Let i be another element in G which conjugates z onto a, and sup-
pose that 1~'g € G1. Applying 2~! to both sides of the defining equality of

*f}' , we obtain

s v) = h ' g(g () x, g7 (V).

Since 4~ !g is contained in G| and *, is G1-invariant, the right-hand side of
the above equality is equal to 2~ () », A~ (v), which is hYu *Z v) by the
definition of *Z. This proves both the independence and the invariance of x5. (]

Lemma 5.10.2 In the hypothesis of (5.10.1), suppose that a € Z§ and that
g € Gy. Then x5 does not depend of the choice of such g and the restrictions
of x; and *5 to Cr1(Z>2) = Cn(2) N Cri(a) coincide.

Proof. Since Cg,(z) = G1 N Gy, the left coset of G| in G containing g
is uniquely determined by the choice of a, which proves the g-independence
by (5.10.1). Since the restriction of x, to Crj(Z>) is G»-invariant, the second
assertion also follows. O

Lemma 5.10.3 In the hypothesis of (5.10.1), suppose that a € Zf and that
g € G3 U Gy. Then 5 does not depend on the choice of such g. Furthermore,
the restrictions of x, and x5 10 Cr(2) N Cr(a) coincide and are (thh’l)-
independent, where h is an element from G4 which conjugates x onto a.
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Proof. Letm € {3, 4}. Since Cg,,(z) = G1 N G, the left coset of G1 in G
containing g is uniquely determined by the choice of @ and m. If @ € Z3 and
both ¢ € G3 and f € G4 conjugate z onto a, then there exists k € G34 which
does the same. By the above and (5.10.1) we have

*g:*la{:*‘(,:

and the g-independence follows. The element / as in the hypothesis of the

lemma conjugates the pair (z, x) onto the pair (z, @). Hence 2! maps the pair
-1

(%2, *5) of multiplications onto the pair (x;, *f’;h ) and the second assertion

follows from (5.10.2). O

For a fixed multiplication +, on Crj(z) contained in A@, define a multipli-
cation = on IT by the following rule: whenever u, v € Cri(a) for some a € Zf
we put

wxv=uxgv=g(g ) g ()
for an element g € G3 U G4 which conjugates z onto a, and expand by
distributivity.

Lemma 5.10.4 The multiplication * is well defined on the whole of T1 and it
is uniquely determined by x.

Proof. By (5.10.3), » does not depend on the choices of gs. The space I1
contains a basis such that any pair of basis vectors is contained in Crj(a) for
some a € Zf. This follows from (4.5.2) and the obvious fact that in a G F(2)-
vector space of dimension at least 3, any two 1-subspaces are contained in a
common hyperplane (notice that the assertion is not be true for Z; in place of
Zy). Finally, if a, b € Zf, then there is an element g € G4 which conjugated
(z, x) onto (a, b). Then g maps (x;, *x,) onto (&, *i) and therefore %, and
coincide on Cry(a) N Cr(b) by (5.10.2). O

Lemma 5.10.5 The product x is preserved by every h € Gz U G4.

Proof. Let u, v € Cr(a) for some a € Zf. Then

h(u*v) =hg(g™ " (u) »; g (v)).

Let a be the g-conjugate of z, b be the h-conjugate of a, and let k be an ele-
ment from G4 which conjugates z onto b. Then k’lhg € G and by the G-
invariance of %, we have
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h(uxv) = k(k™ " hg) (g™ W) x, g7 (v)) =
Kk~ (h @) %, k™1 (R (0)))) = h(u) % h(v) = h(u) * h(v)

and the claim follows. O

Proposition 5.10.6 The G-invariant algebras on Tl form a 1-space and the
restrictions of these algebras to Cri(z) constitute A®.

Proof. By (5.10.4) for every algebra %, from A®, its expansion * is
(G3, Gg)-invariant. Since G; = (G;3, G;4) for i = 1 and 2, the multiplication
* is G-invariant. U

Next we formulate the principal outcome of the chapter.
Proposition 5.10.7 (G, I) is a Norton pair.

Proof. The appearance of IT in IT ® IT with multiplicity one follows from
(5.10.6). Since the multiplications in A are commutative, IT is contained in
S2(I0). Since IT is the unique minimal module which affords a representation
of a faithful completion of M, it is clearly self-dual. Since the bilinear form
which arranges the self-duality is symmetric, so is its restriction to [Tagg, say. [

The pair (IT, ), where * is a non-zero G-invariant algebra product on IT as
in (5.10.6), is called the Griess algebra. By (5.1.2), the trilinear form

(u, v, w) = (u*v,w)n

is symmetric and therefore the inner product (, ) is associative with respect
to the Griess algebra in the sense that

(uxv,w)q = (u, v*xw)p

for all u, v, w € I1 (compare p. 2 in [MNO93]).
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Automorphisms of Griess algebra

In this chapter we analyse the automorphism group A of the Griess algebra
(T1, x). We prove the crucial feature of A which is the equality

Calp(Z1) = ¢(G1) =2 .Co.

As a consequence of this equality, we deduce that ¢ (G) is a non-abelian finite
simple group. Thus, according to traditional definition, ¢(G) is the Monster

group.

6.1 Trace form

Let H be a (finite) group and let U be an H-module. In some cases we can
recover an H-invariant inner product from an H -invariant algebra structure on
U.Let

*: (U, V) > u*xv

be an H-invariant (bilinear) algebra multiplication on U. For a vector v € U,
define the adjoint transformation ad(v) associated with v by the following rule

ad(v) 1 u +— uxv.
Since « is bilinear, ad(v) is a linear operator on U'.

Definition 6.1.1 Let x be an H-invariant bilinear algebra multiplication on
an H-module U. The trace form on U associated with x is defined by

(u, v)y = tr(ad(u) - ad(v)),

where tr denotes the trace function on the set of linear operators of U and -
stands for the usual composition of linear operators.

149
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Lemma 6.1.2 The form (, ), is bilinear symmetric and H -invariant.

Proof. The result follows from the basic properties of the trace function
together with the H-invariance hypothesis. O

Lemma 6.1.3 Let x be a Griess algebra. Then the trace form is non-zero and
therefore up to rescaling it is the unique G-invariant one.

Proof. Since there are non-zero eigenvectors of adjoint transformations,
there are non-isotropic vectors and hence the form is indeed non-zero. (]

Lemma 6.1.4 Let V be an elementary induced H-module with every reper
being symmetric of plus type, let vy, ..., v, be a V basis of weight vectors,
and let x be an H-invariant multiplication on 'V such that v; x v; = Fvy
whenever v;, vj, and v span a reper. Then (v;, vj)« = 8;j 2m, where m is the
number of repers containing a given weight space.

Proof. The result is immediate by trace calculation in the given basis. [

6.2 Some automorphisms

By (5.2.1 (iii) (a)), S4 is the full automorphism group of (V;", x;). This is a
special case of the following result whose brilliant proof can be found in the
last section of [DG98].

Lemma 6.2.1 Let A, be the (n — 1)-dimensional Krein algebra associated
with the natural permutation representation of the symmetric group S,,. Then
Sy, is the full automorphism group of A, —1. (I

Let E be an elementary abelian group of order 2" for n > 3. Let H be the
semidirect product of £ and L = GL(E) = L, (2) with respect to the natural
action, and let V be an E-induced H-module. If Ey is an index 2 subgroup in
E, then L(Ep) = 2"! : L,_1(2) possesses an index 2 subgroup only when
n = 3 and in that case H contains two classes of L3(2)-complements fused in
the automorphism group of H. Therefore, for every n > 3 the pair (H, V) is
determined uniquely up to isomorphism.

In the above described situation, every hyperplane in E is a root and the
centralizer in V of every codimension 2 subspace from E is a symmetric reper.
By (5.4.7), (H, V) is a Norton pair and therefore up to rescaling V carries a
unique H-invariant algebra structure £,,. Notice that £, is commutative, £, =
(Vi", %4), while L3 possesses the following elegant description in terms of the
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Fano plane. With every point p of the plane we associate a vector v, and define
the multiplication x by the following rule

vp * vp = 0 while v, x v, = v, whenever {p, g, r} is a line.
Grigory Kobatyanski pointed out the following:
Lemma 6.2.2 Aut(£,) = Son.

Proof. The group H = AGL,(2) acts doubly transitively 2" -element point-
set of the n-dimensional affine G F(2)-space. By the uniqueness assertion, £,
is precisely the Krein algebra on the faithful irreducible constituent of the per-
mutational module, which coincides with the Krein algebra of the symmetric
group of the point-set. Now (6.2.1) applies. (]

Consider an arbitrary elementary E-induced H-module V. Let P be the
set of roots and L be the set of bunches of roots. Then (P, L) is a point-line
incidence system with three points per a line and if {v,, | p € P} is a basis of
weight vectors, then an H -invariant multiplication on V satisfies

Vp *x Vg = Epgry,

where ¢4, is non-zero only if {p, g, r} is a line. Recall that the universal
abelian representation group R of (P, L) has the following definition in terms
of generators and relations

R=(ep, peP| e?, =lep,eql =epeqer =1,p,q € P, {p,q,r} € L)
and notice that the dual group of E is a factor group of R.

Lemma 6.2.3 Let V be an E-induced H-module such that every reper is sym-
metric of plus type, and let x be an H -invariant algebra multiplication on V.
Let AE) be the subgroup in Aut(V, ) which stabilizes the decomposition of
V into E-eigenspaces and let A(()E) be the subgroup in A®) which stabilizes
every term in this decomposition. Then

(1) the dual of A(()E) is a subgroup of R;
(i) AB/AP < Au(p, L).

Proof. A non-zero H-invariant bilinear form (, ), on V can be recovered
as the trace form associated with . With respect to this form, E-eigenspaces
are non-singular pairwise perpendicular. The subgroup A(()E) preserving every
E-eigenspaces and the restriction of (, ), to it induces on the eigenspace an ac-
tion of order at most 2. Therefore, A(()E) is an elementary abelian 2-group and
its dual is generated by elements indexed by the point-set P. The restriction
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of x to areper R turns R into a (V3+, * )-algebra, whose automorphism group
is S4 by (5.2.1 (iii) (a)). In particular, A(()E) induces on R an action of order
at most 4 and hence the line relations of R hold in the dual of A(()E), prov-
ing (i). Since the product of two weight vectors can be non-zero only if they
correspond to distinct collinear roots, we also have (ii). (Il

6.3 Involution centralizer

Let = be the Griess algebra on IT and let A be the automorphism group of
(IT, %), which is the group of invertible linear transformations a of IT such that

a(u) xa(v) = a(u xv)

for all u, v € I1. By (6.1.3), A also preserves the associated trace form (, ),
on IT. Since % is G-invariant, ¢(G) < A. Let A, be the centralizer of ¢(z) in
A, where as above z is the non-dentity element of Z; = Z(G). Clearly, A,
contains p(G1) = 2L+24.C01. The central result of the chapter is the following:

Proposition 6.3.1 A, = ¢(Gy).

The proof of the proposition will be achieved in a series of lemmas spread
over the remainder of the chapter.

Lemma 6.3.2 A preserves the decomposition
1 1 1
=Tl ® I35, & Ty 02
of Il into G1-irreducibles.

Of course, A, preserves the centralizer-commutator decomposition of
with respect to the action of z, which means that A stabilizes both
Cn(Zy) = Mg ® M5 and [I1, Z;] =TI

1
|As] 24.212°

The separation of Hégg and H\lz_\zl is achieved via the following result:

Lemma 6.3.3 Let x; and (, ), be the restrictions to Cri(Z1) of x and (', ),
respectively and let (, )., be the trace form associated with ;. Then ( , ),
and ( , )., are not proportional. (]

It appears problematic to prove (6.3.3) without choosing a particular Griess
algebra among the scalar multiples and this is one of the reasons for introduc-
ing a more explicit version of * in the next section. Having such a version it is
very tempting to start using it and we do so already in this section, although
(6.3.3) will be proven only in Subsection 6.4.5.
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Since both Hégg and 1'1‘1[-\2| are irreducible under ¢(G1) < A, unless A,
preserves the decomposition
Cr(Z1) =My ® M5
it acts irreducibly on C(Z1) and preserves on it, up to rescaling, at most one
non-zero bilinear form. By (6.3.3), this is not the case and hence (6.3.2) follows
from (6.3.3) and the paragraph preceding it.

Lemma 6.3.4 The following assertions hold:

(i) A; preserves the decomposition of H\lz_\zl
(ii) Ca (M5 ) = Ca, (Cn(Z1));

(iii) the action of A, on Cr1(Zy) is isomorphic to ¢(G1)/¢p(Z1) = 224 . Co,.

into the weight spaces of Q1;

1_

1
Proof. Whenever u € 599 and v € I'I‘ Ao’

the product u * v is always

ol : : .l 1
in 1'[‘ [\zl..Therefore, there is a A;-homomorphism ¢ : 1,49 — End (1'[| [\2‘)
defined via

Y(u) v uxv.

By (5.6.3) (compare (6.4.7 (iii)) below), the weight spaces of Q1 in 1'1‘1[-\2| are
precisely the weight spaces of Im(y) and hence (i) follows from (6.3.2). By
(6.4.7 (i), Hégg is spanned by the squares of the weight vectors in H|1Z\2\’
which gives (ii). So A; acts on Crj(Z) as a subgroup of

1 _
Aut (M3 %5,)
which stabilizes the set of Q1-weight spaces. Let © be the point-line incidence
system of 222-triangles in A» and suppose that the incidence is via inclusion.
Then by (6.1.4), in order to deduce (iii) from (i) and (ii) it is sufficient to show
that A and Co; are the universal abelian representation and the automorphism

groups of ®, respectively. These two assertions are proved in Section 6.5 as
(6.5.2) and (6.5.3), respectively. U

The action of A, on C1(Z1) is now identified with ¢ (G)/¢(Z). Therefore,
in order to complete the proof of (6.3.1) it only remains to identify ¢ (Z;) with
the kernel of the action with.

Lemma 6.3.5 The group A, acts on Cri(Zy) with kernel 9(Z1).

Proof. By (3.1.21), [I1, Z»] is the only faithful irreducible constituent of
G» in TT (of dimension 3 - 24 - 2'1) and restricted to G3 it splits into the direct
sum of three irreducibles Cir,z,1(a), a € Zg of equal dimensions, so that
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[T, Zi] = Cin,2,1(x) @ Cin1,z,1(y) and Crin 2,)(z) = P M),
ReA3

Let K be the centralizer of Cr(Z2) in A;. In order to prove the lemma, it
is sufficient to show that K induces on [I1, Z>] an action of order four (thus
coinciding with ¢(Z7)). First we analyse the possibilities for the action of k €
K on Cin1,z,1(2). Since k centralizes 1'[599, it stabilizes every weight subspace
of Q1 in Cry(Zy). Since 1_\% is the complement to the hyperplane formed by
the elements of A perpendicular to x (x) = Y rep 2r+2A, by (6.2.3 (ii)) and
(6.5.2) k acts on Cr1,7,)(z) as a *1-scalar operator. By the obvious symmetry
on each Cjn1.z,1(a) for a € Z%, the action of K has order 2 and it only remains
to show that the action on the union of any two of the centralizers is faithful.
In order to achieve this it is sufficient to find a non-zero vector in Ci, z,1(2)
and a non-zero vector in C[ry, z,1(x) product to a non-zero vector in C[, z,1(y).
Since G3 induces on Z3 the full linear group GL(Z3), we can and will shift
the calculations into Cry(Z1) and show that for ¥ being a complement to Z; in
Z3 with Y# = {x, u, xu} there is a 222-triangle {j1, v, ji + v} in A, such that

(X)), w) = (x@),v) =1, (xw), ) = (x(x),v) =0.
We take
X() =Y 2r+2A, x(u) =Y 4r+2A,
reP reT
where T is a tetrad defining Z3 and put
B=3p— > r+2A b= 2r42A,
reP\{p} reO@

where O is an octad disjoint from p and intersecting 7 in a single element. It
is easy to check that all the imposed conditions hold. (I

6.4 Explicit version of A®

In this section (which comprises a few subsection) we produce a more explicit
description the module

Cri(Z1) = M9 & 1_[|1]\2|

along with certain G-invariant inner ( , ), and algebra %, products whose
restrictions to Crj(Zy) are G,-invariant.
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6.4.1 Jordan algebra on S2(A)

By (3.1.21 (iii)), if S?(A) denotes the symmetric square of A ® R, then
S2(A) = I} @ I}y, for a trivial 1-dimensional Coj-module IT;.

As in Section 1.8 we treat P as a basis of A ® R which is orthonormal with
respect to the form (, )a. Then SZ(A) has a basis consisting of the vectors

pli=p®p
taken for all p € P together with the vectors

(Pq): =p®q+q®p

taken for all 2-element subsets {p, ¢} in P. This basis will be denoted by S*(P)
and it is orthogonal with p? and (pq). being of the (squared) norm 1 and 2
with respect to the form (, ) $2(A) which is the tensor square of the form (, )
restricted to symmetric part.

The space SZ(A) can be considered as a G{-module with Q; being the
kernel and the action of G1/Q1 = Co; being the natural one (Cog acts on
A ® R and Z(Coq) consisting of the (£1)-scalar transformations act trivially
on the tensor square of A ® R). When restricted to the monomial subgroup
G12/Q1=E : M = Cyy : Moy, the basis S2(P) becomes monomial with

M &My = (p* | peP)
being the 24-dimensional permutation module of M»4 and

My = 1'1527)6 =((pg): | p,q € P.p #q),

coming with a monomial basis with respect to the E-induced structure.

The form (, ) establishes an isomorphism between A ® R and the dual
space (A ® R)*, while (A ® R) ® (A ® R)* can be treated as the space of
linear operators on A ® R. Therefore, we can identify S>(A) with the space of
linear operators on A ® R which are self-adjoint with respectto (, ). If L(s)
is the linear operator attached to s € S2(A) by the above identification, then
the action in the basis P is the following, where p, g,r € P and p # g

L(p2) ST 8yt
L((pq)z) :r > 8prq +3q.rp.

In these terms the 1-dimensional G-invariant subspace I consists of scalar
transformations so that
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I, = aZp2|aeR
peP

The subspace 1'[;99 is a G-invariant complement to Iy, formed by the self-
adjoint traceless operators on A ® R. In particular, l'[%99 is spanned by the
elements (pq). and p? — ¢? taken for all distinct p, ¢ € P. In these terms the
tensor square form can be redefined via

(s1,52) g2(py = tr(L(s1) - L(52)),

in particular the decomposition S>(A) = I1; @ Hé99 is orthogonal.

Define the Jordan multiplication x = *g2(5) ON S2(A) via

L(s1 % 52) = 2(L(s1) - L(s2) + L(s2) - L(s1)),
where 51, 52 € S?(A) and - stands for the usual composition of linear operators.
Lemma 6.4.1 The following assertions hold:
() if A1, A2, 1, 2 € A @R, then
A @2+ A2 QA1) * (11 @ 2 + 2 ® 1)

=2 Z Z A3—is p3—)A (i @ j + 1j ® Aj);
i=1,2 j=1,2
(ii) the following equalities hold:

PP xg* =38,,4p% p*x(pq). =2(pq), and

prx(gr), =0if p & {q,r);
(PQ): * (pq): = 4 (P> +q*); (pq); * (qr), = 2(pr), if ¢ # r and
(pq); x (rs); =0if {p, g} N{r,s} =0;

Proof. Since the right-hand side in (i) is linear in each of Ay, A2, u1, and
W2, it is sufficient to multiply the pairs of basis elements as is done in (ii). [

6.4.2 Structure of IT.
[Az]
In this subsection we discuss the G {-module Hllf\zl
inner and algebra products on it. The module being elementary induced
for Q1/Z) = A = 2°* possesses a direct sum decomposition H|li\2\ =
&P fich, IT(it). The quotient G1/ Q1 = Co; permutes the summands as it does

together with G-invariant

the elements of A,, while r € Q; stabilizes every summand IT(jt) centraliz-
ing or inverting it depending on whether (x (), 1) 3 is zero or not (3.1.7). This
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means that for 9 € Qp with x () = it € A», an element from G| which
centralizes ¥ centralizes I1(it), while an element which swaps ¢ and ¥z in-
verts I1(x). Therefore, ¢ and 9z can be assigned to a vector from IT(x) and
to its negative. In order to make this assignment consistent with the group ac-

tion, we consider I'I‘1 i, 352 quotient of the permutation module V of G| on
2

X_l (A,). If we consider X_l(z_\z) as a permutation basis of V, then Hlli\z\ is
the quotient of V over the subspace spanned by the sums ¢ + ¥z taken for
all ¥ € x~1(Ay). If 7() denotes the image of ¢ in n\li\zl under the natural
homomorphism V — Hllf\zl’ then

7(¥) = —m(9z)

as desired.
1

Let us now discuss the Gi-invariant inner and algebra products on l'[| Aol
2

The inner product can be defined simply by

1 if oy =0y

(n(ﬂl),n(ﬁz))n;ﬂ‘ 2{ 0 if (91,2) # (92, 2).

The following lemma is a reformulation of (5.7.1) and its proof.

1

_ |Azl
D, € X_l(Az) and suppose that the product w(91) * w(¥7) is non-zero.
Then the following assertions hold, where 11 = x(91), ia = x(¥2), and

i3 = L1 + fLo:

Lemma 6.4.2 Let x be a G-invariant algebra multiplication on T1 let

(i) i3 is contained in A, so that {ji1, iz, i3} is a 222-triangle;
(i) if 93 is the product of ¥ and ¥, in Q1, then x (¥3) = 3 and there is a
non-zero y such that w(91) * w(92) = ym (93);
(iii) the multiplication x is uniquely determined by the choice of y. O

Let *Hllj_\z‘ denote the multiplication in (6.4.2) corresponding to the choice

y = 1, so that for 91, 9 € x ~'(A») we have

m(9119%2) whenever %11, € X_l(z_\z);

7T (V1) *p1 ‘ 7 (92) = { 0 otherwise .

182

Since G/Z = 2%*. Coy is non-split, it is difficult to find a nice basis in H|1]\ |

2

consisting of weight vectors 7 (2). The situation improves when we restrict to
G 15 acting on x ! (Aé)’ since in this case the acting group

G12/RyZE(Cr1 ®Cr1): (Mg X 2)
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splits. The set x ! ([_\‘2‘) is contained in R, and the latter is elementary abelian
of order 2!3. When R, is considered as a module for M? /Ry = Moy, it is
isomorphic to the direct sum X @ Z;, where X = Ry/Z> = Cj, (cf. (2.3.3)).
Therefore, the intersection X_l(z_\é) N X is precisely the 276-orbit of Mp4 in
X indexed by the 2-element subsets of P.

Lemma 6.4.3 Let p,g € P with p # q and let ¥(pq) denote the
corresponding element in X_I(Aé) N X. Then:

(1) if {p,q,r}isa3-subset of P, then ¥ (pq)v(qr) = v (pr);
(i) {9(pqg). ¥(pg)z} = x~'(4p —4q + 2A) and
{0 (pg)x, 9 (pq)y} = x "' (4p +4q + 2A), where {z,x, y} = Z&.

Proof. Since X is a subgroup in Q1, (i) follows. Since (4p — 4q) + (49 —
4r) = 4p — 4r, the image of X_l([_\‘z‘) N X under y is

{4p =49 +2A | p.q € P, p # 4},
which gives (ii). [l
Lemma 6.4.4 Fora € Z, \ Zi, put

(P@)a = (@ (pq)) + 7 (D (pg)a).
Then {(pq)a | p.q € P, p # q} is a basis ofl'[g;)6 = Cl‘lé_zz%(Qéa)) consisting

of weight vectors with respect to the Qr-induced structure.

Proof. The vector (pq), is centralized by Qéa) and every element from Qg)

either centralizes or negates it. Hence the result follows from the dimension
consideration. (]

Lemma 6.4.5 If{p, q,r}is a3-subsetin P and a € Z> \ Zi, then
(P@a*p1. (gr)a =2(pra-

[Ag]

Proof. The result follows from (6.4.3 (i)) and the fact that a is an
involution. O

4.3 L ml. 2(A
6.4.3 Mz x Mz, = 5@

Define a bilinear multiplication %, on Hllf\z\ with products contained in S%(A)
by the following conditions, where 9, ¥’ € x ' (A3) and « is a parameter:

(@) (D) *q T(®') = O0unless ¥’ =¥ or ¥ = vz;

(b) T(V) %o T(V) = (0 ® ), where u € Ay and x (9) = u + 2A.
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Lemma 6.4.6 The following assertions hold:

(1) the operation =y is well defined and G -invariant;

(ii) every Gi-invariant multiplication on Hllixz\ with products contained in

Hégg is the projection of  for some «.

Proof. There are exactly two elements in A equal to x () modulo 2A and
they are negatives of each other. Hence the right-hand side in (b) is independent
of the choice of u satisfying the conditions and x,, is indeed well defined. Since
x is Gp-invariant, so is xy. By (5.7.1 (iv)), the assertion (ii) follows. O

6.44 (, ); and %,

Now we are well prepared to prove the following main result of the section:

Proposition 6.4.7 Let (, ), and x; be G -invariant inner and algebra products
on Cn(Zy) = Hégg &) Hlll_\z\ such that:

(a) the restrictions to C11(Zy) are Gy-invariant;

(b) the restriction of (, ); to 1'[;99 coincides with the restriction of the tensor
square form (, )32(1\)»'

(c) the projected restriction of x; to 1'[%99 coincides with that of the Jordan
algebra xg ).

Then

(1) the irreducible constituents of G| are perpendicular with respect to (, );

and the restriction of (, ); to H|11'\ | coincides with (, )1 : the weight
2 A1)

vectors w (%) have norm one and are perpendicular unless proportional;
(i) if 91,92 € x "' (A2), then

Tv)  if 919y € x (M)
s ® gy if w(91) = em(¥2) and
x(@01) = pu+2A for u € Ag;
0 otherwise

7T (D) *; T (P2) =

(where (L @ )99 denotes the projection of the tensor square of | to Hégg
and ¢ = *1);

(iii) if 9 € x Y(A2) with u = x () mod 2A and s € Hégg, then

(s, 0 ® M)SZ(A)
—_—lT

< ).

s %, T(D) =
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The products ( , ), and %, are the restrictions to Cri(Z1) of a non-zero G-
invariant inner product (, )11 and of a Griess algebra *.

Proof. By (5.10.6), the space of Griess algebras projects isomorphically
onto A@, while by (5.9.3) and (5.6.4), the latter projects isomorphically onto
Ag, (l'[é99). Therefore, %, exists and is unique (similarly for (, ),).

Let T = {p, q, r} be a 3-subset of P. Let S be the stabilizer of T in M, so
that Ry < S and S/Ry = PXL3(4) is the triple stabilizer in M‘S/Rz = My,.
Since G2/ Ry = (C11®C11) = (Ma4 % S3), we conclude that Ng, (S) induces on
Zg the symmetric group S3. Hence there is an element o of order 3 in N, ()
which commutes with S and induces the permutation (z, x, y). Then

o :(pq): = (pP@x, 0 :(qr); = (qr)x, o :(pr)z; = (prx.
Since (pq); has norm 2 with respect to (, )g2(5)» (Pg)x must be of norm 2

with respect to (, ).. By (6.4.4)

(pg)x = 7 (W (pq)) + 7 (¥ (pg)x)

and (i) follows. Comparing the product (pq); *s2(5) (gr); given in (6.4.1 (ii))

and the value of (pg),*1. (gr)y in (6.4.5), we conclude that foru, v € Hlll_\z\
[An]
the Hlll_\zlth projection of ux, v is precisely uxpi v, while by (6.4.6) the 1‘[;99-
[Ag]

th projection coincides with that of u x, v for some «. Hence it only remains to
determine «. This can be achieved by calculating (pg).*;(pq). and equalizing
the result with (pg); *xs2(p)) (Pq); = 4 (p% + ¢%). By (6.4.3 (ii))

x (D (pq)) =4p —4q +2A, and x (¥ (pg)x) = 4p +4q + 2A.
Since 9 (pq)¥ (pg)x = x & x ' (A3), we obtain

(PDx *z (PQ)x = T (pq)) *a T () + 7T (F(pq)X) % T (P (pg)x)
=a((dp —49) ® (4p —4q) + (4p +49) ® (4p +4q)) = a(32p* + 32¢%).

Hence o« = % as claimed. The associativity of ( , ), with respect to
*, implies (iii) (notice that the decomposition S2(A) = I & H£99 is
(s )g2(a)-orthogonal). O

Lemma 6.4.8 Let {a, b, c} = Zg andlet p,q € P with p # q. Then

(P@D)a *: (pq@)p = —4(pq)e.

Proof. Since *, restricted to Crj(Z7) is Gp-invariant, in the considered sit-
uation we have the full symmetry between the elements of Zg. Therefore, we
can puta = x, b = y, in which case
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(P@)x *; (pq)y = (w (P (pg)) + (¥ (pg)x)) *1 (w(@(pq)) + (W (pqg)y))
= (3 (pq)) + 7 (¥ (pq)x)) *1 (r (@ (pq)) — (¥ (pg)x))
(P (pq)) *1 7 (¥ (pg)) — (P (pg)x) *1 (3 (pg)x))

1
g((4p —4q) @ (4p —4q) — (4p +4q) ® (4p +4q))
=—4pR®qg+qg®p) =—4pq):.

Since (pq); is already in Il99, there is no need to apply the projection
mapping. O

6.4.5 Calculating traces

Here we apply the explicit version of (, ), and %, built up in the previous
section to prove (6.3.3). We achieve this by showing that (pgq), and (pq)y,
both of norm 2 with respect to (, )., have different norms with respect to the
trace form (, )y, .

Consider the centralizer-commutator decomposition of Cr(Z1) with re-
spect to x

Cn(Z1) =Cn(Zy) @ H;z).zll’

where IS | =Y A3 TTGD) (compare (3.1.8)).

Lemma 6.4.9 The operators ad(pq), and ad(pq), stabilize the commutator-
centralizer decomposition of Cri(Z1) with respect to x.

Proof. Since Cr(Z3) is closed under %, and contains (pg), and (pq)y,
it is clearly preserved by the adjoint operators. Since (pg); € 1'[;99 in the
case of ad(pq)., the assertion follows directly from (6.4.7 (iii)). Recall from
(6.4.4) that

(pg)x = T (P (pg)) + (¥ (pg)x),

where x (0 (pq)) = 4p—4q+2A and x (9 (pg)x) = 4p+4qg+2A. In view of
(6.4.7 (ii)) in order to prove the assertion it is sufficient to show that whenever
(A, 1,7} isa 222-triangle in A such that A =d4ptdg+2Aandfi € Z\_g the
vector v is also in A%. But this is true, since A% is the intersection with A, of
the complement to the hyperplane in A formed by the vectors perpendicular to

X() = 2p+2A
peP
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with respect to (, )z, since X is contained in that hyperplane, and since
{X, L, v}is aline. O

We have seen in the proof of (6.4.7) that G, contains an element o which
maps (pg); onto (pq)y. Since o stabilizes Crj(Z7), we have the following:

Lemma 6.4.10 The squares of ad(pq), and ad(pq), acting on Cri(Z3) have
equal traces. O

Next we calculate the traces on H;z).zll' Let A; be the set of Leech vectors

which are the images under the monomial subgroup Fy = Cj2 : Mp4 of the

vector
M =3p— Z r.
reP\{p}

The subgroup Eg = Cy of sign changes acts regularly on A% having 24 orbits
A" indexed by the elements of P, so that u € A") precisely when the rth
coordinate of x in the basis P is the one with the absolute value 3.

Lemma 6.4.11 Let € AV, i = pu + 2A and
Ve =L+ (4p +e4g + 2A)

fore = =x1. Then v, € 1_\% if and only_ifr € {p, q}, in which case ¢ is uniquely
determined by [i. Furthermore, v, € A®), where {r, s} = {p, q}.

Proof. The result follows from the fact that for A, © € Aj, the inclusion
X+ i € A, holds if and only if (A, u)x = £16. O

Lemma 6.4.12 For a € {z, x}, let t, be the trace of the square of ad(pq)a
acting on N ... Then:

24.211°
() t.=5-2"9and
(i) 1, =212,

In particular, (pq), and (pq) have different norms with respect to the trace

Sform of *.

Proof. Let ® be a subset of O such that B = {m(?}) | ¥ € ©} is a basis
of H(zit).zll' By (6.4.7 (iii)), the action of ad(pg), in the basis B is diagonal
with 7 () being multiplied by % or é—lt depending on whether or not x () €
AP’ U A (remember that the norm of (pg). with respect to (, )y is 2).
Hence

9 1 18 422
tz=—.2-2“+—.22.2“=L.2“=5.21°.

16 16 16
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By (6.4.11), the square of ad(pq), stabilizes () if x (1#) € AP U AD and
annihilates 7 (¥%) otherwise, which gives (ii). O

6.5 222-triangle geometry

In this section ® denotes the point line incidence system whose point-set is A»
and the line set is

(@D} [ a0 € Aoy h+ A+ =0)
(which is the set of 222-triangles in A). Our first objection is to identify the
universal abelian representation group of ® with A = A/2A. A machinery for

calculating representation groups was developed in [ISh02].
We start with the following preliminary result:

Lemma 6.5.1 Let (B, L) be a point-line incidence system, having octads as
points with a triple of them forming a line if and only if their sum in the
Golay code Cyy is contained in {@, P}. Then Cy; is the universal abelian
representation group of that system.

Proof. Let U be the universal abelian representation group. It is immediate
from the definition that Cy is a quotient of U. So in order to prove the assertion
it is sufficient to bound the order of U. For a subset S of B let U (S) denote
the subgroup of U generated by the elements of S (identified in the obvious
manner with the standard generators of U). Let O € B be an octad and let
B; denote the set of octads intersecting O in i elements. Then by the basic
property of the S(5, 8, 24)-Steiner system we have

Bg = {0}, |Bol =30, [Bs| = 280, |Ba| = 448.

Clearly, U (Bg) has order 2. Let Q be the set 15 octads refining a sextet. Apply-
ing the line relations and the well-known structure of the representation group
of the generalized quadrangle of order (2, 2) (compare Section 3.4 in [ISh02]),
we conclude that U(Q) has order 2*. This, together with (3.1.3) in [ISh02]
shows that U (Bp) has order 2%, while U (B4)/U (By) has order 2°. In order
to achieve the required bound we show that U ([3,) is contained in U (B4).
Consider a sextet O, 5 of whose refining octads are in B4 and 10 are in ;.
The existence of such a sextet can be seen, for instance, from the diagram
on p. 125 in [Iv99]. Since |U(Q)| = 24, the former 5 octads generate the
whole of U (Q). O

Lemma 6.5.2 A is the universal abelian representation group of ©.
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Proof. Let R be the universal abelian representation group of ©. Since A is
clearly a factor group of R, it is sufficient to show that the order of R is at most
224 For a subset E od A, by R(Z), we denote the subgroup in R generated by

the elements-generators contained in E. Put

A ={4p—4q+2A 1 p.qeP), AS={4p+4g+2A|p.qeP),

A3=1{>"2p+2A|0€B
peO

The required bound will be achieved in four steps:
Step 1. R(Z_\g_) = Cf,. The mapping
{p.q} = 4p —4q +2A

is easily seen to be a homomorphism of the even half of the GF(2)-
permutation module V>4 of the Mathieu group M»4 (which is the setwise
stabilizer of the basis P of A). Furthermore, the sum over an octad maps onto
the zero element of A. Hence the stated isomorphism follows directly from the
submodule structure of Vo4.

Step 2. [R(A3) : R([\;‘_)] = 2. Let A be a graph on
AT =A3\AS ={4p+4q+2A | p,q € P},

in which two vertices are adjacent if there is a line of ® containing them, whose
third point is in A;F. It is easy to check that A is connected which gives the
required equality.

Step 3. R([\%) /R(l_\g) = (C1;. We consider the quotient point-line in-
cidence system X whose points are the images in R([\%) / R([\g) of the
point-generators contained in 1_\3 and the lines are the images of those con-
tained in that set. By elementary calculations in the Leech lattice we show that
X is precisely the system in (6.5.1) and obtain the required isomorphism.

Step 4. [R : R([_\%)] = 2. The equality follows from the connectivity of the
graph on

A3 = A3\ (AJUA3),

where two elements are adjacent if they are contained in a 222-triangle whose
third element is in 1_\% U 1_\‘2‘. ([l

Lemma 6.5.3 The automorphism group of ® is isomorphic to Coy.
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Proof. The automorphism group in question is that of the short vector graph
A (cf. Section 4.11 in [Iv99]). The fact that Aut(®) = Co; is well known and
easy to prove. The local graph of A when the quotient over the equivalence
relation with classes of size 2, induced by the lines containing the distinguished
vertex, is the famous strongly regular graph on 2300 vertices having Co, as the
full automorphism group (cf. Table 10A1 in [Gri98]). (]

6.6 Finiteness and simplicity of ¢ (G)

Let (H, ¥) be a faithful generating completion of the Monster amalgam M,
so that H is a group and

v:M—>H

is a bijection, the restriction of ¥ to G; is an isomorphism for every 1 <i < 3,
and H is generated by Im(yr). We start with the following:

Lemma 6.6.1 Ler (H, ) be a faithful generating completion of M. Then
V(G NY(Gj) =¥(Gij) foralll <i < j <3.

Proof. As ¢/(G;) = G; and ¥(G;) N ¥ (G;) = ¥(G;;) since the com-
pletion is faithful, the only thing to be shown is that ¥ (G;) N ¥ (G ) cannot
contain ¥ (G;;) as a proper subgroup. But this is rather clear, since G;; is

maximal in G; (with index 3 or 7) and since G; does not contain subgroups
isomorphic to G ;. ]

Lemma 6.6.2 Let (H, V) be a faithful generating completion of M, and let
N be a proper normal subgroup in H. Then:

1) NNy (Gi) = 1foreveryl <i <3;
(i) ifYyn :a+— Y(a)N fora € M, then (H/N, ¥y) is a faithful generating
completion of M.

Proof. Making use of the following chief series of G;s

1<Z <01 <Gy;
1<ZQ<R2<Q2<G§<G2;
1 <Z3 <R3 <T3<Q03<G3<Ggz;
it is rather easy to prove the following assertion for every 1 <i < j < 3:let

M; be a non-identity normal subgroup in G;, let M; be the normal closure in
Gjof M; NG}, and let Ml.(l) be the normal closure in G; of M; N G;; then
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Mi(l) contains M; is a proper subgroup. This assertion can be used to prove
that whenever N contains Zj, it contains the whole of H. After that in order
to establish (i), it is sufficient to notice that Z; is contained in every non-trivial
subgroup normal in G5 or G3. The assertion (ii) follows from (i) and (6.6.1). [J

Lemma 6.6.3 Let (H, V) be a faithful generating completion of M such that

Y(G1) = Cy(¥(Z1)).
Then:

(1) H contains no non-trivial abelian normal subgroups;
(i) H contains no non-trivial solvable normal subgroup.

Proof. By considering the last term in the derived series we deduce (ii)
from (i). Let N be a non-trivial abelian normal subgroup in H. By (6.6.2),
N N Y (G1) = 1, and hence by the hypothesis the element v (z) (where z
is the generator of Z;) negates every element of N. Since ¥/ (Z;) contains
three H-conjugates of v(z) whose product is the identity element, this is
impossible. O

Lemma 6.6.4 Let (H, ) be a faithful generating completion of M such that:

(@ ¥(G1) =Cu(Y(Z1)) and
(b) H is an algebraic group.

Then H is a finite group.

Proof. By (6.6.3 (ii)) and (b), the group H is a reductive algebraic. There-
fore, ¥ (Z1) being an finite abelian subgroup in a reductive group is contained
in a torus 7. Since 7 is abelian, it centralizes ¥ (Z1) and by (a) the torus T’
must be finite. By a fundamental property of reductive groups, this implies
that the whole H is finite. (]

Lemma 6.6.5 Let (H, V) be a faithful completion of M such that:

(@ ¥(G1) = Cu(¥(Z1)) and
(b) H is finite.

Then H is simple.

Proof. Let N be a non-trivial normal subgroup in H. If the order of N
is odd, then N is solvable by the Feit-Thompson theorem and the asser-
tion follows from (6.6.3 (ii)). If |N| is even, then ¥ (Z;) normalizes a Sylow
2-subgroup S in N (since the number of Ss is odd) and v (Z1) centralizes a
non-identity element s in S (since the number of such elements is odd). Since
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N N Y (Gy) = 1 by (6.6.1 (1), (s, ¥(Gy)) properly contains ¥(G1) and
centralizes 1 (Z) contrary to (a). O

Now we arrive with the principal result of the section.
Proposition 6.6.6 The group ¢(G) is finite and non-abelian simple.

Proof. The automorphism group of the Griess algebra is clearly an algebraic
group. Since ¢(G1) = CyG)(¢(Z1)) by (6.3.1), we deduce the finiteness of
¢(G) from (6.6.4) and its simplicity from (6.6.5). O

Another finiteness proof due to Conway will be given in Section 8.6
as (8.6.5).
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Important subgroups

We continue with revealing the subgroup structure of the universal completion
G of the Monster amalgam M = {G1, G2, G3}. It was shown in Chapter 4
that G is also the universal completion of M enriched by G4, Gg), Gél), Gio,
and 2G,. The enriched amalgam can be described as follows: when X runs
through

G1,G2,G3,G4, G, GV, Gyo, and 2Ga,
Z(02(X)) runs through
71,22, 23, 74, 2, 29, Z19, and Y,

with |Z(02(X))| = 2/, where i is the subscript in the name of X. The sub-
groups Z(0>(X)) are contained in Zjo and, except for Y>, they are totally
isotropic with respect to the G 1g-invariant quadratic form « on Zg, and

Zi<Zy<Zy<Z24=2"nzZ",

while Y> is a minus line in (Zg, k). Furthermore, G4 = NG(” (Z4) and Gg) =
5

NGIO(Zgl)), while the remaining members of the enriched amalgam have the
following shapes

G ~ 25 .Cor, Gy ~22T1F2 (Mo x S3),
G3 ~ 23+6+12+18'(3 . S6 x L3(2)), th) ~ 25+10+20.(S3 x L5(2)),

Gio ~ 20710, (2), G, ~22.CE6(2) : 3.
In this chapter we enrich M further by adjoining

F3. =3 Fiyand Foy =2-BM

168
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where Fipy is the largest exceptional Fischer’s 3-transposition group, whose
index 2 commutator subgroup is a sporadic simple group and BM is the Baby
Monster sporadic simple group.

7.1 Trident groups

This appears to be the perfect place to put the construction of the group G-
accomplished in Section 2.4 into a general setting to include the three bases
subgroup from Section 1.11. The setting generalizes Section 4.5 of [Iv04].

Let H be a finite group, let U and V be a pair of faithful G F'(2)-modules
for H, and let

m:UxU—=YV
be a symmetric H-invariant mapping which satisfies the cocycle condition
m(uy +uz, u3) + mw(ur, uz) = mw(ur, uz + u3) + w(uz, u3)

for all uy, un, uz € U (this is a weakened version of the bilinearity condition).
The following result is standard (cf. Section 15.7 in [H59]).

Lemma 7.1.1 Let W(U, V, ) be the direct sum of U and V with addition
defined by

(i, v1) + (U2, v2) = (U1 +uz, vy +v2 +7w(uy, u2)).

Then W(U, V, m) is a G F(2)-module for H which is an extension of V by U.
The extension splits if and only if 7 is a coboundary. O

Put Sy = {(#,0) | u € U} and Sy = {(0,v) | v € V}. Then Sy is an
H-submodule in W(U, V, 7r) isomorphic to V, while Sy is an H -set isomor-
phic to U which maps bijectively onto the quotient over Sy. In what follows
when referring to an element (0, v) € Sy we simply write v. The addition
in W(U, V, ) is not closed on Sy whenever 7 is non-zero, although if =
is a coboundary, Syy can be always ‘shifted” onto an H -invariant complement
to Sy.

Let us now proceed with the main definition of the section. Let Q(“), o®
and R be elementary abelian 2-groups, and let

v WW, vV, ) > 09, x e {a,bland ¥ : Sy — R
be group isomorphisms. Let Q be a group satisfying the following:

(T1) Q@ = QWQ® with 9@W N Q® = R;
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(T2) the restrictions of (@ and ¥® to Sy coincide with ¥;
(T3) [y, v0), @ (o, v2)] = ¥ (w (w1, u2)) for all uy, u € U and
vy, v € V.

Lemma 7.1.2 The group Q satisfying (T'1) to (T3) exists and unique up to
isomorphism. Furthermore:

(i) Q is a?2-group of order |V| - |U|*;
(i) R<Z(Q), R=<[0,0Q0]and Q/R=U® U.

Proof. Since 7 is a cocycle, the result follows from the standard part of the
group extension theory. (]

The subgroups Q@ and Q™ of Q are known as dents. The third dent Q)
can be seen in the following way:

(1) observe that the product @ (u, v)y? (u, v) does not depend on the
choice of v;

(2) put v, v) = Y@ (u, 0)y® (@, 0)¥ (0, v);
(3) define Q© = (Y (u,v) |uecU,ve V).

Lemma 7.1.3 The mapping which sends (u, v) onto ¥ (u, v) for allu € U
and v € V is an isomorphism of W(U, V, ) onto Q(C).

Proof. It is straightforward to check using (T3) and the addition rule in
(7.1.1) that the composition in Q(© is controlled by the same cocycle 7
(compare the paragraph after the proof of (2.4.2)). ]

Next we discuss certain automorphisms of Q.
Lemma 7.1.4 Forh € H and s € Sym{a, b, c}, define

on s YO, v) B YO (@), h(v),

st U W, v) > YD @, v)

forall x € {a,b,c}, u € U and v € V. Then py and ps are commuting
automorphisms of Q, so that

@ 2 (h,s) = (pn, ps)
is a monomorphism of the direct product H x Sym{a, b, c} into Aut(Q).

Proof. The result follows from the defining properties (T1) to (T3) of O
together with (7.1.3). Notice that ker(¢) is trivial since U and V are faithful
H-modules. U
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A trident group is a group D containing Q as a constrained normal subgroup
(which means Cp(Q) < Q) suchthat D/Q = H x Sym{a, b, c}. The easiest
trident group is the semidirect product defined via the monomorphism ¢ as in
(7.1.4) we denote it by

DOOYH U, V, 7).

The superscript is reserved for various ‘twisted’ trident groups we are about to
introduce.

Since R is in the centre of Q, the subgroups H and RH acting via conjuga-
tion have the same image in the automorphism group of Q. This observation
suggests the first type of twisting. Let H* be an extension of V by H spec-
ified by an element « € H2(H, V) (so that @ = 0 corresponds to the split
extension) and let

DeOYH, U, V, )

be the partial semidirect product of H* x Sym{a, b, c} and Q over V < H?
identified with R < Q via an H-isomorphism. This is again a trident group.

In order to perform the second type of twisting, observe that RH acts on Q
via H, and hence every automorphism of RH which centralizes both R and
RH /R extends uniquely to an automorphism of DO (H, U, V, 7) central-
izing Q. Let V# be an H-module, which is an extension of V by the trivial
1-dimensional G F(2)-module, specified by an element 8 € H Y(H, V). Let
HP be the semidirect product of V# and H with respect to the natural ac-
tion. An element y € V# \ V acting by conjugation induces an automorphism
which centralizes both V and VH/V (y is not the identity whenever 8 # 0).
The partial semidirect product X of Q and H £ over R (identified with V) is an
extension of Q by

H x (y) x Sym{a,b,c} = H x2 x 83
and we define
DA (H, U, V, )

to be the subgroup of index 2 in X which contains Q.(H x Alt{a, b, c}) and
distinct both from Q.(H? x Alt{a, b, ¢}) and from DC-O(H, U, V, ).
Now we combine the above twistings to obtain

DYB(H U, V,n).

This is achieved by taking the ‘diagional’ index 2 subgroup in the partial
semidirect product over R of Q and H @) where the latter is an extension
of V# by H which contains H* as an index 2 subgroup, such that
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H@P j(vPNHY) =~ H x 2.
Now (2.4.2) and (1.11.2) can be restated as follows:

Lemma 7.1.5 Let G = G/ Z>, and let T be the three bases subgroup of Coy
as in Section 1.11. Then:

(i) G» = DD (Myy, Ci1, Cy. 1), where T 2 (u, v) > (uNv)*;

() T = DODSB. S, H, Uy, 0), where 0 - (u, v) — O (u + v) and ¥ is the
unique surjective mapping of H onto Ug which commutes with the action
of the hexacode group. [

7.2 Tri-extraspecial groups

In this section we review some results from [ISh05] on construction and char-
acterization of the tri-extraspecial groups. Let L = L3(2) = SL3(2), let V3 be
the natural 3-dimensional G F(2)-module for L, and let V;* = V3 A V3 be the
dual of V3. Fori € {0,1} = GF(2) let

i V3 x V3 — V5
be defined by 7; : (u, v) — i(u A v), and let
Wi = W(Vs, Vi, ;).
Since g is the zero map, Wg is the direct sum of V3 and V3*. We will make
use of the following cohomological data.
Lemma 7.2.1 The following assertions hold:

(i) the group H*(L, X) has order 2 for « = 1 or 2 and for X = V3 or V3*;
(i1) W61 is the unique indecomposable extension of V5 by V3;
(iii) H'(L, W}) has order 2.

Proof. (i) and (ii) are well known with the standard referencies being [Be78]
and [JP76]. The assertion (iii) is less famous but still very elementary (cf.
Lemma 4.4.3 in [Iv04]). O

For a € H*(L, Vi) let L* be the extension of V3 by L corresponding to
. Then L is the semidirect product with respect to the natural action, while
L' =23, 13(2) is the unique non-split extension.

Lemma 7.2.2 Let X“ be the partial semidirect product over V5 of W61 and L%
with respect to the natural action of L%/ V5* = L. Then the isomorphism type
of X% is independent of .
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Proof. The group XY is the semidirect product of W61 and L with respect to
the natural action. By (7.2.1 (i)) the factor group
X0 vz =23 152

contains two classes of L3(2)-complements, while by (7.2.2) there is only two
such class in the whole of X° and both of them intersect V3*L (compare (7.2.1
(i))). Therefore, X° contains the non-split extension L' = 23 . [3(2) which
proves the isomorphism X% = x1. O

Let Uy, be a 2n-dimensional G F (2)-space, let g be a non-singular quadratic
form on U,, of type ¢ = ¢e(q) (which is plus or minus), and let 8 be the
associated bilinear form. Define 7°(2n) as a semidirect product of L and a
group Q of order 237%" where Q is the product of groups Q®, one for every
ue Ufn satisfying the following:

(TE1) every Q™ is elementary abelian of order 2° normalized by L and
possessing an L-module isomorphism
l//(M) . Wg(”) N Q(M)’

where g (u) € {0, 1} is the value of ¢ on u;

(TE2) R = QD N Q™2 does not depend on the choice of the non-zero
vectors u1 and up from Uy, as long as they are distinct;

(TE3) there is an L-module isomorphism

¥ Vi >R

which coincides with the restiction of w(”) to V3* for every u € Ugn;
(TE4) if {u1, ua, u3} is a line of the projective space associated with Us,,, then

YU vy, )Y D (vg, )Y (v, v3) = 1

for every vy € V3, v5 € V5
(TES) [V (v, v3), ¥ (v2, v))] = ¥ (B(ur. u2) (v A v2)) for all
Ui, up € Ufn, v, v2 € V3 and vg‘, vj{ € V3*.

Since

quy +up) = q(ur) +quz) + Bur, uz),

the commutator relation in (TE5) shows that

Y2 s vy, v3) @0 (o, 0y D (v, 0) Y (v3).
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Therefore, if g is a linear transformation of U,,, which preserves the quadratic
form ¢, then the mapping

g = ¥ (v, v3) > W (v, v3)

is an automorphism of Q which commutes with the action of L. Hence there
is an isomorphism of the orthogonal group O (Uz,, g) = 0§n (2) into Aut(Q),
whose image is contained in C7e(2,,)(L).

The isomorphism type of 7¢(2n) depends on the type of ¢ rather than on g
itselt. In fact, let u € Ufn be isotropic with respect to g, so that

oW =wlz=vse vy

(as a module for L). By (7.2.1 (i)), L(y“™(V3)) = 23 : L3(2) contains an
L3(2)-subgroup L™ which is not in the class of L. Performing some elemen-
tary calculations in the trident group D(O’O)(Vg, V3*, 1), we observe that, if
w e Ufn, then Q(w), when considered as a module for L™, is isomorphic to

W W) Where

y(w) = g(w) + Bu, w).

Then y is another quadratic form on Uy, having 8 as the associated bilin-
ear from. Since u is isotropic, y and g have the same type. Finally, taking
various choices for # we obtain in this way all the quadratic forms whose
type is that of ¢ and having § as the associated bilinear form. This shows the
g-independence of 7¢(2n) and also the fact that Aut(7°¢(2n)) induces the full
automorphism group Sp2,(2) of the symplectic space (Uay, B). There is also
an automorphism of 7°¢(2n) which centralizes Q and permutes the two classes
of L3(2)-complements in RL = 23 : L3(2). This gives the full automorphism
group of T¢(2n) as calculated in [ISh05].

Lemma 7.2.3 The following assertions hold:

(1) Out(T*(2n)) = Sp2,(2) x 2;

(i) Out(T*(2n)) permutes transitively the conjugacy classes of subgroups in
T4 (2n) isomorphic to L3(2); the stabilizer of one of these classes is
isomorphic to 03, (2). O

The following characterization is the main result of [[Sh05].

Proposition 7.2.4 Let T be a group satisfying the following conditions, where
Q= 0yx(T)and R = Z(Q):

(1) T is a split extension of Q by L3(2);
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(i) Q/R is elementary abelian and each of the chief factors of T inside
Q/R is isomorphic to the natural module of T/ Q = L3(2);
(iii) R = 23 is isomorphic to the dual natural module of T/Q = L3(2).

Then T = T*(2n) for somen > 1 and ¢ € {+, —}. O

The following result served as one of the main motivations for introducing
the tri-extraspecial groups at the first place.

Lemma 7.2.5 Let X = O3(Y), where Y = 3 - Sg is the hexacode group
complementing G5 in G3, and let S = Ng,(X)/ X. Then:

(1) §/02(8) = G3/023(G3) = S x L3(2);
(i1) if T is the preimage of the L3(2)-direct factor of S/ 02(S), then
T=T"(4);
(iil) S is an index 2 subgroup in the automorphism group of T.

Proof. Since X is a Sylow 3-subgroup in 02 3(G3), (i) can be deduced from
the shape of G3 by a Frattini argument. The hypothesis of (7.2.4) holds because
of (2.8.8) and (2.13.1 (iv)), therefore T = T¢(4). By (7.2.4 (ii)), the centralizer
of an L3(2)-subgroup in the automorphism group of 7 is either O, (2) = Ss
or OI (2) = S35 57 depending on whether the type of T is minus or plus. By
(2.13.1), L3(2) can be found in the centralizer of an element of order 5 in S.
Hence T is of minus type. Finally, (iii) follows from (i) and (7.2.4 (i)). O

7.3 Parabolics in 211 . M4

By (2.14.1 (II)), the subgroup G is a partial semidirect product of Q@ =
02(G%) (whose order is 235) and M® = Z, x M® over the subgroup Ry =
Z(Q») of order 213 containing Z,, where MS =211 My, is the unique non-
split extension by M4 of the irreducible Todd module Cf,. The whole group
G is the semidirect product of G5 and an S3-subgroup which (i) acts faithfully
on Zg; (ii) centralizes a complement to Z5 in R»; (iii) acts fixed-point freely on
0>/R> = C11 ®C1y; (iv) normalizes M° inducing on it an outer automorphism
group of order 2.

In what follows, the symbol M? denotes the quotient M%/Z; as well as a
complement to T in Cg,(T), where T is a Sylow 3-subgroup in 02 3(G2)
which normalizes M% (R, = 02(1\718) in both cases). The group M? acts
naturally on the Steiner system (P, B) with R being the kernel.
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We are going to identify the isomorphism types of some important subgroup
in M including the sextet, trio, octad, pair, and triple stabilizers, whose images
of M? /Ry = M>4 are isomorphic to

26:3.8s, 20:(S3x L3(2)), 2*: Ag, M :2 and PEL3(4),

respectively. It follows from the action of G on the maximal parabolic
geometry mentioned at the end of Section 4.3 that

G2 = G2(S), G2NGY = Go(T), Giop = G(O),

where S, 7, and O are sextet, trio, and octad forming a flag in the Mo4-
geometry.

Lemma 7.3.1 Let S the sextet such that Go3 = G2(S). Then M*(S) =
23:”2.(24 :3-8¢). Furthermore:

() M%(S) is a semidirect product of O2(M®(S)) and the hexacode group
Y =3.8;
(i) if X = 03(Y), then [02(M?*(S)), X1 is an extraspecial group of order
213 whose Frattini factor is isomorphic to [Wa4, X] as a Y -module;
(iii) Co(X) = Vg = CCTI (X).

Proof. The shape M%(S) ~ 23r+12.24.3 - S6, the isomorphism types of the
chief factors of M?(S) and assertion (iii) follow from the isomorphism type of
M?(S)/R; and from the way M (S) acts on C1; (cf. (1.10.6)). Notice that in the
case of split extension Cy| : M»4, the Frattiti factor of the extraspecial group is
the direct sum of H° and H. By the choice of S we have M%(S)T = Cgo, (T).
Since T acts on Z» fixed-point freely, Z, = [T, Z3], which gives the equality

M*(S)T = Cg,(T).

Now in order to prove the lemma it only remains to identify 7" inside G3 and
to make use of the information on the structure of G3 in (2.8.8). It follows
directly from the shape of M?(S) that

M*(S)Cg4(R3/Z3) = Gs.

Since R3/Z3 is the only chief factor of G3 isomorphic to the dual hexacode
module H® and since this factor appears inside M’ (S), we conclude that T <
Cg,(R3/Z3). Since Cg,(R3/Z3)/ Q3 = L3(2), whose 3-part is of order 3, the
subgroup 7T is uniquely specified in G3 up to conjugation. Now the result is
easy to deduce from (2.8.8). The following observation simplifies the task even
further. If (u) = Cz,(T), then Cg,(T) is contained in Cg, (1) and the latter
centralizer is a conjugate of G 13 in G3. Therefore, (ii) follows from (1.10.8). [J
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Lemma 7.3.2 Let T be the trio such that Go N G = Go(T). Then
MY(T) = 23+12.(L3(2) X S4) and the preimage of the L3(2)-direct factor
is the tri-extraspecial group of minus type and rank 4.

Proof. By the choice of 7, since Z, = [Zgl), T]and Gzﬂth) = NG(,) (Zy),

_ 5
we have M3 (T)T = CG(') (T). The centralizer sz (T) is a complement to Z»
5 5
in th) and since Gg)/CGu) (th)) = GL(Zét)), the subgroups sz (T)and Z3
5 5

are th)-conjugate. Hence M%(7)T is a Gé’)-conjugate of Cq, (TN th) for
a subgroup T’ of order 3 in G3. Since T centralizes a complement to Z; in Ry,
it is easy to check that 7" is a Sylow 3-subgroup of 0> 3(G3) and the assertion
follows from (7.2.5). O

Lemma 7.3.3 Let O be the octad such that G192 = G2(O). Then M*(0) is
an index three subgroup in

C6,(T)/T ZDOV(Ko, 00, Qo A Qo, &) =258.(Ag x 83),
where & © (u, v) — u A v.

Proof. Because of the choice of @ we have M*(O)T < C:,(T) and
our nearest goal is to locate T inside Gjp = 2!9t16.Qf (2). Since T acts
fixed-point freely on Q»/R;, we have Cz,,(T) = Cg,(T) N Z1p. We know
that Cg,(T) is a complement to Z; in R, and, therefore, Cz,,(T) is a 6-
dimensional natural orthogonal module for K = Qg (2). Hence T stabilizes
a decomposition of Zj( into

Z& = Cz,,(T)and Z; :=[Zy0, T1,

where (Z7,, k) is a non-singular m-dimensional orthogonal space of type ¢ and
the summands are orthogonal with respect to the bilinear form associated with
k. Thus the image of T in G19 = G10/Q10 = Q7,(2) is specified. The index
of M®(0) in Cg,,(T)/T is three, since Z, is one of the three minus lines
inside Z . O
Lemma 7.3.4 Fori = 1,2,3 let Mi‘s be the stabilizer in M® of an i-subset in
the element set P of the Steiner system, so that 1\711.5 is an extension of Ry by

M>3, My :2and PXL3(4),

respectively. Then for i = 1 the extension does not split and it splits in the
remaining two cases.

Proof. We assume that the three i-sets are contained in the octad O as in
(7.3.3). Since the number of octads is odd while R; is a 2-group, by Gaschiitz
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theorem M 1‘3 splits if and only if so does M 1‘3 (0). Let K ; be the stabilizer of
the i-set in the complement Ky to Q¢ in M (O). Then K¢ ; is isomorphic to

A7, Sgand (3 x As) : 2
fori = 1,2, and 3, respectively. By (7.3.3) every dent in
[M?(0), M?(0)] = 2618 . Aq
when considered as a module for K¢ is isomorphic to
W(Qo, Qo A Qo,§) =[Q0.CT].

Therefore, the splitness question is reduced to decomposing the latter when
considered as a module for Ko ;. This amounts to some pleasant elemen-
tary calculations. Notice that W(Q o, Qo A Q@, &) is the G F (2)-permutation
module of K acting on the set of non-zero vectors in Q¢ factorized over the
subspace spanned by the characteristic functions of the hyperplanes. Finally,
since a Sylow 2-subgroup of M‘zs contains a Sylow 2-subgroup of M?¢, another
application of Gaschutz theorem saves the calculations for i = 3.
The original non-splitness proof for M? in (1.6.9) implies the following:

Lemma 7.3.5 The dodecad stabilizer in M® does not split over R».

7.4 3 - Fiz4-subgroup

Let X be a Sylow 3-subgroup of 02 3(G3) and T be a Sylow 3-subgroup of
02.3(G2) (recall that O 3(H) is the preimage in H of O3(H/O2(H))). Since

Gy ~ 22THH22 (Moy x S3) and Gy ~ 23FT6F12H18 (3. 60 % 13(2)),

both X and T have order 3. The following result could be inspired by the proof
of (7.3.2).

Lemma 7.4.1 The subgroups X and T are conjugate in Gg).

Proof. It follows from the definition of th) in the paragraph preceding
(4.1.4) that

Zy <73 < Z¥ < Ry < Ry.

Furthermore, Z, = [Z{’,T] = [Ry. T1by (2.3.1) and Z3 = C,(T) =
5
Cgr,(T) by (2.8.8). Since

dim(zY) = dim(Z») + dim(Z3),
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the centralizer-commutator decompositions of Z;t) with respect to X and T
have summands of equal dimensions. Since th) induces on Zét) the full linear
group GL(Zét)), the result follows. O

Let g = g7 x be an element in Gé’) which conjugates 7 onto X and let G§
denote the image of G, under g acting via conjugation, so that X is a Sylow
3-subgroup of 0 3(G5).

The following result was established in Sections 5.6 to 5.8 in [Iv99]
culminated in Lemma 5.8.8.

Proposition 7.4.2 Let I3y be the subgroup in G generated by Ng,(X) and
Ng,(X), where X is a Sylow 3-subgroup of O3 3(G3). Then:

(1) F34+/X is the largest exceptional Fischer 3-transposition group Fi>4 of
order

222.316.52.73 .11.13.17-23.29;
(i) F34 does not split over X. O

In this section we review the proof of (7.4.2) given in [Iv99] adopting it to
our current notations.

Lemma 7.43 Ng, (X)/X =212 :3.0,(3).22

Proof. The result is achieved via (a) identifying the image X of X in
G1/0Q1 = Coy; (b) calculating the normalizer of X in Coy, and (c) analysing
the centralizer-commutator decomposition of Q1/Z1 = A/2A with respect to
the action of X (cf. (4.14.9), (4.14.11), and (5.6.1) in [Iv99]). O

Lemma 7.4.4 Let N = Ngg(X). Then N = 21 (S3x May), N/ X =212 My,
is the unique non-split extension of CY, by M4 and N splits over X.

Proof. By (7.4.1), N = Ng,(T), so that the result is immediate from the
structure of G, exposed in (2.14.1 (I)) (compare (5.6.2) in [Iv99]). U

Lemma 7.4.5 Ng,(X)/X = 23T12.(Sg x L3(2)), the preimage of the L3(2)-
direct factor is the tri-extraspecial group T~ (4) of order 2V and minus type,
and Ng,(X) does not split over X.

Proof. The assertion is an extraction from (7.2.5) together with the obser-
vation that Ng,(X) contains the hexacode group 3 - S¢ which does not split
over X. O

Lemma 7.4.6 Ng,,(X)/X = 27%8.(Ag x S3) and Ng,,(X) splits over X.
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Proof. Since
N6io(25")/C610(25") = N (25)/ C o (2") = GL(ZS),

the element g7 , introduced after the proof of (7.4.1) can be chosen inside
G10. Therefore, the result follows from (7.3.3) and its proof together with the
observation that here we deal with the normalizer of X rather than with its
centralizer. The splitness follows from the triviality of the 3-parts of the Schur
multipliers of Ag and S3. (I

Define F34 to be the subgroup in G generated by the normalizers N4 (X)
taken for A equal to G1, Gg, G3, and Gqg.

Lemma 7.4.7 Let F3 be the coset geometry of Fzi/X with respect to the
subgroups N4 (X)/ X, where A runs through G1, G2, Gg, and G%. Then F34
is described by the following diagram:

O o o o o.
6 2 2 2

The nodes from the left to the right, with the leftmost fake node ignored,
correspond to the subgroups A in the above order.

Proof. The diagram of 73 was identified on p. 229 in [Iv99] by considering
a connected component of subgeometry induced by the elements fixed by X in
the tilde geometry G(G) defined in Section 4.2. (]

Starting with 34 another geometry, called 7', was recovered which falls
under T. Meixner’s characterization [Mei91] of extended polar spaces. Below
is an outline of how 7 was recovered.

Call the elements of F3, corresponding to the rightmost and the second
right nodes of the diagram points and lines, respectively, and denote by &
the collinearity graph of F3.. Then the vertices of @ are the (right) cosets of
Nge(X)/X in F34/X and two such cosets are adjacent whenever they inter-
sect a coset of Ng,,(X)/X. The group F34 acts naturally on @ by translations
as a group of automorphisms and if v is a vertex of ®, then its stabilizer
F34(v) is a conjugate of NG§ (X), in particular X is the kernel of the ac-
tion. An arbitrary element # in F34 can be identified with the subgraph ®[u]
induced by the vertices incident to u. Subject to this identification the inci-
dence is via symmetrized inclusion. The elements of the first, second, third,
and fourth types from the right of the diagram are realized by vertices, trian-
gles, 15-vertex collinearity subgraphs of the generalized quadrangle of order



7.4 3 - Fip4-subgroup 181

(2,2), and by 567-vertex subgraphs isomorphic to the collinearity graph of the
residual U4 (3)-geometry with the diagram

o O.
2 2 2

The elements of the forthcoming geometry 7 are also certain subgraphs in @
with the symmetrized inclusion as the incidence relation.

If u is a vertex of ® such that F3, (1)/ X = Ng,(X)/ X, then O(F34(u)/ X)
is the Todd module and the 24-element set P can be identified with the unique
24-orbit of F34(u)/ X on O2(F34+(u)/ X). Consider a chain

Al C Ay C A3 C Ay C P,

of subsets, where |A;| = i and identifyA; with the subgroup of order 2 in
O0,(F34+(u)/ X) generated by the elements of A; (considered as involutions
from the 24-orbit). Define ®; to be the connected component containing u of
the subgraph in @ containing all the vertices v such that

Aj = 02(F34(v)/ X)
(compare the paragraph before (5.7.7) in [[v99].)

Lemma 7.4.8 @4 is the Schlifli graph which is the collinearity graph of the
generalized quadrangle of order (4, 2) associated with U4 (2).

Proof. The assertion is (5.7.8) in [Iv99] and its proof is based on the fact
that @4 is contained in ®[v] for an element of type 4 in F34 such that the
unique non-identity element in

Z(02(F31.(v)/ X))
is the product of the four involutions in A4. O

The vertex u is contained in 759 triangles realizing the lines of F34 incident
to u. These triangles are indexed by the octads of the Steiner system (P, )
on P preserved by F34(u) and they are permuted naturally by the M»4-factor
group of F34; an element x € Oy(F34(u)), considered as a coset x + Cyp of
the Golay code Cy in 27 fixes vertex-wise the triangles whose octads intersect
x evenly and induces an action of order two on each of the remaining triangles
(compare (5.7.2) in [Iv99]).

Lemma 7.4.9 The valency of ®; is2-253,2-77,2-21,and2-5 fori =1, 2, 3,
and 4, respectively.

Proof. This is (5.7.7 (iii)) in [Iv99] and the valency of ®4 follows already
from (7.4.8). O
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Define 7 to be the geometry whose elements are the vertices and triangles
of @ which are the points and lines of 734 together with the images under
F34 of the subgraphs ®; for 1 < i < 4. The incidence is via the symmetrized
inclusion. It follows from (7.4.8) and (7.4.9) that 7 belongs to the following
diagram

and that the action of F3; /X on 7 is faithful and flag-transitive. The flag-
transitive geometries with the above diagram were identified by T. Meixner in
[Mei91] with those related to the Fischer group Fio4 (also denoted by M (24))
and with its triple cover 3 - Fo4. The Fischer group geometry can be defined as
follows.

The Fischer group Fiz4 being a 3-transposition group acts as a group of
automorphisms on 3-transposition graph X whose vertices form a conju-
gacy class of certain involutions (called 3-transpositions) in Fir4 and two
3-transpositions are adjacent in X if and only if they commute. The 3-
transposition property implies that the order of the product of non-adjacent
vertices is always 3. The centralizer in Fip4 of a 3-transposition is 2 x Fis3
where Fiy3 is a smaller Fischer 3-transposition group.

It is a basic consequence of the general theory of 3-transpositions groups
(cf. [F69], [F71], and [A97]) that X is strongly regular and that Fi4 induces
on ¥ arank 3 action (acts transitively on the adjacent and non-adjacent pairs
of vertices). The specific parameters of X are the following

n = 306,936, k=31,671, »=23,510, u = 3,240,

where n = |X| = [Fiz4 : 2 X Fip3] is the number of vertices, & is the valency
of a vertex, while A and p are the numbers of common neighbours of a pair of
adjacent and non-adjacent vertices, respectively.

Let ®4 be a maximal clique in X, that is a maximal set of pairwise
commuting transpositions. Then:

(i) |©24] =24;

(i1) the setwise stabilizer N4 of ®24 in Fia4 is the non-split extension of the
Todd module C}, by Ma4, the subgroup O2(Na4) is the vertex-wise
stabilizer of ®y4 in Fiyg, and Nag/O2(Nag) = Moy acts on ®o4 as on the
element set of the S(5, 8, 24)-Steiner system;

(iii) if ®g is a maximal subset of ®y4 with the property that ®»4 is not the
unique maximal clique containing it, then ®g consists of eight
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3-transpositions forming an octad and there are precisely three maximal
cliques in ¥ containing ®g.

Let ®; C ®, C ®3 C ®4 C Og be a chain of subsets such that |®;| = i
and let N; be the stabilizer of ®; in Fiy4. Then

Ny =2 x Fipz, Na = (2 x2- Fin).2, N3 = (2 x 22.Us(2)).S3,
Ny = 2171230 (U4(2).2 x 2) and Ng = 278, (Ag x S3).

Furthermore, Nyy = NG§ (X)/X and Ng = Ng,,(X)/X. The intersection of
any two maximal cliques in X, if non-empty, is the image under an element
from Fi4 of a clique ®; for some i € {1, 2, 3, 4, 8, 24}.

Let G(Fiz4) be a geometry whose elements are the images under Fio4 of the
cliques ®; fori = 1, 2, 3, 4, 8, and 24, let the type of an element be determined
by its size, and let the incidence be the symmetrized inclusion. Then Fi4 acts
on G(Fin4) flag-transitively and the diagram of G(Fis4) coincides with that of
7. The geometry G(Fiz4) possesses a triple cover G(3 - Finq) associated with
the non-central non-split extension by Fiz4 of a group of order 3. The group
3. Fip4 acts on a triple cover of the 3-transposition graph ¥ and the elements
of G(3 - Fiyg) are cliques in the covering graph. Now we are in a position to
state Meixner’s characterization.

Proposition 7.4.10 Let A be a geometry with the diagram

C*
O O O O—— 0
1 1 1 4 4 4

and let A be a flag-transitive automorphism group of A. Then one of the
following holds:

(1) A= G(Fiag) and A is either the Fischer group Fiag or its index 2
simple commutator subgroup Fi’,;
(i) A= G@3 - Fizg) and A is either 3 - Fiyg or 3 - Fié4. O

Some weaker characterizations were known before [Mei91] and some
stronger ones have been achieved afterwards (the relevant referencies can be
found in [Iv99]), but (7.4.10) fits perfectly our purpose.

Now it only remains to exclude three out of four options for (A, A) in
(7.4.10). Since the stabilizer of a maximal clique of X (respectively of the
covering graph of ) in Fi}, (respectively in 3 - Fi},) is C| - Ma4, rather than
CY, - Moy, the groups Fi}, and 3 - Fi}, are immediately excluded.

Suppose that F3/X = 3 - Fipa, so that the geometyry 7 is simply con-
nected. We reach a contradiction by constructing a triple cover of 7 on which
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F34+ acts faithfully. By (7.4.4) and (7.4.6) both the point and line stabilizers as-
sociated with the action of F3 on F34 split over X. Let u be a vertex of ® and
lett = {u, v, w} be a triangle in @ realizing a line incident to u. Let F34 (u)¢
and F34 (1) be complements to X in F34(u) and F34 (), respectively which
contain a Sylow 2-subgroup of F3 (u) N F34(t). Define 3. to be a graph on
the set of cosets of F34 (1) in F34 where two cosets are adjacent if they inter-
sect a coset of F34(¢)¢. Then 3.9 is a covering of ® and the action of F34 on
3. is faithful.

Let 3.3+ be the geometry whose elements are the connected components
of the preimages in 3.9 of the subgraphs realizing the elements of F3, with
the incidence defined via the symmetrized inclusion. Then 734 belongs to the
diagram

b

[ O
6 2 2 2
in particular the preimage in 3.® of the 15-vertex subgraph realizing an ele-
ment of the middle type is connected: it is the 45-vertex subgraph associated
with the hexacode group 3 - Sg. Since the stabilizer in F34 of a vertex from 3.9
is C{, - M24, we can apply the above procedure to obtain a geometry with the di-
agram as in (7.4.10) Since in this case the flag-transitive automorphism group
F34 contains a normal subgroup of order 3, (7.4.10 (ii)) with A = 3 - Fip4 is
the only option for (3.F34, F34). This completes the review of the proof of
(7.4.2) given in [Iv99]. Some further information on geometries of the Fischer
groups can be found in [Iv95].

7.5 2. BM-subgroup

In terms introduced in the heading to the chapter let Y| be a subgroup of order
2 in Y3, so that Y7 is a non-isotropic point in (Zjo, ). The main result of this
section is the following statement proved in [[v99] as (5.10.22).

Proposition 7.5.1 Let F> be the subgroup in G generated by Ng, (Y1) and
]VG2 (Yl). Then:

(1) Fay/Y) is the Baby Monster sporadic simple group BM of order
24313567211 13171923 - 31 - 47,

(i1) Fo4 does not split over Y.
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Here we review the principal steps in the proof of the above proposition
adapting them to the current notation. The idea of the proof is to identify F»4
with the unique faithful completion of the Baby Monster amalgam

BM = {Cg,(Y1), Cg,(Y1), Cg,(Y1)}.

The members of BM are the centralizers of Y7 in the members of the Monster
amalgam M. Since the latter has already been enriched, it is convenient to
work with enriched Baby Monster amalgam formed by the centralizers of Y;
in the members of the enriched Monster amalgam.

Lemma 7.5.2 The following assertions hold:

() Cg,(Y1)/Y1 =222 Coy;
(ii) Cg,(Y1)/ Y1 = 22H10720 (Aut(Myy) x S3);
(i) Cg,(Y1)/Y1 = 23.[2%2].(S5 x L3(2));
(iv) Cg,y(Y1)/Y1 = 27710 Spg(2);
(V) Cag,(Y1)/ Y1 Z22E6(2) : 2;
(Vi) Cpg (Y1)/Y1 =2 Fin.2 for some g € G and C o (YD)/ Y1 = Fiy
for some h € Gy.

Proof. Let 7 be the 4-subset of P which determines the sextet whose sta-
bilizer in G, is G»3 and let Q be the 3-subset in 7 which determines (Y>, Z;).
Then we may and will assume that

x(Y1) = (4p —4q + 2A)3,

where {p, ¢} is a 2-subset in Q. Then x (Cg, (Y1)) is the orthogonal comple-
ment of 4p — 4q + 2A with respect to the form (, )z, while Cg,(Q1)Q1/0Q1
is the stabilizer in Co; of 4p+44g+2A. Since the latter element is contained in
A, its stabilizer is the second Conway group Co,, which gives (i). In order to
establish (ii) notice that Y; is contained in the M°-invariant complement to Z»
in R,, isomorphic to Cj,. More specifically, Y; is the element in the 276-orbit
inside the complement which corresponds to {p, ¢}. Turning to (iii) notice that
Y1 is contained in the 3 - Sg-invariant complement to Z3 in R3 and it is in the
18-orbit of the hexacode group on the element-set of this complement. Since
Y1 is a non-isotropic point in the orthogonal space (Zg, «), its centralizer in
G 1o contains Q¢ and

Ca,y(Y1)/ Q10 = 09(2) = Sps(2),

which is (iv). Since Y| < 02(2G2), (v) is immediate from the isomorphism
2G, =22 CE¢(2)) : Ss.
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The subgroup F3 is generated by N, (X) and Ng, (X), where X is a Sylow
3-subgroup of 02 3(G3), so that X = O3(Fs,). By (7.4.1), there is g € G,
which conjugates X onto a Sylow 3-subgroup T of O3 3(G2). Therefore, T =
O3(F3g+) and

(F§, NG2)/T =Cfy - Maa.

As in the paragraph before(7.4.8) we identify P with the unique 24-orbit of
M>y4 in 02(F3g+ NGy)/T =Cj,andlet Ay C Ay C A3 C A4 C P be a chain
of subsets in P, where |A;| = i. Then, assuming that Y7 is generated by the
product of the elements in A, we deduce the first assertion in (iv) from the
isomorphism type of N given before (7.4.10). Without loss we can assume
that the unique element in A is

3p — Z r+2A.
reP\{p}

Since this is an element of A», the subgroup A is a G1-conjugate of ¥; and
the second assertion in (vi) follows. ([l

It is well-known and easy to check that A is an indecomposable Cos-
module, which shows that already Cg, (Y1) does not split over Y1, and therefore
gives (7.5.1 (i1)).

Since G1¢ contains Ggl) together with an index 3 subgroup of G(Z), while
the latter contains G4, we can easily deduce from (7.5.2 (iv)) that

Cas(V)/ Y1 ~ 21271 (La(2) X 2), Coo(M)/ ¥y ~ 27HOHDR L52),
The coset geometry of F, associated with
{Ca(Y)) | A =G1, G2, G3,Ga, GV}

is a rank 5 Petersen geometry with the diagram

o o
2 2 2 2 1
and essentially (7.5.1) is a consequence of the classification of the flag-
transitive Petersen geometries accomplished in [Iv99] and [ISh02]. In the Baby
Monster geometry case, the strategy is the following. We consider the action
of F»4 on the cosets of Ca, (Y1) = 22.2E¢(2) : 2 and define a graph structure
€2 on these cosets. It follows from (4.4.3) that

G1 N Cag, (Y1) = N, (Y2) N Cg, (V1) ~ 22.21720.U6(2).2



7.5 2 - BM-subgroup 187

is the preimage in 2G; of the stabilizer of an element of the leftmost type in
the action of >G» on the associated Fy4-geometry with the diagram

o— o0 5
2 2 4 4

(compare the proof of (4.4.4)). On the other hand, Cg 26, (Y1) Q1/Q1 =
Us(2) : 2 is an index 3 subgroup in the stabilizer in Co; of a 222-triangle. The
image x (Cg,r26,(Y1) N Q1) is the orthogonal complement of x (Y2) = 22,
while x (Cp, (Y1)) is the orthogonal complement of x (Y1) = 2. This gives the
following:

Lemma 7.5.3 The subgroup
(G1 N Cag,(Y)Co, (Y1) = 22.21720.2 x Us(2).2)
contains G| N Ca, (Y1) as a normal subgroup of index 2. O

Let €2 be a graph on the set of cosets of Cz, (Y1) in F24 in which two cosets
are adjacent if they intersect a coset of (G1 N C2,(Y1))Co, (Y1). Let w denote
Ca, (Y1) considered as a vertex of €2, and let €21 (w) be the set of vertices
adjacent to w in .

Lemma 7.5.4 The following assertions hold:

(i) Fay acts on Q2 as an edge- and vertex-transitive automorphism group
with kernel Y1 ;
(1) the valency of Q2 is 3, 968, 055;
(iii) the action of Fr(w) = 222F6(2).2 on Q1 (w) is similar to the action by
conjugation on the set of 2-central involutions in

Fay(w))/ Y2 =*E6(2) : 2

with centralizer 2_1:'20 1 U(2) 1 2;

(iv) the Cg,,(Y1)-orbit & of w is doubly transitive comprising of 120
vertices, and the subgraph in Q induced by E is complete;

(v) the subgraph induced by 21 (w) is isomorphic to the commutation graph
on the central involutions in 2E6 2).

Proof. The assertions (i) to (iii) follow from the definition of € together
with the well-known fact (cf. [CCNPW]) that the stabilizer in 2Eg(2) : 2 of
an element of the leftmost type in the associated Fs-geometry is a maximal
subgroup of index 3, 968, 055 which is the centralizer of a 2-central involution,
isomorphic to 2i+20 : Ue(2) : 2. To prove (iv) notice that

C619(Y1) N Fay (w) = Cg,,(Y2) = 2'971°.00(2) - 2,
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and that the action of Spg(2) = Cg,,(Y1)/Q10 on the cosets of ¢ (2) is well-
known to be doubly transitive of degree 120. Since Cg,, (Y1) > Cg, (Y1), the
orbit E contains an edge. Therefore, the subgraph induced by E is complete.
The set E \ {w} is a 119-subset of 2| (w) formed by the elements of the left-
most type in the F4-geometry incident to a given element of the rightmost type.
By the structure of the vertex-stabilizer in the action of F>4 on 2 we see that
for every u € 2 the subgroup Z(F>4+(u)/Y1) is of order 2 whose generator
we denote by ¢(u). By the structure of the edge stabilizer the involutions cor-
responding to adjacent vertices are distinct and always commute. By (iii), the
involutions ¢(u) taken for all u € 2 (w) are mapped bijectively onto the set of
2-central involutions in

2E6(2) : 2= Fay (w)/Ya.

The 2-central involutions in 2Eg(2) : 2 (or rather in 2E¢(2)) form a class of
{3, 4}-transpositions and two of them commute if and only if the correspond-
ing elements of the leftmost type in the associated F4-geometry are incident
to a common element of the rightmost type. By (iv) if # and v are vertices
from Q1 (w) such that (¢(u), t(v)) map onto a pair of commuting involutions
in Fo4 (w)/ Y2, then u and v are adjacent in €2. Thus (v) holds. O

The assertion (7.5.4 (v)) can be restated by saying that 2 is locally the com-
mutating graph of the 2-central involutions in % E¢(2). It was shown in [IPSO01]
that there exists a unique such (connected) graph. The characterization in the
context of the Monster amalgam can be achieved along the following lines.

It is one of the basic properties of 2Eg(2) : 2 = F>, (w)/ Y> that F>, (w) acts
transitively on the set of ordered pairs of 2-central involutions whose product
has order « for « = 3 and for « = 4.

Lemma 7.5.5 The group F>(w) has precisely two orbits 5253)(w) and
Qg‘)(w) on the set of vertices at distance 2 from w in Q. Furthermore, for
a=3ordandu e an)(w) the following hold:

(1) Foy(w) N Foi(u) acts transitively on Q1(w) N Q1 (u);
(i) («(w), t(u)) = Daq.

Proof. By the paragraph before the lemma, we obtain (i) together with the
isomorphism

(t(w), t(u), t(v))/(t(v)) = Dag

for every common neighbour v of # and w in €2. Since there are more than one
common neighbour, (ii) follows. U
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Lemma 7.5.6 Letu € Q5 (w). Then:

(1) the subgraph of 2 induces by 21(u) N Q21 (w) is the transposition graph
of the Fischer group Fix;
(1) [21(u) N Q(w)| = 3,510 and (Fo4 (u) N Foq.(w))/ Y1 = Fipn.2;
(iii) every vertex from Q1 (w) is at distance at most 2 from u in 2.

Proof. This is (5.10.10) in [Iv99]. The subgroup F>4(u) N Fr4+(w) can
be embedded into a conjugate of F3 as follows. Let a and b be a pair of
commuting transpositions in Fi_ as in (7.5.2(vi)) so that Ay = {a, b}, Y1 =
(ab) and

Cre ((a, b)) = 2% Fixn.2.
3+
Let ¢ be the element b conjugated by an element of order 3 in O3(Fég ), so that

the product ac is an order 6 element squared to a generator of O3 (Ff +), cubed
to the generator of Yy, and

CFi_((a, b))/ Y1 = Fip.2.
Now putting ¢(w) = a, t(u) = ¢ we achieve the required embedding. U

Let 2(Z;) be the subgraph in 2 induced by the images of w under the
subgroup Cg, (Y1) = 2.21++22.C02.

Lemma 7.5.7 The following assertions hold:

(1) Q(Zy) contains 4, 600 vertices and every orbit of Cg, (Y1) on Q(Zy)

has length 2;
(i) ifu € QZ1) \ Qi (w), then u € QY (w) and Foy (u) N Fay (w)
< Cg,(Y1);

(i) ifu € Q5 (w), then:
(@) [€21(u) N Q2 (w)]| = 648;
(b) (Far(u) N Fay (w))/ Y1 = 21720.U4(3).2%
(c) except for a 8, 064-orbit of Fr4+(u) N Fr4+(w), every vertex from
Q1 (w) is at distance at most 2 from u in Q.

Proof. These are extractions from lemmas (5.10.11)—(5.10.14) in [Iv99]. [
Lemma 7.5.8 The following assertions hold:

(i) the diameter of Q2 is 3;
(1) there is a unique F>1 (w)-orbit Q3(w) on the set of vertices at distance
3 from w and |23 (w)| = 23 113728,
(i) ifu € Q3(w), then [t(u), t(w)] = 1 and (Fr4+ (1) N Fo4(w))/
Y1 = Fa(2) x 22
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Proof. These are lemmas (5.10.20) and (5.10.21) in [Iv99]. O

Summarizing (7.5.4 (ii)), (7.5.6 (ii)), (7.5.7 (iii) (a)), (7.5.8 (i), (ii)) and the
parameters of the commutating graph of the 2-central involutions in 2 Eg(2),
we conclude that the number vertices in 2 is 13 571 955 000 and hence

[For/Y1| = [Fap(w)/ Y1 - 19|

is a in (7.5.1 (i)) which completes the proof of that lemma and also serves a
definition of the Baby Monster group.

7.6 p-locality

In this section we show that under the completion ¢ : G — G L(IT) the mem-
bers of the further enriched Monster amalgam become a p-local subgroup of
the image.

Proposition 7.6.1 Let H be one of the following subgroups of G
Gi1,G2,G3,GY, G10,2 G, Fay, Fay,

and let Z be the centre of O,(H), where p = 3 for H = F34 and p = 2 for
the remaining cases. Then

¢(H) = Ny(6)(9(2)).

Proof. If H = G, then Z = Z; and the result follows directly from (6.3.1).
If H = Gy, Gj3 or th), then Z = Z,, Z3, or th), respectively, in any case
Z is an elementary abelian containing Z;, and H induces on Z the full linear
group G L(Z). Therefore, the assertion follows from the equality H N G| =
Ng,(Z).If H = G, then Z = Zjo; the quadratic form « on Zj is defined
in terms of the classes 2A- and 2 B-involutions in G. These classes are clearly
not fused in ¢(G) and hence the image of « is preserved by Nyc)(¢(Z10)).
The subgroups Z;l) and th) are not conjugate in ¢(G), since otherwise they
would be conjugate in ¢(G1) = G1, which is obviously not the case. Hence
NyG)(¢(Z10)) induces on ¢(Zjp) the group QTO(Z) (precisely as Go does
on Zjo) and the assertion follows from the equality G1 N G190 = Ng,(Z10)
(compare (4.3.7)).

The cases when H =2 G», F34 or Fp4 are more delicate. By (6.3.1) we
know that ¢(H) contains the centralizer in Ny(G)(¢(Z)) of ¢(z), which is a
2-central involution in ¢(H)/¢(Z). From this information we can deduce that
@(H) is a strongly embedded subgroup in Ny(G)(¢(Z)) and reach a contra-
diction with Lemma 7.6 in [A94]. Alternatively, we can apply the following
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characterizations of 2 Eg (2) : 2, Fip4 and BM by their involution centralizers:
Theorem 9.1 in [A01], Theorem 35.1 in [A97], and Main Theorem in [Seg91]
(after 9(2G>) is identified with Ny(6)(¢(Y2)) the centralizer of a non-central
involution in Cy)(¢(Y1))/@ (Y1) is identified, which indeed makes [Seg91]
applicable). (]

As immediate direct consequences of the above proposition we have the
following.

Lemma 7.6.2 Let C be a cyclic subgroup in G containing Z1 = Z(Gy),
X = O3(F34) or Yy = Z(F»4). Then

Ny(6)(9(C)) = Ny (¢(C)) = Nu (C),
where H = G, F34+ or Fo4, respectively. O
A specific case of the above lemma is following.

Lemma 7.6.3 Let C be a cyclic subgroup of order 4 in Q1. Then
Ny(6)(9(C)) = 2% Cos.

Proof. The image of C under x : Q| — A is a I-subspace, which is non-
isotropic with respect to (, ). Therefore (identifying C with its generator)
we conclude that x (C) € A3 and the result follows from the basic properties
of the Leech lattice. U

According to [MSh02] every maximal 2-local subgroup of the Monster is a
conjugate of G1, G2, G3, Gg[), G1o, 2Gy, or F>4. F34 is a maximal 3-local
subgroup.

7.7 Thompson group

The classes of 3-elements in the Conway group Co; are known (cf. [CCNPW]
and Section 51 in [A94]). Considering the action of these elements on the
Leech lattice A, we can identify the corresponding centralizers in A = A/2A
and hence in Q. These calculations are summarized in the following lemma:

Lemma 7.7.1 The group G| = 2L+24.C 01 contains four classes of elements
of order 3. These classes are closed under inversion and the information about
the corresponding normalizers is given in the following table, where G| =
G1/01 = Coy, T = T Q1/01, xa(T) is the character on AQR of an element
T e Cog such that @Z(Coo)/Z(Coo) =T, and dy(T) = dimA®R(?), so that
dn(T) = $xa(T) +8.
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Class Ng, (T) xa(T)  da(T) Ng,(T)

3A; 3-Suz:2 —12 0 6-Suz:2

3B, 3%.Us(3).22 6 12 241232 y(3).22
3¢, 3w 2 -3 6 203 i2us0) 2
3D,  Agx S; 0 8 83 x218.4

]

Definition 7.7.2 The G-conjugates of a subgroup of type 3Dy in G| are called
3C-subgroups.

Recall some basic facts about the classes of elements of order three in M =
My (cf. Section 2.13 in [Iv99]). Let S be a sextet and 7 be a trio, in the Steiner
system (P, B), so that M(S) = 2 : 3. Sg and M(T) = 20 : (S5 x L3(2)).
Let s and ¢ be order 3 elements contained in Oz 3(M(S)) and Oz 3(M (7)),
respectively, and put S = (s), T = (¢).

Lemma 7.7.3 In the above notations the following assertions hold:

(1) M contains two classes of elements of order 3 with representatives s
and t;
(i) Ny (S) =3 - S is a complement to Or(M(S)) in M(S);
(iil) Ny (T) = S3 x L3(2) is a complement to Or(M(T)) in M(T);
@iv) CCTI (T) is 3-dimensional and its non-zero elements correspond to the
seven sextets refining T ;
(v) T acts on P fixed-point freely, while S fixes 6 elements;
(vi) Ny (T) permutes transitively the eight orbits of T on P with stabilizer
isomorphic to S3 x F73. O

Lemma 7.7.4 Let T be a subgroup of order 3 in Gy whose image in
G12/02(G12) = Moy is generated by the trio-type element t. Then T is
3Dq-subgroup in G and hence a 3C-subgroup in G.

Proof. Let M be the M>4-complement in the monomial subgroup C7, :
M>4 of Cog. Then M maps isomorphically onto Gg / 02(63), and acts on
A ® R as on the permutational module of the natural action on P. There-
fore, if 7 is an element of order 3 in Cog which maps onto a generator of
T 0(2,3(G2)/02,3;(G2) and yx is the character on A ® R, then x@® =0
by (7.7.3 (v)) and the result follows by comparing this equality with the third
column in the table in (7.7.1). ([l
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For the remainder of the section, 7" denotes a 3C-subgroup in G as in (7.7.4)
with generator . And D denotes the Dg-subgroup generated by T together
with the 2A-involutions inverting 7.

The following result can be easily deduced from (7.7.3 (iii)) by a Frattini
argument.

Lemma 7.7.5 Ng,(T)Ry = G2(7). O

The subgroup Zg) was defined in Section 4.1 as the preimage in R, of

the (sextet-pure) subgroup of order 2% in R, = C{; whose non-zero elements
correspond to the sextets refining 7 . Therefore, Z ;t) is centralized by T'.

Lemma 7.7.6 CG(,) (M) T = 25 . L5(2) (the Dempwolff group).
5

Proof. By the paragraph prior the lemma, by the structure of th), and by

a Frattini argument, C Gm(T) /T is an extension of Z;t) by Ls(2). The non-
5

splitness of the extension can be deduced from (7.3.2). O

Lemma 7.7.7 Let K =2G, N G,. The intersection of the class of 3C-
subgroups in G with K is a conjugacy class in K. The image of this class
inK = K/Oy(K) = Ug(2) : S5 is generated by a 3G-element t and

Nk(f) = 8§53 x Ly(8) : 3.

Proof. The subgroup G, N G is the preimage in G of the stabilizer in
Co1 = G1/Q; of a222-triangle (isomorphic to Ug(2) : S3) and the image of
2G» N Gy in the Mos-factor group is the stabilizer of a 3-subset in P (isomor-
phic to PX L3(4) = L3(4) : S3). Assuming that the 3-subset is a T -orbit, we
deduce that the image of NszmG12 (T)in 2G,NG 12/ 02 (2G2 NG p) is isomor-
phic to F73 x §3. Now the assertion of the lemma can be easily deduced from
the fusion patters of the 3-elements of L3(4) : S3 into Ug(2) : S3, where the
former is considered a Levi complement in the stabilizer of a maximal totally
isotropic subspace in the natural module. In its turn the fusion pattern can be
seen by restricting the rank 22 character of Ug(2) : S3. O

Lemma 7.7.8 For H =>G> N Gy, 2G>y, or Fs4, the class of 3C-subgroups in
G intersected with H forms a conjugacy class in H. If T is a 3C-subgroup in
H and D is the D¢-subgroup generated by T and the triple of 2A-involutions
inverting T, then:

() Cy(T)/T =2 x Ly(8) : 3 for H=2G,N Gy;

(i) Cu(T)/T Z3D4(2) : 3 for H =*G»;
(iii) Cx(T)/T = (3 x G2(3)).2 for H = Fs,.
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Proof. The assertion (i) follows from (7.7.7) and the fact that a 3G-element
in Ug(2) : S3 acts fixed-point freely on the exterior cube of the natural module,
which is

02(K)/023G2)Z) = 2%,

where K =2G, N G|. Since the intersection of Nsz(T) with the maximal
parabolic subgroup which maps onto the centralizer of a 2-central involution is
known by (7.7.7) (or rather by (i)), the assertion (ii) can be deduced from the
known description of the classes of order 3 elements in 2E6(2) : S3 [GL83].
Finally, (iii) can be deduced from the known data on the classes of order 3
elements in the Fischer group Fizs = F31/03(F3+) [A97]. In order to achieve
the identification it is helpful to apply (7.7.5) and the structure of G, to deduce
that the normalizer in F34/D of an elementary abelian subgroup of order 8
is the non-split extension 23 - L3(2). Alternatively, we can apply the amalgam
characterization of G;(3) from [HSO5]. O

The above achieved information on the normalizers of 7" in various members
of the enriched Monster amalgam is summarized in the table below.

H Shape of H Cuy(T)/T

Gy 21+ o, 2148 Ay

G2 22+11+22.(S3 X M24) 22+3+6.(L3(2) % 53)
G 25+10420 (74 (2) x S3) 25 - Ls(2)

2GoN Gy 222470.U06(2).55 2% Ly(8) : 3

Gy 2% (E6(2)) : 3 3D4(2) 3

F3y 3. Fiy (3 x G2(3)).2

Let T be a 3C-subgroup in G which is normalized by the central involution
of F»4+. Then the above collected information on the normalizers of T in the
members of the enriched Monster amalgam can be translated in terms of gen-
erators and relations, which enables us to apply the main result of [HSWO00] to
identify F3 with the sporadic simple group of Thompson.

Proposition 7.7.9 Let T be a 3C-subgroup in G inverted by the central involu-
tion of Fo. Let F3 denote the subgroup in F» generated by the intersections
with Fry of the subgroups Ny (T) N Foy taken for H = G1, G, Gg[),
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2Gs, and F3.. Then Fs is the sporadic simple group of Thompson, whose
order is

215.310.53 .72 .13.19. 31.
O

Since by (7.6.1 ¢(F>4) is the centralizer in ¢ of the central involution of
@(F>4), we also have the following.

Lemma 7.7.10 In terms of (7.7.9), we have

@(F3) = Cy(G)(p(T)).

7.8 Harada—Norton group

In this section we follow that the strategy similar to that implemented in
the previous section to analyse the 5A-subgroups in G, and to construct the
Harada—Norton subgroup in F>. We start with discussing the classes of order
5 elements in G1.

~

Lemma 7.8.1 The group G| = 2L+24.C01 contains three classes of ele-
ments of order 5. Every element is conjugate to all its non-trivial powers
(so that all order S subgroups are fully normalized in G1). The information
about the corresponding normalizers is given in the following table, where
G = G1/01 = Coy, S = SQ1/01, xa(S) is the character on AQR of an el-
ement s € Cog such that (5)Z(Cop)/Z(Cop) = S, and dp(S) = dimpgr (),

so that d; (S) = 2(xa(S) + 6).

Class NGI(S) xa(S) da(S) NG, (S)

5A1 (Do x J).2 —6 0 (D1g x2-J7).2

5B; (Do x (As x As).2)2 4 8 (Do x28.(A5 x A5).2).2
5¢, 51 iGLL5) -1 4 2SI GLys)

Definition 7.8.2 The G-conjugates of a subgroup of type 5By in G| are called
5A-subgroups.

In the following lemma we summarize the well-known and easily provable
properties of the 5-subgroups in Ma4.
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Lemma 7.8.3 The group M = M>4 contains a unique class of order 5 sub-
groups which are Sylow 5-subgroups. If S is such a subgroup with generator
s, then:

(1) S is fully normalized in M and
Nu(S) = (Ag x D10).2 = (54 x F§)T;

(ii) the cyclic type of s on P is 1*5%;
(iii) the sextet containing the tetrad fixed by S is the unique one stabilized
by S;
(iv) S stabilizes precisely four octads which are obtained by adjoining a
triple of fixed elements to a 5-orbit;
(v) both C¢,,(S) and Ccl*l (S) are 4-dimensional. ([l

Throughout the section, S denotes a Sylow 5-subgroup in G» which stabi-
lizes the octad O such that G>(O) = G, N Gg and the sextet S such that
G3NG(S) = G1(S), so that S is contained in G3 N G1p.

Lemma 7.8.4 The following assertions hold:

(i) Cg,(S)/S =23.22.2°.3 x L3(2));

(i1) Cg4(S) N Ry is elementary abelian of order 2’ containing Z3 = 23 and
Ng,(S) N Q3 induces on it the group generated by the transvections
containing Z3.

Proof. Since S is a Sylow 5-subgroup in G3, we assume that S is contained
in the hexacode subgroup ¥ = 3 - S¢. Every chief factor of Y inside Q3 is
isomorphic, up to duality, either to the 4-dimensional symplectic module for
Y/03(Y) = Spa(2) (on which S acts fixed-point freely), or to a hexacode
module Hg (in which S centralizes a 2-subspace). This gives (i), while (ii)
follows from the structure of G3 (compare Section 2.8). U

Lemma 7.8.5 In the notation adopted in the paragraph prior the lemma the
following assertions hold:

(i) Cg,y(S) is a non-singular 6-dimensional subspace of minus type;
(i1) S does not centralize non-identity elements in Q10/Z10 = 216.
(i) Cg,,(S) = 20.U4(2).

Proof. The conclusion comes from considering the action of S on the
chief factors of G5(O) = G5 N Gyo contained in 0»(G2) (compare Sec-
tion 4.3). Every such chief factor is either (a) trivial 1-dimensional; (b) natural
4-dimensional linear; or (c) 6-dimensional orthogonal module for L4(2) =
G5(0)/02(G3(0)). Such a chief factor contributes 1, 0, or 2 dimensions to
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the dimension of the centralizer of S in the cases (a), (b), and (c), respectively.
Since four 1-dimensional chief factors and a 6-dimensional one are contained
in Zjo, we obtain (i). On the other hand, every chief factor in Q19/Z is 4-
dimensional, which gives (ii). Finally, (iii) and the non-singularity assertion in
(1) follow from the classical description of the classes of 5-elements in QTO 2)
(compare [CCNPW]). O

If {p, ¢} is a pair in P fixed by S, then 4p + 4g + 2A is a vector in A,
fixed by S and the x-preimage of this vector is a 2A-involution centralized by
S. Such an involution can be found in the L3(2)-invariant complement to Z3
in Cgy(9).

Lemma 7.8.6 Let Y| be an order 2 subgroup in the L3(2)-invariant comple-
ment to Z3 in Cg,y(S). For H = Gy, G3, or Gy, put

O(H) = (Cy(S)NC Y1)/ Y.
Then:

(i) ®(G1)/S =[2°].8s;
(i) ®(G3)/S =43 : L3(2);
(iii) ®(G10)/S = 2% : Ss.

Proof. Since Y] is easily seen to be contained in 02(Cg,(S)), (i) follows
from the basic properties of extraspecial groups applied to the structure of
Cg, (S). The assertion (ii) can be deduced from a description of the structure
of G3 given in Section 2.8. Finally (iii) is immediate from (7.8.5 (iii)), since
U4(2) = Q¢ (2) acts on the non-zero vectors of its natural module with two
orbits with lengths 27 and 36 formed by the isotropic and non-isotropic vectors,
respectively, and with stabilizers isomorphic to 2* : A5 and Sg, respectively. (]

Lemma 7.8.7 The following assertions hold:

(i) Cpyy (8)/S =3 x Ao,
(ii) Cp,, (8)/S =2-HS, where HS is the Higman—Sims sporadic simple
group.

Proof. The assertion (i) follows from the 5-local structure of the Fischer
group Fo4 (cf. [A97]). To prove (ii) we have to show that the subgroup ® in
the Baby Monster group F>4+/Y; = BM generated by the subgroups ®(H)
as in (7.8.6) for H = G, G3, and Gy factorized over S is isomorphic to
the Higman—Sims group. First of all, considering possible intersections of a
normal subgroup in ® with ®(H)s, it is easy to show that ® must be a simple
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group. Then [JW69] and [GH73] can be applied to characterize H S just by the
structure of ®(G1)/S and ®(G19)/S, respectively. (I

I believe that the following is true.

Conjecture 7.8.8 The Higman—Sims group HS is the universal completion
group of the amalgam

{®(H)/S | H=G1,G3,Gro}-

H Shape of H Cu(S)/S

Gi 21%.Co 2178 (As x As).2
Gs 23+6+12+18’(3 - Se x L3(2)) 23+2+6‘(3 x L3(2))
Gy 2'9716.91 2 20.U4(2)

F3y 3-Fiyy 3% Ag

Foy 2-BM 2-HS

The obtained information on the structure of the centralizer of S in various
members of the Monster amalgam is gathered in the above table. The first and
the last rows in that table allows us to apply the main result of [Seg92] to obtain
the following:

Proposition 7.8.9 Let S be a 5A-subgroup in G inverted by the central involu-
tion of Fo. Let F5 denote the subgroup in F» generated by the intersections
with Fr4 of the subgroups Cy (S) N Fay taken for H = Gy, G3, G1o, and F34..
Then Fs is the sporadic simple group of Harada and Norton, whose order is

215.310.53.72.13.19.31.
O

The obvious analogue of (7.7.10) holds in the situation discussed in this
section.
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Majorana involutions

8.1 196 883+1=196 884

It was the starting point of the Monstrous Moonshine when J. McKay noticed
that the degree of the minimal faithful representation of the Monster (in charac-
teristic zero) plus one is precisely the linear coefficient of the modular invariant
J(q). This can be taken as an explanation that calculations in the Griess algebra
are easier to perform in the space I1 @ I1; (where I1; is a trivial 1-dimensional
G-module). This has already be seen in Section 6.4, although we did not ad-
join the 1-dimensional subspace to IT in that section since it would spoil the
uniqueness aspects and we are adjoining it now. Thus in what follows, %, is the
algebra on

2 1
Se I—Ili\z\

such that the restriction to S2(A) is the Jordan algebra and the restriction
to S2(A) @ Cr1. (Z2) is Go-invariant. Thus the algebra is as described in

IA,]
Section 6.4 with the wording ‘projected to the subspace Hégg of SZ(A)’
suppressed. Similarly, ( , ). is the inner product on S*(A) @ Hlli\z\’ whose
restriction to S?(A) is the tensor product form on this space and the restric-
tion to the centralizer of Z; is Gj-invariant. The inner ( , ) and algebra
products are (, ), and , respectively expanded to the whole of IT & I1; via
G-invariance. Hopefully, the fact that the old notation will be used for the new
substance and that the » will still be called Griess algebra will not cause too

much trouble. The following assertion is easy to check:

Lemma 8.1.1 For the 196 884-dimensional Griess algebra x and inner (, )
products, the following assertions hold:

(1) (, ) is positive definite associative with respect to % in the sense that
(u,v*xw) = (u*v,w) forallu,v,w € I & Iy,
(ii) the trilinear form (u, v, w) — (u, v * w) is symmetric. O

199
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8.2 Transposition axial vectors

In this section we analyse idempotents in the Griess algebra and show that
the subgroup F, stabilizes in IT a unique 1-dimensional subspace formed by
the scalar multiples of an idempotent. We start with the following elementary
general statement:

Lemma 8.2.1 Let (V,0) be a commutative algebra, let x,y € V satisfy
x o x=x (so that x is an idempotent), y oy = x, and x oy = y. Then
%(x — y) is an idempotent.

Proof. The result follows from the equality (x — y) o (x —y) = x o x —
2xoy+yoy. O

Lemma 8.2.2 For a subset S of P, the element 2% > pes p? is an idempotent
with respect to the Jordan multiplication on S*(A).

Proof. The subspace in S?(A) spanned by the elements p> = p ® p taken
for all p € P is the permutation M»4-module and the Jordan product on it is
the Hadamard product multiplied by four. O

Lemma 8.2.3 If1 € A R, then
AN * (@A) =22 (h, A A ®A).
Proof. The result is immediate from (6.4.1 (i)). (Il

Lemma 8.2.4 If{p, q} is a 2-subset in P, then the element

a = 5"+ = (0~ (pa)e — (pa)y)
is an idempotent of the Griess algebra.
Proof. By (6.4.4) we have
(Pq)x = (@ (pq)) + 7@ (pg)x), (pq)y =D (pq)) + 7@ (pq)y),

where (9 (pq)x) = —m (W (pg)y) and x(w (¥ (pq)) = 4p — 4q + 2A,
therefore

A®A  w(P(pq))
a = —
28 23 ’
where A = 4 p —4q. Thus the assertion follows from (8.2.3) and (8.2.1) applied
with

AQA
X =

and 7@ (pq))
27 YT TR
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(compare (6.4.7 (ii)) remembering that the projection to the 299-subspace is
suppressed). O

Lemma 8.2.5 If Y| = (9 (pq)), then the vector a in (8.2.4) is Foy-invariant.

Proof. Since 9 (pgq) is a 2A-involution contained in Q1, it generates a G-
conjugate of Y7. From the shape
A@r  w(@(pqg))
a= —
28 23
given in the proof of (8.2.4), it is clear that a is stable under Cg, (Y1). On the
other hand, the shape of a given in the hypothesis of (8.2.4)

)

a= i(1!92 +4% = (p@): — (PDx — (PQ)y)
24 ¢ * Y

shows that it is centralized by an order 3 element in G, which commutes with
M? modulo R, and permutes {z, x, y}. Hence a is also stable under Cg, (Y1)
and the result follows, since F> = (Cg, (Y1), Cg,(Y1)). U

Lemma 8.2.6 Every vector in Il centralized by F,y is the projection of a
scalar multiple of a.

Proof. Let b € Il be a non-zero vector centralized by F>4 and assume
that Z(F>4+) = (9(pgq)). Since F,4 contains Z; and the latter acts fixed-
point freely on [I1, Z;], the vector » must be in Cj(Z1). Since x (Q1 N Fay)
is the orthogonal complement of x (Y1), the only weight subspace of Q1 in

1'1‘1[\2| centralized by Q1 N F>4 is the one containing 7 (¥ (pgq)). Therefore,
1

the projections of a and b onto 1'[| A,
induced by Cg, (Y1) on 1'[599 is isomorphic to Co, and it is easily seen to
centralize a single 1-subspace, namely the one spanned by the projection of
(4p —4q9) ® (4p — 4q). This shows that the projections of a and b onto 1'[;99
also span the same 1-subspace and also that Cr(Cg, (Y1)) is 2-dimensional.
The projection of u ® w onto 1'[%99 is not stable under Cg, (Y1), which gives
the result. O

, Span the same 1-subspace. The action

8.3 Spectrum

The G-conjugates of the generator ©*(pgq) of the centre of F>4 are the 2A-
involutions also known as transpositions and the vector a in (8.2.4) is called
the axial vector of ¥ (pq). The axial vector a () of an arbitrary 2 A-involution
¥ in G is the image of a under an element in G which conjugates ¥ (pq)
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onto ¥. We are aiming to show that a(¢}) uniquely determines the action of
on the Griess algebra by calculating the spectrum of ad(a(¥)). To achieve this
we identify the subalgebras in the Griess algebra generated by pairs of axial
vectors corresponding to 2A-involutions contained in Q1.

Let ¥ be a 2A-involution in Q. Then by the proof of (8.2.5) and because of
the transitivity of G| on the set of such involutions we have

AQA ()
238 - 23 7
where A € As and x () = A + 2A.

a(®) =

Lemma 8.3.1 Let 9 and 6 be 2A-involutions in Q1, let ) and | be vectors
from A such that x (9) = L + 2A, x(0) = u + 2A, and assume without loss
that (A, p)a < 0. Then 0 is contained in one of five Cg, (V)-orbits specified
by the following:

1) 6 =9,

(i) 0 =vz;
>iii) 96 is a 2B-involution other than z and (A, p)x = 0;
@iv) 960 is a 2A-involution, (A, u) = —16 and A + n € Ay;
(v) 90 isadA-element, (A, u) = -8 and » + 1 € As.

Proof. Unless 7 (¢}) and 7 (@) are proportional, there is always an element
in Q1 which centralizes 7 (¢}) and negates 7 (6). Therefore, the result follows
from the well-known information on the action of Co; on A3 (cf. Section 4.11
in [Tv99]). (I

We adopt (8.3.1 (v)) as the definition of the class of 4A-elements in G.
In order to maintain notation invariant under rescaling of the inner product
for u, v € I1 & Iy, put

_ (w,v)
(vfu) = '

which is the cosine of the angle formed by u and v in the most important case
when their lengths are equal.

Lemma 8.3.2 Let ¥ and 6 be 2A-involutions in Q1. Then

1 1
(a(®@)|a@)) =1, 5, 0or 2—5

depending of whether 960 is of type 1A, 2A, 2B, or 4A.

Proof. We have

AL w() uw@u m)
0(0)22—8—2—3, a(@): 28 —2—3
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If 7 (¥) and 7 (#) are not proportional, they are perpendicular and

1 1
(@(@®),a0) = (- ® 4, 1 ® W) = 575 (- 1.
If 7 (¥) = £m(0), then A = p and calculations are even easier. O
Definition 8.3.3 Letu, v € I1 ® I1;. Then:

(1) (u,v), denotes the subalgebra in the Griess algebra generated by u
and v;
(1) ifu x v = av, then v is said to be an o-eigenvector of u.

Lemma 8.3.4 Let 9 and 0 be 2A-involutions in Q| product to a 2 B-involution.
Then:

() dim({a(?), a(0)),) =
>ii) a(®)*xa@) =0.

Proof. In terms of (8.3.1), the element 6 corresponds to (ii) or (iii). In the
latter case the product is zero, since A and p are orthogonal and so are A ® A
and 1 ® u. O

Lemma 8.3.5 Let ¥ and 6 be 2 A-involutions in Q1 product to a 2A-involution.
Then:

(i) dim({a(?), a(®)),) = 3;

(i) a(®) *xa@) = 21—3(a(1?) +a(@) —a(0)),

(iii) a(¥), a(@) —a(90), and 21—2a(19) a(@) —a(Wo) are 1- 22 -, and
0-eigenvectors of a(¥), respectively.
Proof. We have
A®L  w(D) up m@®)\
8 3 )P\ T )T
2(h, w) (A, 7 (199)
Since
A+ A+uw) =L+ U +AQu+ud®ir),
and (A, u) = —16, (ii) follows. The assertion (iii) follows from (ii) in view of
the complete symmetry between ¢, 6, and 96. O

The subgroup (v) in (8.3.5) is a cyclic subgroup of order 4 contained in Q1
and by (7.6.3)

Ny(6)(9((v)) = 217 Cos.
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Lemma 8.3.6 Ler v be an element of type 4A in Q1, let v € A3 be such that
x (W) = v +2A, and let

VRV
a(v) = 73
Then:

(i) a(v) is an idempotent in the Griess algebra;
(1) a vector in T1 @ Iy centralized by Ng ({v)) and the vector a(v) have
proportional Tl-projections.

Proof. The assertion (i) is immediate from (8.2.3) since (v, v) A = 48. Since
Ng, ({(v)) contains Q1, it does not centralize vectors outside the centralizer of
Q1 which is Hégg @ I1;. The group Ng,((v))/Q1 = Co3 acts on A ® R
with two irreducible constituents of dimensions 1 and 23, from which it is
immediate that its centralizer in 1'[;99 is just 1-dimensional. (]

Lemma 8.3.7 Let ¥ and 6 be 2A-involutions in Q1 product to a 4 A-element.
Then:

(@) dim({(a(?), a(0)),) = 5;

(i) a(@) *a(®z%) = %Ba(®) + a(®2) + 3a(0z%) + a(@z"1") — 3a(®0));
(i) a(@) *a(®0) = 3 (5a(?) — a(¥z) — 2a(0) — 2a(62) + 3a(P0));
(iv) the vectors a(1), a(0) — a(0z), a(Vz),

o= _zlza(m +a(0) +a(0z) + %0(99) and

3 1 1 1
§ = —fa(ﬂ) - 2—4a(191) - 2—30 + 2—2a(199)
are 1-, 21—50 0-, and zl—z-eigenvectors of a(¥), respectively.

Proof. The assertions (ii) and (iii) can be checked directly using the
equalities

A®@x=2"(a(@®) +a®z)) and (A + 1) @ On + ) = 2°3a(90)

(compare the proof of (8.3.5).) It is immediate from (ii) that the difference
between a(0) and a(fz) is a %-eigenvector of a(¥). Since ¥ and ¥z product
to z, which is a 2B-element, a(¢}) and a(¥z) annihilate each other by (8.3.4).
Combining (ii) and (iii) we obtain

a(®) x(a@) +a(@z) + %a(ﬁ@)) = %a(ﬁ‘) =a(®)* %a(ﬂ),
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which shows that o is annihilated by a(1}). Next we express the right-hand side
of (iii) as a linear combination of a(¥6) and the eigenvectors we have found
so far. This gives

9 1 1 1
a(®) *a(¥8) = a(¥) = 7a(¥2) — 530 + 7a(¥0).

Since a(¥) is an idempotent which annihilates both a(¥z) and o, we conclude
that 6 is a ziz—eigenvector of a(v). (]

Proposition 8.3.8 The spectrum on I1 & I1; of an axial vector of a transposi-
tion is {1, 0, 2% 2%}

Proof. The vectors A ® A = 27(a(8) + a(6z)) taken for all A € A, span
S2(A), while the vectors 7 (8) taken over a transversal of the set

{10,602} 16 € Q1, x(0) € Az}

constitutes a basis of H|1[\2|' This shows that S>(A) & Hllf\zl is spanned by the
vectors m(0) taken for all 2A-involutions 6 in Q1. Hence by (8.3.4), (8.3.5),
and (8.3.7), the spectrum of a(¢}) on SZ(A) ® H|1Z\2\ = Cnegm, (2) is as
stated. On the other hand, we know that a(?%) is invariant under an element
of order 3 which permutes the elements of Zg . Hence the spectrum on the
whole of

Nel =Y Cugn(a)

#
a€Zy

does not become larger. (]

8.4 Multiplicities

In this section we calculate the multiplicities of the eigenvalues of the axial
vector of a transposition. In the next section we impose some restrictions on
where the product of two eigenvectors might end up. These restrictions go
under the name of fusion rules.

Lemma 8.4.1 Let ¥ be a2A-element in G, let a(¥)) be the corresponding axial
vector, and let I'L(f) be the subspace in T1 @ I1; be the subspace formed by the
a-eigenvectors of a(¥). Then:
Hnem=n1"enYeneny;
22 25
(i1) HY}) is 1-dimensional spanned by a(¥);
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i M” oY o n{” = Cnen, ), 1V =M e 0y, 91,
22

S
(iv) the action of ¥ on I1 & I1y is uniquely 2a’eterminea’ by a(v) and therefore
Cg(a(@)) = Cap(D)).

Proof. The assertion (i) is a reformulation of (8.3.8). Considering the
centralizer-commutator decomposition with respect to ¢+ of the subalgabras
(a(®), a(d)), in (8.3.4), (8.3.5), and (8.3.7) we deduce (ii) and (iii). Now (iv)
follows from (iii). O

Lemma 8.4.2

dim (n@) =20.176+3-24 - 2'° = 96 256.

25

Proof. By (8.3.4), (8.3.5), and (8.3.7) for ¢#,0 € Qj, the subspace
(a(v), a(0)), contains a ziz-eigenvector of a(¢¥) if and only if ¥6 has order
4, in which case the eigenvector is
7 (6)

22

Since 7 (0) spans the weight space IT(ft) (where i1 = x (%)), we conclude that
the intersection

a@) —a@z) = —

Crion, (z) N 1Y
25

is the sum of the weight spaces TT1(jt) taken over the images in A of the set

@Z{/L | n e A21 ()"7M) = _16}7

where A € Ap and A +2A = x (). Put
1
O ={ulpneod, g (M4 ) = e mod 2},

where A = ) peP 2p is the Leech vector such that G is the stabilizer in G
of A4 + 2A. Elementary calculations in the Leech lattice under the assumption
that A = 4p — 4q show that

0% =2°.176 and |©'| = 24 . 2!°.

If £ € ® and & = p + 2A, then the weight space (1) is contained in
ni3. ., or M2, depending on whether & = 0 or 1. Since 117 __ is stable

under G, while Héizll is not, we obtain

dim(n“f)) =10% +3.10'|=20-176 +3.24.2'0

25

as claimed. O
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Towards calculating the dimension of H(?), we prove the following:
22
Lemma 8.4.3 The %-eigenvectors of a(¥) contained in the subalgebras
(a(¥), a(0)), taken for all 2A-elements in Q1 having order 4 product with
® span a 23-dimensional subspace of S*(A) spanned by the vectors (A ® v +
vV ®A), where . € Ar with x () = A+ 2A and v € A with (A, v) = 0.

Proof. Performing elementary calculations with the expression for § given
in (8.3.7), we obtain

1 1
2lls = (/\® <2u+ 5/\) + (2u+ §A> ®/\).

Since (A, A) = 32 and (A, u) = —8, the result follows. O

Lemma 8.4.4 dim (n(?)) — 4371
22

Proof. By (8.3.4), (8.3.5), and (8.3.7) for 2A-involutions ¢ and 6 in Q
21—2-eigenvect0r of a(¥) is contained in (a (), a(9)), if V60 is of type 2A or
4A and in each case the multiplicity of the 21—2-eigenvalue is 1. By (8.4.3) the
4 A-case contributes 23 to the dimension in question. By (8.3.5) we obtain one
eigenvector of a (1) for each 222-triangle in A containing A = y (¢9). It follows
from the parameters of the shortest Leech graph in Section 4.11 in [Iv99] that
the number of such triangles is 2300. If x () = A + 2A, where A = 4p — 4q,
then the 2300 pairs {/i, v} forming 222-triangles together with A are divided
into three subsets of size 44, 1232, and 1024, depending of whether the union
IT(@) U IT(v) of the corresponding weight spaces is contained in

a

or T2

12 12
1_[2~276’ I 24211

26759
respectively. Taking into account the 4 A-contribution, we obtain:
dim (n@) =23 444+ 1232431024 = 4371
22
as stated. O

As a direct consequence of (8.4.1 (1)), (8.4.2), and (8.4.4) we recalculate the
character value of ¢ on IT (compare Section 4.1).

Corollary 8.45 dim (11y”) = dim (n“f)) = 96256 in particular the

25

character of ¥ on Il is equal to dim (H(?) =4371.
2
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It follows from (8.4.1 (iv)) that a () is stabilized by Cg(¢(¥)), in particular

it is stabilized by F>4. Since F»4 preserves the Griess algebra, it stabilizes
11

1'[,(;9) for every o € {1,0, 570 %5 [

Lemma 8.4.6 The action of Fa4 on H(?) is irreducible.
2
Proof. It can easily be deduced from the proof of (8.4.4) that the degrees of

the irreducible constituents of (G| N Fp4)/ Y1 = 2L+22.C02 on H(?) are
22

23, 2300 and 2048
and those of (G N F>,)/ Yy = 2210420 (Aut(Myy) x $3) are
1, 3-22, 1232, and 3 - 1024

so that the irreducibility in question already follows from this numerology. In
fact, arguing as in Chapter 3, it can be shown that 4371 is the degree of the
minimal non-trivial representation of the Baby Monster amalgam. O

Notice that F> acts irreducibly on H(j), while H(()l?) is the sum of IT; and

25
is an irreducible module.

8.5 Fusion rules

In this section we impose some restrictions on the location of the product of
axial vectors of two transpositions. These restrictions go under the name of
fusion rules. By (8.3.8)

1 1
S= 1907 ?72_5

is the spectrum of a(?) on IT & I1;. Let
f:Sx8§S— 25

be defined by the following table, where f (c, B) is given in the intersection of
the ath row and Bth column.

1 0 21—2 ZLS
1 1 0 % 3
0 0 0 > =
> oz oz L0
> ¥ x » L0
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Lemma 8.5.1 For ¥ being a 2A-involution in G and a(¥') being the axial
vector of 9, leta, B € § = {1, 0, 2%, 2%} and let uy € H&ﬁ), ug € I'Ig). Then
Ug x UL € @ H;ﬂ).

yef(.p)

Proof. Notice that the function f is symmetric and that the assertion is
obvious if at least one of & and S is 1. By (8.4.1 (iii)), ¥ inverts u,, if and only
ifa = 2% and similarly for . Therefore, ¥ inverts an even number of vectors
in the multiset {uq, ug, uy * ug}, which proves the assertion in all the cases
when %5 isinvolvedina U B U f(«, B).

Assuming that ¢ = B = 2—12, we have to show that the product uy * ug

has zero projection to H(j). Assuming as above that A € Aj satisfies x () =
2

2
A+ 2A, denote by L the 1-dimensional subspace in A ® R spanned by A and
let L+ be the orthogonal complement to L in A ® R with respect to (, ). By
(8.4.3) and the proof of (8.4.4), the set

E={a(r®@v+v®N) |aecR,velt)
is precisely the intersection of H(j) with §2 (A). By (6.4.1)

22

ExE=(L®L) @& ((L-® LY.

Since E, L® L and L ® L+ are pairwise orthogonal with respect to the tensor
product of (, ), the projection of E » E to E is indeed zero. By (8.4.6) the

subspace H(j) is Fp4-irreducible, therefore by the above f ( 11 ) = {0, 1}.

920 72
2 257 2

The remaining fusion coefficients f(0,0) and f <O, 21—2> follow from the
ones already calculated in view of the associativity of (, ) with respect to x
(cf. (8.1.1)). O

8.6 Main definition

In this section, we axiomatize the established properties of the transpositions
and their axial vectors.

Definition 8.6.1 Let V be a real vector space, let o be a commutative algebra
product on 'V, let ( , ) be a positive definite symmetric inner product on V
associative with o, and suppose that the Norton inequality

(uou,vov) > (uov,uov)

holds forallu,v € V.
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Let p be an automorphism of (V, o, (, )), and let a = a(u) be a vector
in V. Then w is said to be a Majorana involution and a is said to be an axial

vector of u if:

(1) a oa = a, so that a is an idempotent;
(i1) V is the sum of s-eigenspaces of

ad, :vH>aov

for s taken from S = {1, 0, 2% 2%} and the 1-eigenspace is
one-dimensional spanned by a;

(iii) w inverts every 21—5—eigenvect0r of a and centralizes the other
eigenvectors;

(iv) if vs and v; are s- and t-eigenvectors of a, where s, t € S, then v o v; is
a sum of eigenvectors with eigenvalues r € f(s,t), where

f 18 xS — 25 is the fusion function given by:

U
1 1 0 % 2
0 0 0 - 5
z oz oz L0 5

In what follows we always assume that a Majorana involution possesses a
single axial vector, and that all the Majorana axial vectors are the same length.
Furthermore, unless specified otherwise we assume that (a, a) = 1 for every
Majorana axial vector a.

Proposition 8.6.2 Let ¥ be a 2A-involution in G and a(¥) be the cor-
responding axial vector. Then the action of ¥ on I1 & Iy is a Majorana
involution with axial vector a(¥) with respect to the Griess algebra and the
inner product ( , ). U

Proof. By (8.1.1) in order to show that (, ) and * satisfy the requirement,
we only have to check Norton’s inequality, since the rest can be viewed as an
axiomatization of the properties established in (8.3.2), (8.4.1 (iii)), and (8.5.1).
For the proof of Norton’s inequality, see (8.9.5). (]

When 1 is merged with O the function f is precisely the fusion rules of the
Virasoro algebra with central charge % (cf. (6.18) in [BPZ84] and [DMZ941]).
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The algebra describes the Majorana fermion, which is equivalent to the Ising
model (cf. pp. 104, 117 in [GNT98]). In the area of Vertex Operator Algebras,
the notions of Ising vector and Miyamoto- or t-involution are now rather stan-
dard [Miy95], [Miy03], [Miy04]. The above definition is specifically attached
to the finite-dimensional situation.

The next section contains Sakuma’s classification of subalgebras generated
by pairs of Majorana axial vectors. We say that a pair of Majorana vectors
have type 2A, 2B, or 4A if the subalgebra they generate is isomorphic to that
from (8.3.4), (8.3.5), or (8.3.7), respectively. It is a very important and non-
trivial property of the Monster group that a maximal 2A-pure subgroup has
order 22 (cf. (8.2) in [ASeg92] and (3.6.5) in [GMS89]). Compare this with
the following.

Lemma 8.6.3 Let X be an elementary abelian 2-group all whose non-identity
elements are Majorana involutions. Suppose that any two of the correspond-
ing axial vectors generate a subalgebra of type 2A whose third axial vector
corresponds to an involution in X. Then | X| < 22.

Proof. It is clearly sufficient to rule out the possibility for X to be of order
23 If this is the case, then the involutions in X are points of the Fano plane. Let
xo be a point and let {xq, x1, x2}, {x0, x3, x4}, {x0, X5, X6} be the lines passing
through x¢. Then by (8.3.5 (iii)), a(x1) —a(x2), a(x3)—a(x4), and a(x5) —a(xe)
are %—eigenvectors of a(xp). Since any two axial vectors generate a subalgebra

of type 2A, by (8.3.5(1)) we have
1
(a(x1) —a(x2)) » (a(x3) —a(xq)) = ﬁ(a(“) — a(xe)).

This contradicts the fusion rules, since 21—2 g f (2]—2, 2]—2) U
In the content of Majorana involutions, we can now prove Conway’s bound
on the number of axial vectors of transpositions (cf. Section 13 in [C84] and

9.1 in [Miy04]).

Lemma 8.6.4 Let a and b be distinct axial vectors of Majorana involutions.
Then

1
0<(lb) <-.
_(al)_3

In particular, the total number of such vectors is bounded by a function of the
dimension of the underlying vector space.

Proof. The vectors a and b are idempotents of the same length which can
be assumed without loss of generality to be 1. By Norton’s inequality, we have
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(@, b*) = (a,b) > ({axb,axb) >0
and hence b can be written in the form
b=pa+u,
where 0 < p < 1 and u is a vector perpendicular to a (so that p = (a|b) =
(a, b), since {(a,a) = (b,b) = 1 according to our assumption). In order to

prove the assertion, it is sufficient to show that p < % Since the scalar product
is associative with respect to %

(uxa,a)y = (u,axa) = u,a)=0

and therefore the product u * a is also perpendicular to a. Since b is an
idempotent, we have

,oa+u:b:b*b:(,oa+u)*(pa+u):p2a+2p(a*u)+u*u.

So that p = {(a,b) = p + (a, u * u). On the other hand, 1 = (b, b) = p2 +
(u, u) and hence (u, u) = (1 — p?). By (8.6.1 (ii)), the eigenvalues of a on the

orthogonal complement to a are 0, 2%, 2%, and therefore

1

S5 ) = 551 = p?).

(p—p?) = {a,uxu) =(axu,u) <

Hence (p — p?) < 21—2(1 — p?), and since 0 < p < 1 this gives the required
p=3 D

Corollary 8.6.5 The image ¢(G) of G in GL(IT) = G L19egs3(R) is a finite
group.

Proof. By (8.6.2) and (8.6.4), there are only a finite number of axial vectors
of transpositions in I[T@I1;. Since these vectors span the whole space and since
the image of an axial vector under an element of G is again an axial vector, this
gives the result. U

8.7 Sakuma’s theorem

It was known since the early stages of investigating the Monster that the 2A-
involutions form a class of 6-transpositions in the sense that the product of any
two such involutions has order at most six. Furthermore, the products constitute
the union of the following nine conjugacy classes

1A, 2A, 2B, 3A, 3C, 4A, 4B, 5A, and 6A.
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The orbit of the Monster acting by conjugation on the pairs of 2A-
involutions is uniquely determined by the class containing the product, so that
the permutation rank of the Monster of the set of 2A-involutions in nine.

The subalgebras in (the 196 884-dimensional version) of the Monster alge-
bra generated by the pairs of transposition axes as calculated by J.H. Conway
and S.P. Norton [C84], [N96] (subject to some rescaling and renaming) are
given in the table below.

Type dim (aglay) Products
1A 1 - agp * ag = do
2A 3 ap * aj =21—3(a0+a1—a2)

1
2
2B 2 0 agxa; =0

3A 4 3 agxa; = (2ao+2a1 +az) — 211 2us,

ap * u3 = 3—2(200 — a1 — @) + Fus,

U3 *x U3 = U3

1 1
3C 3 % ao*alzz—ﬁ(czo—i—al—az)
4A 5 21—5 apgxay = 21—6(3a0 + 3a; + ar + a3 — 3uy),
ap x ug = 21—4(5a0 —2ay — az — 2a3 + 3uy),
Uy * Uy = Uy
1 1
4B 5 36 ap x ap =2—6(a0+a1—a2—a3—u2),
5A 6 217 ao*al=2i7(3a0+3a1—a2—a3—a4+u5),
apx a; = 2%(300 +3ax —ay — az — a4 — us),
7
ap * us = 5s(a1 —az —az + as + us),
Us * Us = 175(ao+al +ax +as + aq)
6A 8 25_3 ao*al=2l6(a0+a1—az—a3—a4—a5+u2+u3),

uz*u3:O,

The following remarkable theorem proved by S. Sakuma [Sak07] gives strong
evidence that Majorana involution is a very efficient tool for studying the
Monster.
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Theorem 8.7.1 Let (i, (1) be a pair of Majorana involutions and let (ag, ay)

be the corresponding pair of Majorana axes. Let D = D>, be the dihedral

group (of order 2n) generated by o and 1 and let A be the subalgebra

generated by ag and ay. Then:

(i) n <6

(i) dim(A) <8;

(i) A is isomorphic to one of the nine 2-generated subalgebras in the
Monster algebra. O

8.8 Majorana calculus

In this section we analyse the 2-generated Majorana algebras with a particular
emphasis on the cases where the product of the Majorana generators has order
2, 3, or 5. This is motivated by our intention (which goes beyond the scope
of this volume) to classify the Majorana representations of the smallest non-
abelian simple group As. We pose the following:

Conjecture 8.8.1 The alternating group As of degree five possesses ex-
actly two Majorana representations whose dimensions are 26 and 21 and
which correspond (2A,3A,5A)- and (2A, 3C, 5A)-subgroups in the Monster
isomorphic to As.

8.8.1 Elementary properties

In this section we adopt the notation introduced in (8.6.1) and assume that
(a,a) = 1 for every Majorana axial vector a. We start by deducing some
consequences of the associativity of the inner product ( , ) with respect to o.
For a Majorana axial vector a € V, let Vs(a) denote the s-eigenspace of a

VS(“)z{v|veV,aov=sv}

22° 25
aonV.Forv e Vands € S, denote by (v|a), the projection of v to Vs(a),
put (v|a)+ and (v]a)— to be the projections of v to Cy () and [u, V], where
w is the Majorana involution associated with a, and denote by v/ the image of
v under L.

fors € S, where § = [1, 0, L1 } is the spectrum of (the adjoint action of)

Lemma 8.8.2 The decomposition

v=v2e v eV e v

22 25

is {, )-orthogonal.
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Proof. Letu € Vs(a) andv € V,(a). If 5 is zero, while ¢ is not, then

1 1
(u,v)=;(u,aov)=;(aou,v)=0.

If both s and ¢ are non-zero, then

1 1
—(u,v) =(aou,v) =(u,aov) = —(u,v),
K 1

so that u and v are perpendicular unless s = ¢. O

Lemma 8.8.3 Letu, v € V.. Then (u o vla); = 0if s = 0 and

1
(uovla); = —{(u,v)a
S
otherwise.

Proof. We have s{ut o v, a) = s{u,a ov) = (u, v) and
(uov,a)
(uovla)) = — =(uov,a),
(a,a)

implying the assertion. U

Lemma 8.8.4 The following assertions hold for a being a Majorana axial
vector and v,u € V:

() ((ula)s, (vla);) = 0 whenevers,t € S with s # t;
(i) (vla); = (vl@)a = EZ’Zia'
(i) v = (vla)1 + (vla)o + (vla) 1 . (vla) 1 i

iv) (vla)- = (vla) 1 ! and v = (vla)+ + (vla)—

V) v =v —2(v|a) 1 =v— 7[3(v|a)1 +aov—4ao(aov)];

(vi) lf(v|a)1 =0, thenao(aov)— —aov = 22(v|a)1.

Proof. (i) is a restatement of (8.8.2), while (ii) and (iii) follow from (8.6.1
(i1)), with (iv) implied by (8.6.1 (iii)). By (ii) we have

1 1
aov=(vla) + i(UM)ZLZ + 2—5(v|a)%,

1
aolaov) = lay + zwla) 1 + 55 vla) 1
2

210
while by Gv) w : v > v —2 (vla) . Now (v) can be deduced via standard

algebraic manipulations. In the hypothe51s of (vi) we have
aov = (vla) + ?(UW)Z% + f(vla)zi5

and the assertion follows. O
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8.8.2 Types 2A and 2B

Suppose that D is generated by a pair of commuting Majorana involutions o
and w1 with different axes ap and a;. We follow the proof of Lemma 6.11
in [Miy96] and put

ay = Aap + o + B,

where A = (ajlag), @ = (ail|ao)o, B = (ailag) 1 1 . Since a; is an idempotent,

squaring it and applying the fusion rules, we obtam the following
rag + o = (arlag)t + (ailag)o = (atlao) + (aflag)o = A*ag + o + B
b A
B = (ailap) 1. = (ajlag) 1 = =B + 20 B,
22 22 2
which gives
,82 = - Az)ao +a— ozz;
B A

(10,325—2—2/3.

By the above equalities and since ag o a; = lag + 2%,8, we obtain

1
aro(agoay) = (rag +a +p)o (Aao—i- §ﬁ>

5 A—2A2 5 A1
=2+ » ao+ (Ol—Ol)+ 22+2—3 B.

On the other hand, since ag and a; are axes of commuting Majorana involu-
tions, by (8.8.4) we have

aj o (aj oag) — 22a0 oa; = ?Mll
and hence
3 3., 3 1
?)\m:?}\ ao—}—?ka—i— zkﬁz alo(aooal)—?aloao

, A 5 A1
=i - % a0+22(a—a)+ 22+23 > B.

If B = 0, then ag o a; = Aap = ra; = a; o ap and since ag # a; we have
A = 0, so that (ag, a;) = ap o a; = 0 and we have the 2 B-algebra.
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If B # 0, then

1 5 3

=508 = a0 ﬂ— LIWEE 250+ e

and since apoa; = 3 ao+ 3 ﬂ by introducing a, = a; —28 = 2—3a0 +o—8,
we obtain another 1demp0tent and the whole 2 A-algebra.

Lemma 8.8.5 An algebra generated by a pair of Majorana axes corresponding
to commuting involutions is isomorphic to 2A- or 2B-algebra. U

8.8.3 Stable vectors

From now on we assume that the dihedral group D = Dy, generated by the
Majorana involutions o and p; acts faithfully on the subalgebra A generated
by the corresponding axes ap and a;. In this section we follow [Sak07] to
introduce certain vectors in A stable under D.

Lemma 8.8.6 Leto =agoa; — 2%((10 + ay) and let A = (agl|ay) Then:
(i) o is fixed by o and 1,

(i) o =ajoajy — 215((1,- +aijt1) forevery0 <i <n—1;

(i) (o]ap) = 1.

Proof. By (8.8.4) a; = (aylag)+ + (ailap)—. The vector (ajlap)+ is fixed
by o and the vector (aj|ap)— is negated by o, while being multiplied by ay it
becomes 2° times shorter. This, together with the obvious symmetry between
ap and aj, gives (i). Since o and w1 generate D and since the latter acts
transitively on the set of ordered pairs (i,7 + 1) taken modulo 7, (ii) follows.
Now (iii) follows from the equalities (o, ap) = (a; o ag, ag) — %((ao, ap) +
(a1, ap)) and (ay o ap, ap) = (a1, ap o ap) = (a1, ao). U

Let
ay=ra0+a+p+vy,
where A = (ay|agp), while «, 8, and y are the projections (a|ap)s of a; onto

the s-eigenspaces of ag for s = 0, 2, and X, respectively.

37 and 55,

Lemma 8.8.7 In the above notation the following equalities hold:
(i) asy =rap+a+p—y;

(i) @ = —4o + (3x — 2‘—0 ao+ (a1 +a—y);

(i) B = 40 — (4x >a0+ L@ +a_);

(iv) y = 7(641 —a_y)anda + B+ rag = (a1 +a_);
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7 3 25 7 .

(V) agoo = 750 + (T - m) ao + ﬁ(al +a_y),
. 31A—1 1 T na.
(V1)0=< 35 )00—2—50!4-5,3,

(Vi) y o0 = (3% — 22%) Y + o (a2 — a_).

Proof. Since a_; = ai‘ 9, (i) follows from (8.8.4 (iv)). Now (i) and the
expression of a; as the sum of its projections into the eigenspaces of ag give
(iv). Since

1
ap o ay =ka0+?,3+2—5%

(iii) can be deduced from (8.8.6). Now (ii) and (vi) follow, while (v) is deduced
by expanding the equality ap o « = 0 with « as in (ii). Finally, (vii) follows
from (v) and (iv). U

Lemma 8.8.8 The following assertions hold:

M @+poy=(3-%)r

(ii) o2 is annihilated by ay;
(i) (¥%lao)1 = (r — A%)ag — (B?lao)1;
(iv) (¥*lag)o = (@ — ) — (B?lag)o;
(v) ()/Zlao)z% =(1-%)B—2w0p

Proof. The result is deduced by squaring the right-hand side of
ay=rap+aoa+pB+y,
and by equalizing the square with the original expression (a; is an idempotent):
rag+a+B+y = A2a0+%ﬁ+2)\—4;/+a2+ﬁ2+y2+2ao,3+2aoy+2ﬁoy.

By the fusion rule, a term is contained in the eigenspace of ag with eigenvalue
2% if and only it involves y exactly once. This gives (i) (which alternatively can
be deduced directly from (8.8.6 (ii)) and (8.8.7 (iv)). The assertion (ii) follows
directly from the fusion rules. Removing the y-linear terms from the above
equality and rearranging we obtain

V2=(A—A2)ao+(a—a2)+(1—%)/3—/32—2&0;3,

which gives (iii), (iv), and (v) because of the fusion rules. U
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8.8.4 Types 3A and 3C

If n is half the order of the dihedral group D = Dj, generated by the Majorana
involutions ug and w1, then by (8.8.7) a specific feature of the n = 3 case
is that y is a o-eigenvector. It turns out that when n = 3, the subspace E
spanned by the projections of a; into the eigenspaces of ag is closed under the
multiplication. Since E is easily seen to contain ag and aj, it is closed under
the multiplication if and only if it coincides with the whole of A. To prove that
the product is closed on E, we follow the proof of Lemma 2.2 in [Miy03] and
show that whenever u, v € {agp, «, B, y} the product u o v can be written as a
linear combination of ag, o, B and y. The assertion is obvious for u = ap and
the next lemma takes care of the case u = y.

Lemma 8.8.9 Ifn = 3, then:

M yoo=(%-3)r
.. 93 (3—16A
(i) y oo = 2L,
(iii) y o p = 2Cp=1 “‘”‘”y;

l

(iv) y? = —30 + R(a1+a1) = Frao + o + 2.

Proof. Since 2 and -1 are equal modulo 3, (i) is a specialization of (8.8.7
(vi)). Now (ii) and (iii) follow from (i) in view of (8.8.7 (ii), (iii)). Finally (iv)
is by (8.8.7 (iv)) and (8.8.6 (ii)). O
Lemma 8.8.10 Ifn =3, thena o f = (27 - ;—2),3.

Proof. By (8.8.9 (iv)), we have (y*|ao) 1 = 2 8. Equalizing this with the
right-hand side of (8.8.8 (v)) gives the resulzt. O

Lemma 8.8.11 [fn = 3, then:

() (@olao = (332 = Z2) ag + (31 + &)+ (30— ) (B +);
(i) (aolan) y = — (437 - 65A——1) a— (4 - %) @+y) - (.- 9)p

(iii) (aolar) 1+ = 1F*a0 — 30 — 3 + 5v.
2
Proof. The result can be achieved by acting via the Majorana involution
n—1 on the equalities in (8.8.7) and by making use of the invariance of o
established in (8.8.6). Alternatively, we might follow [Miy03] and resolve the

following equalities (notice that only the former one requires the condition
n=23)
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a1 =a =2y =a _2(00|al)%§
2

1 1 1 1
Aap + 2—2;3 + By =awoa = Aray + ?(Cloml)z% + ﬁ(aoml)%,

a=2Qao+a+B+y)+ Y, (aolar)s.

1
s02—22—5

Lemma 8.8.12 [fn = 3, then:
() o =3 (3 240)a;
(i) @o B =5 0. (3 —2%0)B.
Proof. Write down the equality
ai o (aolai)o =0

in terms of ag, «, B, and y, where a; = Aao 4+a+ B+ yand (8.8.11 (1)) are
taken. Projecting the equality on the 0- and —-elgenspaces of ap we get (i) and
(ii), respectively. (]

By (8.8.9), (8.8.10), and (8.8.12) we know that the set {ag, «, 8, y} contains
a basis of A and also has all the relevant structure constants as functions of A.

Proposition 8.8.13 An algebra generated by a pair of Majorana axes whose
involutions generate Dg is isomorphic to 3A- or 3C-algebra.

Proof. Comparing (8.8.10) with (8.8.12 (ii)), we conclude that either § = 0
orA = ;—3 In the latter case, we have the 3 A-algebra, while in the former case,
(8.8.9 (iii)) gives A = 2% and we obtain the 3C-algebra.

3A 3C
A 3 %
ap o ai 25 5 (2a0 +2a1 +a-1) — 211 Pu3 s5(a0 +ar —a-y)
ap o us 32 2ap —a) —az) + 25 u3 -
U3 ou3 u3 -
o B0+ a1 +a-) - 3fuy — 35 (@0 +ar +a-)
Y 2(01 —a-p) I —a-y)
o —§§ao+§4<m+a 1)+3;5u3 — 350+ 3 (a1 +a_1)
B Fao+ F(a+a_y) — 9143 0
a+p 2ga0+2(01+a71) —21—600+%(01+a71)

O
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8.8.5 Less stable vectors

For0 < j < i < n —1let DU denote the subgroup in D generated by
the Majorana involutions i ; and u; corresponding to the axes a; and a;. Then
DU is also a dihedral group generated by a pair of Majorana involutions
whose order can easily be expressed in terms of 7, j and i. If DU?) is a proper
subgroup in D, then the subalgebra generated by a; and a; may assumed to be
known within an inductive approach, otherwise we might gain an additional
symmetry considering different generating sets of D. We start by considering
the case j = 0 and denote the subgroup D" simply by D).
Forl <i <mn—1,put

1
0j =apoa; — f(ao +a;), A = (ailap),
a; = (ailap)o, Bi = (ailao) 1, yi = (ailao) 1,
22 25
so that
a; = rap+o; + Bi +vi

is the eigenvector decomposition of @; with respect to ag, while o7 is the same
as o introduced in Subsection 8.8.3. Notice that y; = 0 precisely when i =
5. The following three lemmas are straightforward generalizations of (8.8.6),
(8.8.7), and (8.8.8), respectively.

Lemma 8.8.14 The following assertions hold:

(i) oy is fixed by the subgroup D® of D generated by jvo and p;;
(i) oj =ajoajyi — 2%(61]- + ajyi) whenever aj is contained in the
DD _orbit of {ag, a;};

(iii) (o7]ag) = 5. O

Lemma 8.8.15 The following equalities hold:

(i) a_; = rag + o; +,31 — Vis
(i) a; = —4o; + (sx )ao + Zai +ai);
Qi) B; = 4o; — <4k )ao + (@i +asy);
(iv) y; = 3(a; —a—;) and o + Bi + Aiag = 3(a; +a—;);

V) apo o =215ai+(%—2w)ao+2“(a,+a Y

. 31ri—1
Vi) o = (25 ) a0 — i + F s

(vil) yj00; = (% — 2T> vi + W)/zi- 0
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Lemma 8.8.16 The following assertions hold:

() @+ B oy = (3= 5)w
(ii) Ot’. is annihilated by ay;
(iii) (y?lao) = (ki — AD)ao — (B2lao)1;
(iv) (¥lao)o = (e — a?) — (B*lao)o;
v) (y,-2|ao>2% = (1 - %) —20; 0 B;. O

The following lemma is the general version of (8.8.9 (iv)) and (8.8.10).

Lemma 8.8.17 [f n is odd then the following equalities hold:

: 1 15 14301 =311 3001+ 30817
() P =402+ B(ar +ay) = (L) g o Do 00Ty,

i) 1o pr = (3 = 3) B+ Fb2:

(i) y1y2 = o1 — 03.

Proof. The first equality is obtained by squaring both sides of y; = é(al +
a—p) in (8.8.15 (iv)) and expanding o, by (8.8.15 (vi)). Since (y1lap) 1 1

precisely the last fraction in the right-hand side sum in (i), the equallty (ii)
follows from (8.8.16 (v)). Finally, (iii) is by (8.8.15 (iv)). O

8.8.6 Type 5A

In this subsection we assume that n = 5. Since 5 is a prime number, we have
DM = D@ = D. The following lemma is due to Sergey Shpectorov.

Lemma 8.8.18 [fn =5, then:

1) A=Ay
(1) A is spanned by a;s taken for 0 < i < 4 together with o1 and o3, in
particular dim(A) < 7.

Proof. By the definition of o;, we have

1
apoa; =o; + 5(00 +a;),

while by (8.8.14) (ojla;) = 31;’5_1. Now by the associativity of the inner

product (, ) with respect to o, we obtain

A —1 =1

Mt 55— =l a) = f{a, a0 az) =k + ——,

which gives (i).
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Let E be the subspace of A spanned by ;s and o;s, and let § € E. Then
by (8.8.14 (ii)), (8.8.15 (v)), and since D stabilizing o1 and o, permutes a;s
transitively, we have & o g; € E for every 0 < i < 4. Therefore, in order to
prove (ii) it suffices to show that o; oo € Eforall 1 <i, j < 2. Suppose that
o; oo ¢ &. Then by (8.8.15 (ii))

0; 00 =Faioaj mod =,

while by the fusion rules o; o «; is a O-eigenvector of ag and hence ag o (o; o
0j) = 0mod E. On the other hand, by (8.8.15 (ii), (iii))

0j00j =_2_4ai°,3j mod =,

and by the fusion rules, o; 0 8 is a Ziz-eigenvector of ap, so thatago (0;00;) =
2%000 7 mod &, which contradicts what we have seen above. O

The above lemma enables us to drop the subscripts of A1 and A;

Lemma 8.8.19 Letn =5andi € {1,2}. Then:

() Viz _ (12__6A) ao + 30041-;-60[3_,' + 30/.‘5,;67/33_; .
(i) Y12 = =3 (a1 — @) + 5 (1 — B2);
(i) @i 0y = (3 — %) Bi + F b
() (@olao = (332 = T272) ag + 3hai + (Gh — Dfi + Gh — F)yi +
55 (@3- + Ba—i + v3-i);
) Gaolap) g, = = (492 = 5= ) ag — dhey — @h+ )i — (40— i +

2% (@3- + B3—i + ¥3-i).

Proof. If i = 1, then (i) is just (8.8.17 (1)), while for i = 2 the equality
can be obtained by squaring the both sides of y» = %(ag — a_») (notice that
ara_p) = o] + 2%((12 + a_») since n = 5). Since in the considered situation o3
is the same as o7, the equality (ii) follows from (8.8.17 (iii)). Now (iii) follows
from (i) and (8.8.16 (v)). In order to obtain (iv), we first apply p©_» to (8.8.15
(ii)) to get

1 7
(aolai)o = —4o1 + (3)» — —) a; + ?(ao + az)

23

and then expand the right-hand side of the above using (8.8.15). In a similar
way we obtain (V). O
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5A

3
A 7
ap o aj 2%(3(10—}-3(11 —a_1—ay—a—n + us)
ap o ap 2%(3a0+3a2—a1—a_1—a_2—u5)

7
ap o us (@ +a-1 —ax—a—+us)
us o us 127_55(a0+al +a-1+a+a-)

1
o y7(—ao—a1 —a_y —ax —a_ +us)

1
02 y7(—ao—a1 —a_y —az —a_y —us)

1
Y1 s(ar —a-1)

1
Y2 5(a —a—)

3 15 1 1
o] —37a0 + 55(a1 +a—1) + 55(a2 +a—2) — 55us
3 1 15 1

o —57a0 + 55(a1 +a-1) + 3 (a2 +a-2) — 55us

Bi

B (@ +a—ay—a+us)

8.9 Associators

Let V be a real vector space endowed with a non-zero symmetric positive
definite inner product (, ) and a commutative algebra product o. Suppose that
o is associative with respect to (, ) in the sense that

(uov,w) = (u,vow)

for all u,v,w € V, and let H be an automorphism group of (V, (, ), o).
Recall that Norton’s inequality requires that

(uz, vz) > (uov,uouw)

forallu,veV.

Lemma 8.9.1 The validity of Norton’s inequality is not effected by indepen-
dent rescaling of (, ) and o.

Proof. The claim follows from the observation that both sides of the Norton
inequality are linear in (, ) and quadratic in o. (]
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Lemma 8.9.2 Suppose that Norton’s inequality holds. Then:

(1) all the nilpotent elements of (V, o) are contained in the radical;
(ii) the angle between any two idempotents is sharp;
(iil) if V contain a non-zero idempotent and H is finite, then H fixes a
1-subspace in V.

Proof. If u is non-radical nilpotent element in V, then for a suitable v € V
we have

0< (mov,uov) < (u* v =(0,v%) =0,
which is impossible and (i) follows. If # and v are non-zero idempotents, then
2 2)

O<(uov,uov) < {u-,v") = (u,v),

since ( , ) is positive definite, which gives (ii). Finally, let # be a non-zero
idempotent. Then by (ii) the vector ), ., h(u), which is clearly H-stable is
non-zero, and (iii) follows. O

For u, v, w € V, define the associator of the ordered triple (w, u, v) to be
a(w,u,v) =(wou)ov— (wov)ou.

The following lemma is an immediate consequence of the bilinearity of the
product o:

Lemma 8.9.3 The following assertions hold:
(1) for any given u, v € V, the mapping
a(e,u,v) :wr— alw,u,v)

is linear on V;
(i) the mapping V x V — End(V) defined via

(u,v) > a(e,u,v)
is bilinear and antisymmetric. O

Let A(V) be the subspace in End(V) spanned by the associator operators
a(e,u,v) taken for all u, v € V. By (8.9.3 (ii)), A(V) is a quotient of the
exterior square of A(V). Let B4 and g4 be the forms on V (A) defined via

Baa(e,u,v), ale, x,y)) = (a(u, x, y), v),

ga(a(e,u,v)) = Ba(a(e,u,v),a(e, u,v)) = (au, u, v), v).
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Lemma 8.9.4 The following assertions hold:

(1) Ba is a symmetric bilinear form on A(V);
(i1) qa is a quadratic form on A(V), whose associated bilinear form is Ba;
(iii) Norton’s inequality holds if and only if q s is non-negative definite.

Proof. Applying the associativity of {, ) with respect to o we obtain
Ba(a(e,u,v),a(e,x,y)) =((uox)oy,v)—((uoy)ox,v) =
(xou)ov,y) = ((xov)ou,y) = Ba(ale, x,y),a(e, u,v)),

so that B4 in indeed symmetric, while it’s bilinearity follows from that of (, )
and o.
For u, v € V, the Norton inequality requires

W2, v?) —(wov,uov) >0,
which is equivalent to
(u,uo(wov)—vo(uow)) >0,
which is precisely
(u,a(v,v,u)) > 0.
and (iii) follows. Il
The following assertion was established in Sections 16 and 17 of [C84].

Proposition 8.9.5 Norton’s inequality holds for the 196 884-dimensional
Griess algebra on T1 @ I1;.

Proof. If V = I1 @ I, then, calculating with the characters, we conclude
that the exterior square /\2 V is the sum of three distinct irreducibles V(V,
V@ and v of degree

196 883, 21296876, and 1936002527,

respectively. It is claimed that V() + V@ is the kernel of the homomorphism
p: N>V — A(V). For the case of V(! the assertion is easy since V1 is
spanned by the vectors | A r taken for all 7 € I1, where O # my € I1;. Since
71 associates with every vector in the algebra, vy < ker(p). For the case
of VO, the argument the runs as follows. Let A, u € A and (A, u)p = 0.
Then the weight of subspaces IT; and IT; are spanned by Majorana axial vec-
tors a () and a(f) corresponding to a pair of 2A-involutions ¢ and 6, whose
product is a 2 B-involution. By (8.3.4), a(¢) and a(0) annihilate each other, in
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particular they associate and hence a(9) A a(0) is in the kernel of p. Counting
the number of (‘linearly independent’) choices for A and u we get

1
§|A2| -46575 > 196 883 + 21296 876

and hence A(V) = V@ (notice that A(V) is non-trivial since the algebra is
non-associative). Since A(V) is irreducible, in order to apply (8.9.4 (iii)) it is
sufficient to check that g4 takes on some positive values, which can easily be
done. O

An alternative proof of (8.9.5) was given in [Miy96] in the context of Vertex
Operator Algebras. The proof is based on the existence of a positive definite
form on the whole Fock space together with the fact that the space of level 3
operators in the Moonshine module is isomorphic to

IT, @ IT & A(ID).
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The Monster graph

In Chapter 7 we accomplished the construction of the Monster as the im-
age ¢(G) of the minimal non-trivial (196 883-dimensional) representation of
the universal completion G of the Monster amalgam M. We have seen (cf.
Sections 6.6 and 7.5) that G is a finite simple group possessing

9(G1) = G =247 .Coj and p(Foy) = Foy =2-BM

as involution centralizers. In this chapter we finish the uniqueness part of the
project by showing that ¢(G) = G. We achieve this by establishing the sim-
ple connectedness of coset geometry associated with the embedding of the
Monster amalgam M into ¢(G).

9.1 Collinearity graph

At first glance it appears easier to deal with the collinearity graph of the tilde
geometry associated with a faithful completion of M since its local structure
possesses a natural description in terms of the Leech lattice. Let us start by
recalling some basic properties of the collinearity graph.

Let ¥ : M — H be a faithful generating completion of the Monster amal-
gam. Then H is also a completion group of the enriched Monster amalgam,
and the coset geometry associated with the embedding into H of the amalgam

{G1, G2, G3, G4, GY)

is a rank 5 tilde geometry G(H) with the diagram
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on which H acts as a flag-transitive automorphism group. Let us call the ele-
ments corresponding to the leftmost and the second left nodes on the diagram
points and lines of G(H ), respectively. Let ® be the collinearity graph of G(H)
which is the graph on the point-set in which two points are adjacent whenever
they are incident to a common line. It can be seen from the diagram of G(H)
that every line is formed by a triple of points and hence such a line corresponds
to a triangle in ®. The line-triangles passing through a given vertex x corre-
spond to the points of the residue of x in G(H): the rank 4 tilde geometry
G(Coy) of the first Conway group (cf. Section 4.12 in [Iv99]).

The points of G(Cop) are the elements of A4 and the lines are the images
under Coj of the triple

8p+21, Y 4g+2%, —8p+ Y 4g+24t,
qeT qeT

where p € T C P and T is a tetrad. The following result can be deduced
directly from the structure of the parabolics G and G (compare Lemma 5.3.1
in [Iv99]).

Lemma 9.1.1 Let v : M — H be a faithful generating completion of the
Monster amalgam M. Let ® = ®(H) be the collinearity graph of the tilde
geometry G(H) associated with the embedding M in H. Let x be a vertex of
® stabilized by ¥(G1) = G in the natural action of H on © and let ©(x)
be the set of neighbours of x in ®. Then there is a Y (G1)-mapping n of ©(x)
onto the point-set of the residual tilde geometry G(Coy) of the Conway group
such that:

(1) fory,z € ©(x) with y # z, the equality n(y) = n(z) holds if and only if
{x,v,z}is aline of G(H) (equivalently if and only if {y, z} is a
O2(Y (G1))-orbit);

(ii) two distinct vertices y, 7 € ®(x) are adjacent in O if and only if either
n(y) = n(z), or n(y) and n(z) are adjacent in G(Coy). O

By the above lemma, the local structure of ®(H) is independent of the par-
ticular choice of the faithful generating completion H. Therefore, the graph
covering ¢ : ®(G) — ©(H) induced by the homomorphism G — H of com-
pletion groups is a local isomorphism in the sense that ¢ is an isomorphism
when restricted to the subgraph induced by {x}U ®(x) for a vertex x of ®(G).

Proposition 9.1.2 The graph © (¢p(G)) is simply connected in the sense that
its triangles generate the fundamental group.
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From what we have seen above, (9.1.2) implies that ¢ : ®(G) — O(¢(G))
is an isomorphism and hence ¢(G) = G is the universal completion of M.
Since ¢(G) is simple, it must be the only non-trivial completion.

9.2 Transposition graph

The transposition graph T" of the Monster (or simply the Monster graph) is a
graph on the conjugacy class of 2A-involutions in the Monster (the centralizer
of such an involution is F>+ = 2 - BM) in which two vertex-involutions are
adjacent if and only if their product is again a 2A-involution. The transposition
graph has played an essential role in the uniqueness paper [N82]; where the
principal steps in the proof of the following theorem were shown.

Theorem 9.2.1 Any group where the centralizers of elements of prime
order are isomorphic to those in the Fischer—Griess Monster has a 196 883-
dimensional representation. 0

This theorem justifies the most crucial assumption in Thompson’s unique-
ness paper [Th79a].

It has been already mentioned in Section 8.7 that the permutation rank of
the Monster acting by conjugation on the set of 2A-involutions is nine and
that the orbit containing a given pair of such involutions is uniquely deter-
mined by the conjugacy class containing their product. The nine classes and
the corresponding 2-point stabilizers are given in the following tables.

K 1A 2A 2B 3A 3C

Stabilizer Fp 22.(Ee(2)) 2.2%2Co, Fiy F

K 4A 4B 5A 6A

Stabilizer 2Y7*2.McL 2.F4(2) Fs 2.Fix

The Monster graph I has diameter 3. If I'; (@) denotes the set of vertices at
distance i in I" from a given @ € 2A and 'k (a) = {b € 2A | ab € K} for a
conjugacy class K, then
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Lo(a) = {a} =Ta(a), T'i(a) =T24(a);
[a(a) =Tp(a) UT34(a) UTya(a)T4p(a) UTea(a);
I'3(a) =T'3¢c(a) UT's54(a).

The intersection parameters pgy, are defined as
pkrL ={c|ce2A, ac €2A, bc € K},

where a,b € 2A, ab € L and they are commonly arranged into a matrix.
The intersection matrix of the Monster graph is given in Table 4 in [N82].
This matrix is too massive to be reproduced here and the calibre of the
entries can be grasped from the number of vertices and the valency of I'
which are

97239461 142009 186 000 and 27 143 910 000,

respectively. The former number multiplied by the order of F> gives the order
of the Monster.

The general theory of association schemes and multiplicity-free permuta-
tion representations [BI84] supplies explicit formulas for degrees of primitive
idempotents of Bose—Mesner algebras. The degrees are precisely the ranks
of the irreducible constituents in the corresponding multiplicty-free permuta-
tional character. This is the way it was shown in [N82] that one of the degrees
is the required number 196 883.

Projecting the elements of the standard basis of the permutation module
to the 196 883 irreducible constituent (compare Section 5.3), we obtain the
principal component of the Majorana axial vectors. The inner products px of
these projections depend only on the class K containing the product. The inner
products are computable from the eigenvalues of the intersection matrix, and
are given in the following table. We can notice that they fit perfectly the inner
products allowed by Sakuma’s theorem. In a sense the purpose of increasing
the dimension by one is to validate Norton’s inequality.

K 1A 2A 2B 3A 3C 4A 4B 5A 6A

P 752 80 16 23 4 8§ 4 2 ]
+16 1 13 1 1 1 3 5

k=% 1 5 0 % % ¥ x% 3w

It should be emphasized that the inner products px were obtained in [N82]
as a result of extensive calculations with the intersection matrix which has
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to be calculated first, while Majorana’s inner products are universal and rela-
tively easy to calculate. Anyone experienced in calculating with intersection
matrices of association schemes and their eigenvalues knows that any partial
information on the intersection numbers does not allow to evaluate the inner
product.

In [N82] S. Norton (who credited B. Fischer and J. Thompson for earlier
partial data) also describes the orbits of the Monster on the triples (a, b, ¢) of
2 A-involutions such that a and b are adjacent in the Monster graph (which
means that ab € 2A). Being inspired by Sakuma’s theorem we might ask
whether the relevant 37 three-generated Majorana algebras exhaust the set of
all such algebras containing a two-generated subalgebra of type 2A.

9.3 Simple connectedness

My proof of the simple connectedness result (9.1.2) for the tilde geometry of
the Monster as presented at the July 1990 Durham conference, comprised of
the following three ingredients:

Ingredient I. It was shown (cf. [Iv92] and Section 5.12 in [Iv99]) that the
transposition graph I" can be recovered from the collinearity graph of the tilde
geometry and that the completion homomorphism G — ¢(G) induces a local
isomorphism I'(G) — T'(¢(G)) of the corresponding ‘transposition’ graphs.
Thus, in order to settle the simple connectedness question it is suffices to prove
the following statement:

Proposition 9.3.1 The Monster graph T (¢(G)) is simply connected in the
sense that its triangles generate the fundamental group. O

If H is a faithful generating completion of the enriched Monster amalgam,
then I'(H) can be defined as a graph on the set of cosets in H of the image of
F>1 = 2-BM in which two coset-vertices are adjacent whenever they intersect
a common coset of the image of 2G, 2 22.(2E6(2)) : S;.

Ingredient II. By comparing the intersection parameters of the Monster
graph against the 37 triple stabilizers in [N82], we can easily deduce the
following:

Proposition 9.3.2 Let ¥ be a cycle in the transposition graph of the Monster
such that the distances between any two vertices from X calculated in ¥ and
in the whole of T coincide. Then there is an involution in the Monster which
fixes ¥ vertex-wise. (I
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It is immediate from (9.3.2) that the fundamental group of the Monster graph
is generated by the cycles fixed by involutions. A 2A-involution a is a vertex
of the Monster graph I and the vertices it fixes are precisely those in

{a} UT24(a) UT2p(a).

The generator z of the centre of G is a 2B-involution and G acts on the set
of vertices fixed by z with two orbits, which correspond to the 2 A-involutions
contained in Q1 and in G \ Q1, respectively. This can be seen from the fol-
lowing assertion established in [MSh02] under the assumption that G is the
centralizer of an involution in a finite simple group.

Proposition 9.3.3 Adopt the bar convention for the images in G| = G1/Q1 =
Coy of elements and subgroups of Gi1. Then G contains precisely seven
conjugacy classes of involutions with representatives e;, 1 < i < 7, such
that:

(i) e1, ez, e3 € Q; with ey being the generator of Z1, x(e2) € As, and
x(e3) € As;
(ii) 2. &5, and & are 2-central in Gy with Cg, (&;) = 247°.QF (2) for
4 <i <6 while Cg (&7) = 211 Aut(M12);
(iil) es = ejeq4 and

Cg, (es) = Cg, (es) = 2.2'0.2178.0F (2);

(iv) ez and e4 are 2A-involutions, while the other five representatives are
2 B-involutions. (]

Ingredient III. The final ingredient is not hard to imagine.

Proposition 9.3.4 The local isomorphism I'(G) — T (¢(G)) induced by the
completion isomorphism G — @(G) is an isomorphism when restricted to a
connected component of the subgraph induced by the vertices fixed by z or by
a (where the latter element generates the centre of Fa). U

The isomorphisms Fo4 = ¢(F24) and G| = ¢(G1) immediately show that
the restrictions in (9.3.4) are bijective but some further efforts are required to
show that they are actually graph isomorphisms.

9.4 Uniqueness systems

When in June 1990 I met Geoffrey Mason at the Free University of Berlin
and told him about my simple connectedness results for the large sporadic
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simple groups, he immediately suggested that these brought me just one step
away from the uniqueness proof for those groups. One month later at the
Durham conference I learned about the uniqueness systems by M. Aschbacher
and Y. Segev which is a machinery for deducing uniqueness of groups from the
simple connectedness of specific geometries. Within the uniqueness system ap-
proach, (9.3.1) was proved in [ASeg92] extracting the necessary information
on the transposition graph from [GMS89]. Thus for the proof of (9.1.2) already
the first ingredient (amounting to (9.3.2)) becomes sufficient.

It might be desirable to deduce the whole structure of the transposition graph
directly from the Monster amalgam (this way the simple connectedness would
be achieved as a byproduct). This project was fully implemented in [Iv04] for
the fourth Janko group with the details being so complicated that I would have
difficulty naming a living person who read it all through. In the Monster case
the local structure of the Monster graph was deduced directly from the Monster
amalgam in Section 5.12 in [Iv99]. Having recovered F3 and F5s in Sections 7.7
and 7.8 we can easily reconstruct the right suborbits at distance 3 from a given
vertex. With some extra work (considering the subgraphs induced by the ver-
tices fixed by involutions or otherwise) it can be shown that there are no further
suborbits at this or higher distances. I believe that by developing the Majorana
theory we might expect a significant simplification of the construction.
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At the April 2008 Oberwolfach ‘Groups and Geometry’ conference, the news
that John Thompson and Jacques Tits had been awarded the Abel prize was
still fresh and certainly extremely welcome. A special evening session took
place, where Bernd Fischer and Richard Weiss shared their professional and
personal enthusiasm for our prize-winning colleagues (who were not present
at the conference). A particularly memorable part of the evening was Fischer’s
account of his collaboration with John Thompson on the early stages of study-
ing the Monster. After the session a common opinion was expressed by Martin
Liebeck, one of the organizers, that these recollections must be recorded and
passed on to the next generation of finite group theorists. Bernd kindly gave me
a more detailed account of his story about how the Monster was discovered.
Below is my written version of this.

As a warm-up, Bernd browsed through a draft of this volume. Everything
appeared to be very familiar to him except for the newly introduced terms
like anti-permutation module, trident group, and a few others which I had to
explain. Then he mentioned two further stories involving the new Abel prize
winners. The first one concerned a time when Jacques Tits visited Bernd in
Bielefeld during the first half of 1970s and was shown Fischer’s generators
for the Monster satisfying the relations as on the famous picture given below.
He wondered whether the non-identity central element of the Dg-subgroup
generated by the elements in the top left corner is equal to the generator in
the right bottom corner of the hexagon. Bernd confirmed that indeeed these
elements are equal in the Monster. Tits conjectured that these properties would
then be sufficient to define the monster.'

1 After the proof of the Y-conjecture (cf. Chapter 8 in [Iv99] and references therein) it became
certain that the corresponding relation together with the Coxeter relations provide a
presentation for the Monster.
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The second story goes back to 1978 when John Thompson gave his lecture
at Princeton on his uniqueness proof for the Monster published in [Th79a].
Immediately after the lecture Bernd asked Thompson about the possibility of
turning the uniqueness proof into a construction, but Thompson responded that
this would be far too complicated.’

Then Fischer turned to the central topic: the discovery of the Monster group.
Fischer said that his knowledge at that time (1973) concerned the Baby Mon-
ster and its ‘essential’ subgroups generated by the natural involutions (which
are {3, 4}-transpositions) including Fiz3 < BM. Before showing that Fip3 is
contained in the Baby Monster, Fischer had established the embedding

Fiy <2E6(2)

which was a true sensation. In 1970 Fischer gave a series of six lectures on this
topic at Bowden College in Maine. Walter Feit had noticed that in the longer
induced sequence

Q7(3) < Fixn <’Es(2)

every group has Sylow 3-subgroups of order 3°. Therefore, the well-known fact
that > E¢(2) has a non-trivial 3-part in the Schur multiplier would (by Gaschiitsz
theorem) be a non-trivial 3-part in the Schur multiplier of €27(3). Thus the
possibility of the embedding Firy < 2Eg¢(2) was questioned because of an
unpublished result by Robert Steinberg claiming that the Schur multiplier of
27(3) was classical (therefore with the 3-part being trivial). Steinberg looked

2 We know that Bob Griess did this some two years later [Gri82a]. The construction presented in
this volume probably bears even stronger resemblance to Thompson’s uniqueness proof.
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back at his notes and found that this particular case (3-part of the Schur mul-
tiplier of €27(3)) had not been covered in the written proof and hence Fischer
went on with his lectures.

Here is a brief review of Fischer’s construction of Fiy, inside 2Eg (2). The
conjugacy class D of 2-central involutions in 2E6(2) is a class of {3,4}*-
transpositions. This means that for distinct a, b € D the product ab has order
2, 3, or 4 and if it is 4, then (ab)2 € D.If d € D, then the set D; of transpo-
sitions from D distinct from d and commuting with d generate the centralizer
Cap,(2)(d) of the form 2?20 : Ug(2). Take x € D such that (dx)> = 1 and put
K = (D4 N Dy) so that K = Ug(2) is a Levi complement in the centralizer of
d. Modulo (d) centralizer contains three further classes of complements and
a complement K can be chosen so that K1 N K = Q. (3).2 (here K| is a
subgroup of the centralizer of d, such that d € Ky, K1/{d) = Ug(2), and K
does not split over (d)). It is shown that

(K1, x) = Fip.

This is achieved in a geometrical way through considering the following subset
of D:

E = {d}| J&:1 n Do) x5

(with the terms in the union having size 1, 693, and 1408, respectively). It was
shown via geometrical considerations that E is closed under conjugation by its
elements and therefore it forms a conjugacy class (of 3-transpositions) in the
subgroup it generates.

Timmesfeld worked on {3, 4} " -transpositions and Fischer turned to the gen-
eral classification problem of {3, 4}-transposition groups. If G is such a group,
D is a class of {3, 4}-transpositions, and if d € D, then it is common to
consider the partition

D={d}UD;UA;UYVy,,

where D, are the transpositions distinct from d and commuting with d, while
Ay and V; are the transpositions commuting with d products of order 3 and 4,
respectively. The set Dy is further subdivided into two subsets, say Xy and Yy
sothat D; = X, UYy, Xg € Oy (Ci(d)) in Timmesfeld’s case Xy = {d"|v €
Va}. The case when Y, is empty is covered by the {3, 4} -transposition groups
completely classified by Franz Timmesfeld, a former student of Fischer.
Aiming to accomplish the generic case we should first build up a reliable list
L of examples to be as complete as possible (so as not to run into a completely
new example in the middle of the proof). The classification itself is divided
into two cases: (1) where C;(d) has a large normal 2-subgroup, and (2) where
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Cg(d) is ‘essentially’ simple. The latter case is where new examples were
most likely to appear and one of the subcases to consider was where the simple
group involved in Cg(d) is 2E¢(2) (this is precisely where the Baby Monster
emerged).

It has been already mentioned that 2E¢(2) contains a class of 2-central invo-
lutions with centralizer 2£r+20.U6(2) which is a class of {3, 4} -transpositions.
Another class of {3, 4}-transpositions (which does not satisfy the + condi-
tion) can be found in the extension of 2Eg(2) by an outer automorphism of
order 2. The centralizer in 2E¢(2) of such an outer {3, 4}-transposition is
F4(2). For the construction to be successful both the inner and outer classes
of {3, 4}-transpositions must be taken to form the set Dg.

The action of C(d) = 2 2E6(2) : 2 on Ay must be similar to its action on
the cosets of a Fizp-subgroup (that is why it was important that this subgroup
was revealed in the first place). The set X, is empty and the squares of the
order 4 products of transpositions form a class of 2-central involutions with
the centralizer of the form

1+22
2.777.Cos.

Finally, the centralizer in C(d) of a transposition from V; = Yy is of the form
2L+20.U4(3).22. This makes it possible to calculate the size of D as the sum
of five indices

ID| = 1+ [PEs(2) : 27U ()] + [PE6(2) : F4(2)]
+ PE6(2) : Finnl + [PE6(2) : 2704 (3)1.

Fischer mentioned that his wife helped him to sum up the five numbers to
obtain

|D| = 13571955000
which gives for the group order the number
12-2E¢(2):2|-|D|=2%.33.56.72.11.13.17-19-23 .31 - 41

(the order of the Baby Monster group).

After that (in 1973) Fischer tried to perform another extension but soon re-
alized that it is impossible to accomplish the extension staying in the class
of {3, 4}-transposition groups. It turned out that such a extension can be con-
structed in the class of {3, 4, 5, 6}-transposition groups and this is precisely the
Monster group.

In fact Fischer traced back the first shadow of the Monster to the Oxford
conference in 1968 when, as a joke, Conway noticed that Fischer’s newly
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constructed sporadic simple group group Fi/, was larger than his group Coy.
He suggested a proper way to resolve this tension is to construct a larger group
which would contain both Co; and F 164. Each of Co; and Fip4 contains an
extension of 2!'! by My, where 2'! is the irreducible Golay code module in
Coy and the irreducible Todd module in Fi/,. So we might start thinking
what a 2-local containing both the extensions might look like. In 1968, this
did not go very far and nothing happened till five years later. The stronger
evidence for the existence of the Monster started emerging rapidly during a
group theory conference in Bielefeld in November 1973, which was attended
by a number of mathematicians from Cambridge, including John Thomp-
son, John Conway, Koichiro Harada, John Walter and Simon Norton.® Bernd
remembered that when he arrived at the lecture room, Harada was reporting
on his recent non-existence result for a particular involution centralizer prob-
lem. It is noticeable that the configuration Harada was illuminating turned
out to be rather similar to the one which is realized in the Harada—Norton
group discovered a few weeks later. Already at that time Fischer had some
evidence that such a configuration might exist. In fact, a group having the cen-
tralizer of an order 2 subgroup (modulo this subgroup itself) isomorphic to the
Baby Monster must have involution centralizer of the form 2;*24.C01 (since
in the Baby Monster it is 2L+22.C02). Considering further the centralizer of
an element of order 5 we arrive at the Harada—Norton involution centralizer
configuration.*

After Fischer had revealed the order of the Baby Monster at the Bielefeld
1973 conference he was asked to carry on speaking. Soon after that, Fischer
himself went to Cambridge and, as he put it, ‘during the next fortnight every-
thing happened’. By this he presumably meant that properties of the Monster
and related new sporadic simple groups were discovered.

The advantage of working in Cambridge was that they had computed the
character table of the Conway group Coj, and in particular they knew the
classes of the elements in this group. Making use of this information, it became
possible to calculate the centralizers in

Cc(2B) =21 .Co,

3 When asked whether Simon was rather young that time Fischer responded ‘Yes, he was much
younger, but he always was the same person’.
4 Compare Section 7.8.



240 Fischer’s story

of various odd order elements. It was known by Cambridge people that Co;
contains an element of order 3 centralized by Ag, whose centralizer in 2£r+23 is
an extraspecial group.” This gives

(C2B) N C(30))/3C = 21¥ Aq.

Starting with these data, Thompson had deduced that C(3C)/3C must be a
new finite simple group now known as the Thompson group F3. During this
fortnight when Fischer was in Cambridge, Thompson found the order of F3 as
well as the degree 248 of its minimal representation. He made extensive use
of his exclusive knowledge of the group G,(3) and a special version of a very
natural G (2)-subgroup in it.?

In a similar way, working with a suitable 5-element in Cos we obtain

(C(2B) N C(54))/5A =218 (A5 x As).2,

which is the involution centralizer of the Harada—Norton group Fs also dis-
covered that fortnight. This situation has an additional advantage, since the
element which squares the generator of the 5-subgroup induces an outer au-
tomorphism of Fs with centralizer isomorphic to Syg. Fischer had proved
earlier that a group whose commutator subgroup is simple and which contains
involutions centralized by S1¢ must contain S5 as a subgroup.

Within the revealing of the subgroup structure of the Monster were a few
crucial things, one of them being the structure of the 3 A-normalizer. It became
definite rather soon that modulo the normal subgroup of order 3 the normalizer
is the largest Fischer 3-transposition group Fiz4. Also, because of the way it
intersects some other subgroups already identified, the extension must not split.
On the other hand, at that time there was a belief ’ that the Schur multiplier
of F2’ 4 18 trivial. Were this the case, the whole existence of the Monster would
be jeopardized. Next morning Thompson resolved the situation in favour of
the non-trivial Schur multiplier.

Next Fischer turned to the naming of the newly discovered sporadic groups.
When he discovered his sporadic 3-transposition groups, he chose names
which reflected the analogy with the series of large Mathieu groups which
start with a classical group

L3(4) = My, My, M3, Mag.

5 Compare Section 7.7.

6 A progress report on construction and uniqueness proof for 3 can be found in [Th76]. In
particular the step “Hope for the best’ in the outline of his program.

7 Compare p. 355 in [Gri73b] and pp. 445-446 in [Gri74].
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Recall that the next group in this sequence is a transitive extension of the
previous one. Fischer gave to his 3-transposition groups the names

Us(2) = M(21), M(22), M(23), M(24).

Here also the next group is an extension of the previous one, but in the sense of
involution centralizers. The relevance to the Mathieu groups lies in the property
that a maximal set of pairwise commuting transpositions in M (21 4 i) has size
214 and its stabilizer is an extension of an elementary abelian group of order
29*1 by M,14; (the extension splits when i < 1 and does not split when i = 2
or 3). Fischer suggested Conway follow a similar strategy when naming his
groups related to the leech Lattice, but obviously Conway went along with his
own naming.

In the case of the involution centralizer extensions of 2Eg(2), the following
notation was suggested first

2E6(2)=M21, M22, M23, M24.

This is justified by the analogy between 2E6(2) and Ug(2) (the latter is the
simple factor group of the centralizer of a central involution in the former one).
But on the one hand M (22) is contained in 2 Eg(2) and M (23) is contained in
the extensions of 2E¢(2). This suggests the following shifted list of names

2Es2) = M2, M®, M,

Thus the naming involved some ambiguity, since > Eg(2) can be called M>!
or M?? according to which system of names is accepted. In order to avoid
this ambiguity in the internal communications, John Conway suggested calling
the extensions of 2E(,(2) the Baby Monster, the double extension the Middle
Monster, and the triple extension the Super Monster. Fischer was not in favour
of this terminology being used externally. When it was shown that 2 Eg(2) can
only be extended twice and therefore that the Super Monster does not exist,
the prefix Middle was dropped and the name Monster, as we know it, emerged.
After Fischer’s visit to Cambridge in 1973, John Conway went to the USA
to give a series of lectures where he freely used the terms Monster and Baby
Monster. This way the names became official.

Later, at a mathematical congress during the early 1980s (it must have
been in Helsinki), Bob Griess approached Fischer and suggested renaming
the Monster as the Friendly Giant. Apparently, there was an encrypted double
meaning in the suggested name. In any event, for one reason or another, as we
know, this attempt was not successful.

Next, Fischer discussed his role in the computer construction of the Baby
Monster. He said it was probably in 1976 when he visited Canberra for five
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weeks and at that time Charles Sims was there on a sabbatical for the whole
year. They discussed the possibility of constructing the Baby Monster in the
way the Lyons group had been constructed not much earlier. For such a con-
struction to be successful, a good identification is required of the 3-point
stabilizers and their centralizers. In a situation where the permutation action is
on the set of involutions these subgroups are generated by some special triples
of transpositions. There is an additional advantage in this case: whenever a set
is closed under the ‘internal’ conjugations, it is a conjugacy class in the sub-
group it generates. Since the set of transpositions in the Baby Monster is very
large, we cannot perform usual coset enumerations and Sims said that in order
to perform the calculations he must be able to solve the word problem in a
practical way. Thus he should be able to recognize a permutation by a small
fragment (compare the notion of base of a permutation group). Therefore, they
were looking for a subgroup which would be (1) small enough to allow effi-
cient multiplication and recognition procedures and also (2) large enough not
to have too many orbits on the underlying set. Sims believed the subgroup
Fiz in the Baby Monster to be ideal for this purpose. An additional reason in
favour of this subgroup was Conway’s description of Fis; in terms of hexads,
the latter being a collection of six pairwise commuting transposition products
to the identity element. Sims thought that the permutation action of Fi> on the
hexads was optimal for his word problem. He needed a description of all the
triple centralizers inside the Baby Monster group in terms of the centralizer
of a given triple. There appeared to be about one hundred cases to consider
and some of them were really difficult. Fischer mentioned that particularly bad
things happened inside a Sylow 3-subgroup. This time Fischer also tried to
figure out what it would take to move forward from the Baby Monster to the
Monster. Apparently, the number of cases to be considered increased from one
hundred to a couple of thousands (in the Monster case we should probably take
a Fip3-subgroup instead).

Sims took notes of the information they deduced during Fischer’s stay in
Canberra. Some time later Fischer suddenly got the three-page paper on the
construction of the Baby Monster.® Hardly any details were included in the
paper, but Fischer presumed Leon and Sims had performed the construction
in the way Sims had originally wanted to do. At the end of the computer con-
struction story, Fischer mentioned that at the 1968 Oxford conference Sims
talked about construction of smaller sporadic groups. Fischer said that during
the lecture he was sitting next to Donald Higman and that the description was

8 J.S. Leon and C.C. Sims, ‘The existence and the uniqueness of a simple group generated by
3, 4-transpositions’, Bull. Amer. Math. Soc. 83 (1977), 1039-1040.
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so good that they could check the calculations without a computer. But even
compared to the case of the Lyons group, the Baby Monster case was much
more elaborate.

The final topic covered by Fischer was about the representations and char-
acters of the Monster. It was realized rather early in 1973 in Cambridge that
the Monster has exactly two classes of involutions and that the centralizer of a
central involution has the shape

C@2B) ~ 217 Coy.

The exact isomorphism type of this group took a little while to identify. From
the representation-theoretical view point, the difference between the isomor-
phism types can be seen in the degrees of the minimal representations. By
Blichfeldt’s theorem (from the Curtis—Reiner textbook), every faithful irre-
ducible representation of the group of that shape has degree equal to 2! times
the degree of a projective representation of Co;. On the other hand, although
the Baby Monster itself possesses a rather small representation (of degree
4371), a lower bound for the minimal degree of C(2A) = 2 - BM (which is
a non-split extension) is about 95,000. This way it was concluded that C(2B)
could not possess a 2'2-dimensional representation and thus the smallest de-
gree is 2! x 24. After that, making use of the fusion, the lower bound 196 883
for the minimal representation of the Monster was deduced.

In 1974 when Fischer came to Birmingham his intention was to compute
the character table of the Baby Monster and he thought he had a strong starting
point which is the minimal non-trivial character degree, but Donald Livingston
suggested calculating the character table of the Monster instead (he believed
that the calculations would be easier). The counter argument of Fischer was
that they did not even know the degree of the minimal representation, since the
196 883 representation was only a conjecture at that time. Then Livingstone
suggested to start calculation assuming that this representation existed. If at
the end they were to complete the character table, and it would turn out that
there is no such representation, then they would have a table which looked
like a character table, meaning that it satisfied all the necessary conditions, but
actually not a character table. Livingstone’s argument was that such a table
might be even more valuable than the character table of the Monster. Thus
being joined by Mike Thorne, Fischer and Livingstone launched the project,
which was tremendous on any scale and took more than a year to complete.

The method was to get the character tables of the subgroup 2£L+24.Co 1 and
2]0+]6.§2T0(2) first using a new method to make Clifford’s theorem applicable
for groups of this size. Fischer said it took five weeks to do the corresponding
Clifford matrices. He said that each one constituted a whole book and invited
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me to Bielefeld one day to come and see them. The character tables of the sub-
groups themselves formed an enormous project to calculate. With computer
capacity at that time, it once took six hours just to transfer the data from one
computer to another. They determined the fusion pattern of the Baby Monster
elements into the Monster, although Fischer mentioned that he had never fin-
ished the work on the Clifford matrices in the general setting, and that he was
still planning to accomplish this.

At the very end of his story, Fischer said that he had enjoyed all his life but
this was a particularly great time.’

9 The Oberwolfach archive keeps Fischer’s abstract of the January 1974 meeting with the orders
of the four new sporadic simple groups: Fy, F», F3, and Fs. This is probably the first official
record of the Monster era.
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